Maremarmannit Bicuux HTII, 1. 7, 2010 p. 317

FRACTIONAL ORDER IMPULSIVE PARTIAL

HYPERBOLIC FUNCTIONAL DIFFERENTIAL

EQUATIONS WITH VARIABLES TIMES AND
STATE-DEPENDENT DELAY

©2010 p. Said ABBAS', Mouffak BENCHOHRA?,
and Lech GORNIEWICZ3

Laboratoire de Mathématiques, Université de Saida
B.P. 138, 20000, Saida, Algérie
e-mail: abbas said dz@yahoo.fr
2Laboratoire de Mathématiques, Université de Sidi Bel-Abbes
B.P. 89, 22000, Sidi Bel-Abbes, Algérie
e-mail: benchohra@univ-sbha.dz
3 Faculty of Mathematics and Computer Science, Nicolaus Copernicus
University, Chopina 12/18, 87-100 Torun, Poland
E-mail: gorn@mat.uni.torun.pl

Received June 2, 2010

In this paper we study existence and uniqueness of solutions of
two classes of partial impulsive hyperbolic differential equations with
variable time impulses and state-dependent delay involving the Caputo
fractional derivative. Suitable fixed point theorems are used.

1 Introduction

In this paper we provide sufficient conditions for existence and uniqueness of
solutions to the following impulsive partial hyperbolic differential equations
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with variable times:

(CDSU) (l‘, y) = f(xa Y, U(py (x,y,u(x’y)),pg(m,y,u(m’y))))a

if (x,y) € J:=10,a] x[0,b], x# zk(u(z,y)), k=1,...,m, (1)

u($+,y) = Ik(U(ZE,y)), if (1"73/) €J, z= xk(u(xvy))’ k= 1,...,m, (2)
u(m,y) = ¢(.’L‘,y), if (.’E,y) € j = [—CM, CL] X [_67 b]\(ova] X (07 b]? (3)
u(z,0) = ¢(x), = €10,a], u(0,y) =¥(y); y € [0,b], (4)
where a,b,a, 3 > 0, “Df is the fractional Caputo derivative of order r =
(r1,72) € (0,1] X (0,1], 0= T < 71 <+ < Ty < Tmy1 =1, G 1 J — R
is a given function, ¢ : [0,a] — R™, ¢ : [0,b] — R™ are given absolutely
continuous functions such that ¢(z) = ¢(x,0) for each = € [0,a], ¥(y) =
#(0,y) for each y € [0,0], f: I xC = R", p1,p2:JxC —R, I : R" —
R™ k=1,...,m, are given functions and C' is the space defined by
C=Cup ={u:[-a,0] x [-5,0] = R": continuous and there exist
T € (—a,0) such that 7, = 74 (u(7g,.)), with u(r,,9) and u(r;",9),
k=1,...,m, exist for any § € [-/3,0] with u(r, ,7) = u(Tk,;&)}.

Here C' is a Banach space with norm

lulle = sup [u(z, y)|.
(xvy)e[_OL?O] X [_:870}

We also denote by u(, ) an element of C' defined as
Uy (5,8) = ux + 5,9 +1); (s,1) € [, 0] x [-3,0],

where u(, (., .) represents the history of the state from time (z — a,y — 3)
up to the present time (z,y).

Below we consider the following system of partial hyperbolic differential
equations of fractional order with infinite delay

(“Dou)(@:y) = F(@, 4, o @ y,u(s,,) 02 @ 100.)))
if (z,y) € J:=[0,a] x [0,b], = # zr(u(x,y)), k=1,...,m,
w(xt,y) = L(u(x,y)), if (z,y) € J, v = zp(u(z,y)), k=1,...,m,
u(z,y) = ¢(z,y), if (v,y) € J':= (=00, a] x (—00,b]\(0,a] x (0,0],
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u(m,()) - (,0(.%'), S [O,G], u(ovy) - w(y>v y € [Ovb]7 (8)

where ¢, 1, I are as in problem (1) — (4), f: JxB = R", p1,p2: JXB —
R, ¢:J — R™ are given functions and B is called a phase space which will
be specified in Section 5.

Numerous applications of differential equations of fractional order have
been indicated in viscoelasticity, electrochemistry, control, porous media,
electromagnetic, etc. There has been a significant development in ordinary
and partial fractional differential equations with or without impulses in
recent years; see the monographs of Kilbas et al. [27], Lakshmikantham
et al. [30], Podlubny [33], Samko et al. [34], the papers of Abbas and
Benchohra [1-3|, Agarwal et al. |5], Benchohra et al. [6,7,9,10], Vityuk
and Golushkov [36] and the references therein.

The theory of impulsive integer order differential equations have become
important in some mathematical models of real processes and phenomena
studied in physics, chemical technology, population dynamics, biotechnology
and economics. There has been a significant development in this theory
in recent years, especially in the area of impulsive differential equations
and inclusions with fixed moments; see the monographs of Benchohra et
al. [8], Lakshmikantham et al. [29], and Samoilenko and Perestyuk [35]. The
theory of impulsive differential equations with variable time is relatively less
developed due to the difficulties created by the state-dependent impulses.

Functional differential equations with state-dependent delay appear
frequently in applications as model of equations and for this reason the study
of this type of equations has received great attention in the last year, see,
for instance [13,17,18], and the references therein. The literature related to
partial functional differential equations with state-dependent delay is limi-
ted, see for instance [21,22|. The literature related to ordinary and partial
functional differential equations with delay for which p(s,t,.) = (s,t) is very
extensive, see for instance Abbas and Benchohra [1,2|, Hale [16], Hale and
Verduyn Lunel [15], Kolmanovskii and Myshkis [28] and Wu [37] and the
papers therein. Some classes of hyperbolic fractional order differential equati-
ons with finite delay are considered by Abbas and Benchohra [1,2|. In 3]
hyperbolic fractional order differential equations with impulses are consi-
dered. Czlapinski [11,12] considered some classes of integer order hyperbolic
functional differential equations with infinite delay.

In this paper we present the existence results for our problems which
based on the Schaefer’s fixed point approach. The present results extend
those considered before by Abbas and Benchohra [1-4], and those related
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with integer order derivative [11,12,25,26,32].

2 Preliminaries

In this section we introduce notations and definitions which are used
throughout this paper. By AC(J,R™) we denote the space of absolutely
continuous functions from J to R™ and L!'(J,R") is the space of Lebesgue-
integrable functions w : J — R™ with the norm

a b
el = / / lw(z, y)|ldyde,
0 0

where ||.|| denotes a suitable complete norm on R™.

Let a1 € [0,a], 2t = (a,0) € J, J, = [a1,a] x [0,b], 71,72 > 0 and
r = (r1,72). For w € L*(J,,R"), the expression

r - ym—s”_l — )2 (s s
e vl M A A U CU L

where I'(.) is the Euler gamma function, is called the left-sided mixed
Riemann-Liouville integral of order r.

Definition 2.1. [36]. For w € L'(J,,R"), the Caputo fractional-order deri-
vative of order r is defined by the expression

(“Dirw)(@,y) = (L 5 yW)(%y)-
Theorem 2.2. (Schaefer’s theorem) [19]. Let X be a Banach space and
N : X — X completely continuous operator. If the set
E(N)={u€e X : u=AN(u) for some X € [0,1]}
is bounded, then N has fixed points.

In the sequel we will make use of the following generalization of
Gronwall’s lemma for two independent variables and singular kernel.

Lemma 2.3. [20]. Let v : J — [0,00) be a real function and w(.,.) be a
nonnegative, locally integrable function on J. If there are constants ¢ > 0 and
0 <ry,re <1 such that

v(z,y) <w(z,y)+ c/ox /Oy = SSE;)_ )2 dtds,
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then there exists a constant § = d(r1,r2) such that

v(z,y) < w(z,y) +de /Om /Oy (z — ;;Ef(;) e dids,

for every (x,y) € J.

3 Auxiliary results

Let h € C([zk, zk41] % [0,b],R™), 2, = (z,0), and
(2, y) = u(z,0) + u(zf,y) —u(z;,0), k=0,...,m.

For the existence of solutions for the problem (1) — (3), we need the following
lemma:

Lemma 3.1. /3. A function uw € AC([x, xp+1] X [0,0],R™), k=0,...,m,
18 a solution of the differential equation

(‘DL u)(x,y) = h(z,y), (2,y) € [r; x1y1] < [0, 0],

if and only if u(x,y) satisfies

u(z,y) = pk(z,y) + (I:kh)(xay)v (7,y) € [Tr, TRy1] % [0,0]. (9)

Lemma 3.2. Let 0 < ry,ro <1, h: J — R” be a continuous function, and
denote p(x,y) = po(x,y); (x,y) € J. A function u(x,y) is a solution of the
fractional integral equation

(

(@, y)+

ey Jo Jo (@ = 8) Ty — )77 (s, t)dtds,

w(iy) = if (x,y) € [0,21] x [0, ], o)
o(x) + I(u(xg, y)) — Ip(u(zg, 0))+

ey Jar Jo (8 = )y — 82 (s, t)dtds,

L if (z,y) € (xg, xp41] X [0,0], k=1,...,m,

if and only if u(x,y) is a solution of the fractional IVP

CDru(xmy) = h(m,y), (x,y) S J,v (11)
u(zl,y) = I(u(zg,y), k=1,...,m. (12)
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Proof: Assume u(z,y) satisfies (11) — (12). If (x,y) € [0, 21] x [0, b] then
‘D'u(z,y) = h(z,y).

Lemma 3.1 implies

u(z,y) = p(z,y) + L /x /y(az — )"y — )2 h(s, t)dtds.
7 ’ L(r)I(r2) Jo Jo ’

If (z,y) € (z1,22] x [0, b] then Lemma 3.1 implies

U(IE, y) = Ml(‘T?y) / / xTr — S Tl 1 t)rz_lh(svt) dtds =
Tl 7“2
= ()+U5'31,y (‘Tlao)

/ / x—s)" (y — )2 h(s,t) dtds =

90( )+11 u(z1,y)) — I (u(z1,0))+

$)1 Ly — )27 (s, t)dtds.
[(r)T 7“2// ) (s, t)dtds

If (z,y) € (z2,23] x [0, b] then from Lemma 3.1 we get

u(z,y) = po(z,y) + T T / / (z — )" Yy — )2 (s, t) dtds =
1 2
=90()+ux2, —u(ay,0)+

// s\ Ly — )27 th(s, t) dtds =

( )+Iz u(z2,y)) — I2(u(2,0))+

)1y — )2 ks, t)dtds.
[(r)T(r2) / / ) (s, t)dtds

If (z,y) € (zk, Tk41] % [0, ] then again from Lemma 3.1 we get (10).

Conversely, assume that u(x,y) satisfies the impulsive fractional integral
equation (10). Using the fact that D" is the left inverse of I” we get

°D"u(z,y) = h(x,y) for each (z,y) € [0,z1] x [0,].

Using the fact that ¢D"C' = 0, where C is a constant, we get

‘D"u(z,y) = h(x,y) for each (z,y) € [xg,xx+1) X [0,0], k=1,...,m.
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Also, we can easily show that
u(:v,j,y) = Ir(u(zg,y)), y€0,b], k=1,...,m.
In all what follows set
Jg = (xp, xp41] X [0,0], k=1,...,m,
J = I\{(z1,v),...,(xm,y), y € [0,b]} and consider the space

PC := PC(J,R") =
= {u cJ = R":ue O(Jg,R"); k=1,...,m, and there exist
0=x0<x1 <22 < ... <Tpy < Tyy1 = asuch that xp = zx(u(xg,.)),
and u(z, ,y) and u(xgjy); k=1,...,m, exist for any
y € [0,b] with u(z;,y) = u(zk, y) }-

This set is a Banach space with the norm

lullpc = sup |lu(z,y)||.
(zy)es

4 Impulsive functional hyperbolic differential
equations with finite delay

Let us start in this section by defining what we mean by a solution of the
problem (1) — (4). Set
PC := PC([-a,a] x [—8,b],R™).
PC is a Banach space with the norm
lull e = sup{llu(z, y)| = (z,y) € [=a, a] x [=5,0]}.

Definition 4.1. A function u(z,y) € PC whose r-derivative exists on J' is
said to be a solution of (1) — (4) if u(x,y) satisfies the condition (8) on J,
the equation (1) on J' and conditions (2) and (4) are satisfied on J.

Set R := R(pipi) -

- {(p1(87t7 U),PQ(S,t, U)) : (S,t, U) €Jx Cv pi(S,t,U) < 07 1= 172}

We always assume that p; : J x C' — R; ¢ = 1,2, are continuous and the
function (s,t) = wu(,y is continuous from R into C.



324 S. Abbas, M. Benchohra, L. Gorniewich

Theorem 4.2. Assume that
(H1) The function f:J x C — R™ is continuous.
(H2) There exists a constant M > 0 such that

| f(z,y,uw)|| < M1+ ||ul|), for each (z,y) € J, ue C.

(H3) The function ), € CY(R™,R) for k=1,...,m. Moreover,

0=xo(u) <z1(u) <...<xm(w) <zpmei(u) =a, foralueR".
(H4) There exists a constant M* > 0 such that
g (w)|| < M*(1+||u||), k=1,...,m, for each u € C.

(H5) For allu € C, z(Ir(u)) < xp(u) < zpr1(Ig(uw)) fork=1,...,m.

(HG) For all (s,t,u) € J x C, we have

/ / r—1 ot s — OV 2(¢ — pyr2— 1y
O el I AU )

Xf(ea 7, U(pl(9”]7“(9’”))7p2(97,77u(9m>)))dnd(g] #1, k=1,....m.
Then (1) — (4) has at least one solution on [—a,a] x [—(,].

Proof: The proof will be given in several steps.
Step 1: Set PCy =

= {u:[~a,a]x[-B,b] = R" : u(,) € Cfor (z,y) € J and u € PC(J,R")}.
Consider the following problem

<0D6u> (.’IJ, y) = f(xa Y, u(p1(J:,y,u<zyy)),pz(z,y,U(zyy))))7 if (.’E, y) € Ja (13)

u(:c,y) = (Z)(l’,y), if (:Evy) €J, (14>

u(z,0) = p(z), z € [0,a], u(0,y) =¥(y), y € [0,]. (15)
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Transform problem (13) — (15) into a fixed point problem. Consider the
operator N : PCy — PCy defined by

¢(l'7y)a (x,y) €J,
N)@,y) = w@,) + wirgsy Jo Jo (@ =)y =17 x
Xf(svtvu(pl(S,t,u(syt)),pz(s,t,u(s,t))))dtds, (x,y) c J.

Lemma 3.1 implies that the fixed points of operator N are solutions of
problem (13) — (15) . We shall show that the operator N is continuous and
completely continuous.

Claim 1: N is continuous.

Let {u,} be a sequence such that u, — u in PCy. Let n > 0 be such
that ||u,|| < n. Then for each (x,y) € J, we have

[V (i (a: (z,y)ll <

Y)
/ / T — S 'r1 1 t)'rg—lx
’I"1 ’1"2

x [[f(s,t, un(pl(Svtyu(s,t))7p2(37t’u(s,t))))_

- f(s t u(p1(37t7u(s t))va(svtvu (s t)) )Hdtds <

Hf( o U ) —J{,u HOO . 7"1 1 ro—1
F(Tl) 2) / / —7Tdsdi <
rlbr?”f(? S U )) f(? y U, HOO

- F(Tl + I)F(TQ + 1)

Since f is a continuous function, we have

|IN(up) — N(u)||loo = 0 asn — oo.

Claim 2: N maps bounded sets into bounded sets in PCj.

Indeed, it is enough to show that for any n* > 0, there exists a positive
constant ¢ such that for each v € By« = {u € PCj : ||u|«~ < n*}, we have
[N (w)]loo < €.

By (H2) for each (x,y) € J we have

IN @)l < Il + s /0 ' /0 " sy — 1) x

X Hf(87 tg u(Pl(Svtvu(s,t))7p2(s7t7u(s,t))))” dtds S
M(Lt )anb
T(ry+DT(rg + 1)

< [lu(z, w)ll +
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Thus

M(1+n*)a"b"™
IN(W)lloo < |1l + ]

T(ri+ 0(ra+1)

Claim 3: N maps bounded sets into equicontinuous sets of PCj.

Let (11,y1), (12,42) € J, 71 < 72 and y1 < Y2, By be a bounded set of
PCy as in Claim 2, and let u € B,«. Then for each (x,y) € J, we have

IV () (72 2) = N (@) (71, )| = [ (71, 0) = (72, ) +

1 T Y1 _87"1—1 _ \ra—1 T _Sm—lx
+r(>r<>/o /0 [(r2— )" (o — )2 = (11 — 5)

(yl - t)m_l}f(sa t, u(pl(s,t,u&t)),pg(s,t,u(syt))))dtds +

X
i 1 /yQ( )rl—l( t)'r‘z—l %
— T —8)" y -
Lr)T(r2) Jo Jy,

Xf(s b U(py (8:t,u(s,8)) P2 (85t u (s, t))))dtds +

T1
/ / 2_87"1 1y2_t)r271><
TQ Y1

Xf( t U(p p1(8,tu (s 1))s02(8:tu (s t))))dtd5+

T2 Y1
/ / 2_87’11y_t>1”2—1><
7"1 7"2

Xf(s’ t’ u(pl(svtﬂu(s,t))192(87t7u(5,t))) dtdsH S

< ||N(7'17y1 T27y2 H +

1 T1 yl
+ 77 / / 7_1 rl 1(y1 _ t)rgfl .

(7’2 - s)r1 Yyg — t)2 Y dtds +
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1 yz
+ 77 / / o — )1 Yyo — )2 L dtds +
Y1
1 + 77 y2 'r 1 ro—1
2—8 = (yz—t)Q dtds +
At

1 yl
+ 77 / / 9 — )1 Yy — )2 dtds <

M(1+n%)
L(ry + 1) (re 4+ 1

1,72

+275 (Y2 —y1)"? + 1yt — T tysr — 2(e — 1) (Y2 — y1)"?).

< (e, yn) — p(ro, y2) || + )[23/52(72 —-7)" +

As 11 — 7 and y; — yo the right-hand side of the above inequality
tends to zero. As a consequence of Claims 1 — 3 together with the Arzeld-
Ascoli theorem, we can conclude that IV is completely continuous.

Claim 4: A priori bounds.

Now it remains to show that the set &€ = {u € PCp : w = AN (u) for some
0 < A < 1} is bounded.

Let u € &, then u = AN (u) for some 0 < A\ < 1. Thus, for each (z,y) € J

we have
lu(e, )l < Nt )l + s / / 2 — sy — )L x
X ||f(85 tv U(Pl(57t,u(s,t)),pZ(S,t,u(s’t)) )H dtds S
7 ik —
= oo T e T e 1 1)
+ M/m /y(:z—s)rll(y—t)r21|]u || dtds
F(Tl)F(TQ) 0o Jo (s:t) :
Set,

Ma™b"™
F(Tl + 1)F(T‘2 + 1)
Then Lemma 2.3 implies that for each (z,y) € J, there exists 6 = §(r1,72)
such that

luz, 9l < w[um / ' / Y@ — sy — )2 deds
’ N L'(r)I(r2) Jo Jo
T1RT2

Ma™b ] —R

F(’I“l —+ 1)1_‘(1”2 + 1)

w = [|ptlloo +

IN

w[l-i—
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This shows that the set £ is bounded. As a consequence of Schaefer’s fixed
point theorem (Theorem 2.2), we deduce that N has a fixed point which is
a solution of the problem (13) — (15). Denote this solution by w;. Define the
function

rea(z,y) = xp(ui(z,y)) —x, forxz >0,y >0.

Hypothesis (H3) implies that r 1(0,0) #0 for k =1,...,m
If rpi(x,y) #0on J for k=1,...,m, ie.,

x # xp(ui(z,y)) onJ fork=1,...,m,

then u; is a solution of the problem (1) — (4).

It remains to consider the case when 71 1(z,y) = 0 for some (z,y) € J.
Since 71,1(0,0) # 0 and 71,1 is continuous, there exists 1 > 0,y; > 0 such
that r1,1(z1,51) = 0, and 11 (z,y) # 0, for all (z,y) € [0,21) x [0,1).

Thus by (H6) we have
r1(z1,y1) =0 and 71 1(x,y) # 0 for all (z,y) € [0,21) x [0,y1] U (y1,b].

Suppose that there exist (Z,y) € [0,21) % [0,y1] U (y1,b] such that
r1,1(Z,y) = 0. The function r;; attains a maximum at some point (s,t) €

[0,21) x [0,b]. Since

(CDSUI)($7 y) = f(l‘a Y, ul(pl(m,y,u(m,y)),pg(z,y,uw’w))) for (:L'a y) € J,
then

ouy(z,y) . oria(s,t) Ouy(s,t) B
T eXlStS7 and T = I’l(’l,ﬂ(s,t))T —1=0.

Since

oui(z,y) r1—1 // 2 ryl
SN ey + 1y x

Xf(s’ t’ ul(pl (Svtru(s,t))7p2(57t7u(s,t)))> dtd87

then

r1 — 1 _
P (5.0 () + s / / 5 — 02t — e
Xf(e’ T]’u(pl(gvnvu(ﬁ,n)):pQ( 7’”7“(6,7}))))d9dn] - 1’

which contradicts (H6).
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From (H3) we have
ria(z,y) # 0 for all (z,y) € [0,21) x [0,0] and Kk =1,..m

Step 2: In what follows set
{u — [—03,b] — D U(gy) € C for (z,y) € J, and there

exist 0 =29 < 21 < 2 < ... < Ty < Tyy1 = a such that
zp = z(u(zy, ), and u(z,,.), u(z],.) exist with
u(xy,.) =u(zg,.), k=1,...,m, and u € C(X,R"), k = O,...,m},

where

Xy = [z, a] x [0,0], k=1,...,m.
Consider now the problem
(CDEU)(:C,:[/) = f(xv Y, u(pl(x,y,U(z’y)),pg(a},y,u(z’w)))7 lf(x7y) € Xla (16)
w(zf,y) = h(ui(z1,y)), (17)
u(z,y) = ui(z,y), if (z,y) € JU[0,21) x [0,0]. (18)
Consider the operator Nj : PC; — PC1 defined as
Ul(l‘,y), (:c,y) eJu [O .1'1)

b,

[0,
Ny () (2, ) = o(z) + Li(ui (21, y) — Li(wa(z1,0))+
R IR o v B N R I (R Dl
Xf(s7t7u(pl(s,t,u(s’t)),pg(S,t,U(S,t))))dtd‘s? (.%',y) € Xi.

As in Step 1 we can show that N7 is completely continuous. Now it
remains to show that the set £ = {u € PC; : u = ANj(u) for some
0 < A < 1} is bounded.

Let u € £*, then w = ANj(u) for some 0 < A\ < 1. Thus, from (H2) and
(H4) we get for each (z,y) € X,

lu(z,y)l < lle(z )||+||11 i (w1, )| + (11 (ur (21, 0)] +

+ / / (x—s)"™ 1 t)”_lx
7'1 7'2

||f(37 t7 u(pl (S,t,'u,(syt)),p2(s,t’u(s’t) )H dtds S
Ma™b™ N
F("“l + 1)F(7‘2 + 1)

M / ' / Y@ — )y — 67 Vg || deds
L(r)C(r2) Jo Jo () '

X

< leplloo +2M7 (1 + [lual]) +

_l’_
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Set
Ma™ b

F(’l“l + 1)F(’I"2 + 1) ’
Then Lemma 2.3 implies that for each (z,y) € X, there exists 6 = §(r1,72)
such that

* M6 * 4 ri—1 o p\r2—1 S
lu(e )l <w {”r(mr(m/o/o“‘s) (y — 1)+ dtds| <

Méba"™ b
F(Tl + 1)F(r2 + 1)

This shows that the set £* is bounded.

W' = [[plloo +2M7(1 + [[un]) +

<w* [1+ ]::R*.

As a consequence of Schaefer’s fixed point theorem (Theorem 2.2), we
deduce that N; has a fixed point u which is a solution to problem (16) —
(18). Denote this solution by us. Define

rk,Z(xay) :JIk(UQ(.T,y))—.T, for («T,y) €X1.
If 74 2(z,y) # 0 on (z1,a] x [0,0] and for all k =1,...,m, then
u\r,y), if x,y er 0,.’13]_ X Oab]7
o) = {1, @) € TUD) x|
UQ(xay)a if (wvy) € [1’17CL] X [071)]7
is a solution of the problem (1) — (3).
It remains to consider the case when ry2(z,y) = 0, for some (z,y) €

(z1,a] x [0,b]. By (H5), we have

roo(zf, 1) = xa(ua(af,y1) — 21 = mo(Li(ua(z1,91))) — 21 >

> z1(ui(z1,91)) — 21 = ri1(z1,91) = 0.

Since rpo is continuous, there exists xo > w1, y2 > 1 such that
r22(z2,y2) =0, and roa(x,y) # 0 for all (z,y) € (z1,22) x [0, b].

It is clear by (H3) that

re2(z,y) #0 for all (z,y) € (x1,22)] x [0,0], k=2,...,m.

Now suppose that there are (s, t) € (z1,22) %[0, b] such that r 2(s,t) = 0.
From (H5) it follows that

ri2(@f,v1) = 21 (ua(z] 1) — 21 = 21 (L (ua(z1,31))) — 21 <

1 (u1(z1,y1)) — 1 = ria(z,51) = 0.

IN
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Thus r;2 attains a nonnegative maximum at some point (s1,t1) €
(x1,a) x [0,z2) U (x2,b]. Since

(CDSUQ)(xvy) = f(vf,y,UQ(l',y)), for (:an) € Xla

then we get
ug(z,y) = oz )—i—Il u ( xl y -1 (ul(xl,()))—i-
X f(S» t, u2(p1(s,t,u(S’t)),pz(s,t,u(sﬂt)))) dtds,
hence

T @) =@+ s | [ -

Xf(s’ t7 U2(p1 (s:tau(s,t))7p2 (s»tvu(s,t)))) dtds’

then
or12(s1,t1) Oug

81,‘ :Sﬂll(UQ(Sl,tl))%(Sl,tl)*l:O.

Therefore

/ / Tl — 1 tl - 2 S
7 (uz(s1,t1))[e (s1) + (s1—0) /) X
T
Xf(e’ B u2(p1 (97777'“(9 n))7p2(977lv ))) d’r]de - 1

which contradicts (H6).

Step 3: We continue this process and take into account that w1 =

U is a solution to the problem

m

,

(CDSU) (LU, y) = f(CC, Y u(pl(mvy’u(x,y))7p2(1'7y’u(:c,y))))’
a.e. (z,y) € (xm,a] x [0,0],
U(Iﬁny) = Im(um—l(xma y))7
U((E,y) = ul(a:,y), if (xay) €JuU [val) X [07 b]v
T y) = UQ(.Z‘,y), if (xay) S [xlaxZ) X [07 b]a

u(z,

W, y) = (@), iF (7,9) € [T, 2m) x [0,
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The solution u(x,y) of the problem (1) — (3) is then defined by

u(x,y), if (z,y) € [0,21] x [0, D],
u(z,y) = ua(z,y), if (z,y) € (x1,x2] x [0,0],

Umt1(x,y), if (z,y) € (zm,a] x [0,D].

5 The phase space B

The notation of the phase space B plays an important role in the study of
both qualitative and quantitative theory for functional differential equations.
A usual choice is a semi-normed space satisfying suitable axioms, which was
introduced by Hale and Kato [14] (see also [15,24,31]).

For any (z,y) € J denote E(, , := [0, 2] x {0} U{0} x [0,y], furthermore
in case x = a, y = b we write simply E. Consider the space (B, ||(.,.)||B)
is a seminormed linear space of functions mapping (—oo,0] X (—o0,0] into
R™, and satisfying the following fundamental axioms which were adapted
from those introduced by Hale and Kato for ordinary differential functional
equations:

(A1) If z: (=00, a] X (—00,b] = R", 2,y € Bforall (r,y) € Fand z € PC,
then for every (z,y) € J the following conditions hold:

(2) Z(Ly) is in B.
(43) There exists a positive constant H such that ||z(z,y)|| < H| (54l 5-

(741) There exist two functions K, M : Ry x Ry — R, independent of u,
with K continuous and M locally bounded such that

2@y lle < K(z,y)  sup lz(s,8)[+M(z,y)  sup |25
(s,t)€[0,2]x[0,y] (8,:)EE(a,y)

(Az) The space B is complete.

Denote K = sup K(x,y) and M = sup M(x,y).
(zy)es (zy)€d

Now, we present some examples of phase spaces (see [11,12]).
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Example 5.1. Let B be the set of all functions ¢ : (—o0,0] x (—o0,0] — R™
such that for each o, B > 0 we define in C' the semi-norms by

16llB = sup [o(s,)]]-

(s,t)€[—a,0]x[—p3,0]

Then we have H = K = M = 1. The quotient space B = B/|.|| g is isometric
to the space C([—a, 0] x[—3,0],R"™) of all continuous functions from [—c, 0] x
[—,0] into R™ with the supremum norm, this means that partial differential
functional equations with finite delay are included in our axiomatic model.

Example 5.2. Let C be the set of all functions ¢ : (—o0,0] x (—o0, 0] — R"

for which a limit ’ h)I”n eV(SH)(b(s,t) exists, with the norm
s,t)||—0o0

lle, = sup Y| (s, )]
(s,t)€(—00,0] X (—00,0]

Then we have H =1 and K = M = max{e~ (%) 1},
Example 5.3. Let a, 3,7 > 0 and let

0 0
loller, = s l9(s.0l+ / / 406, 1) | dids.

(s,t)€[—a,0] X[

be the seminorm for the space CL., of all functions ¢ : (—o0, 0] x (=00, 0] —
R™ which are measurable on (—oo, —a] x (—o0, 0] U (—00, 0] x (—o0, =], and
such that ||¢|cr, < oo. Then

0 0
H=1 K :/ / ) dtds, M = 2.
—aJ-p

6 Impulsive functional hyperbolic differential
equations with infinite delay

Now we present an existence result for the problem (5) — (8). Consider the
space Q0 = {u : (—o00,a] X (—o0,b] — R" : u,,) € B for (z,y) € E and
u|; € PC}. Let [Jufq be the seminorm in © defined by

lulle = [0l + sup{[lurll, k= 0,...,m},

where uy, is the restriction of u to Jg, £k =0,...,m.
Let us define what we mean by a solution of problem (5) — (8 ).
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Definition 6.1. A function u(z,y) € Q whose r-derivative exists on J'
is said to be a solution of (5) — (8) if u(z,y) satisfies (“Dyu)(x,y) =
f(z,y,u(z,y)) on J' and conditions (6),(7) and (8) are satisfied.

! . !/ —
Set R '_R(PT:PQ_) =

={(p1(s,t,u), pa(s,t,u)) : (s,t,u) € J x B, pi(s,t,u) <0, i=1,2}.

We always assume that p; : J X B — R, ¢ = 1,2, are continuous and the
function (s, ) — ws ) is continuous from R’ into B.

We will need to introduce the following hypothesis:

(Hg) There exists a continuous bounded function L :R’ (
such that

oroy) — (0,00)

e lle < Ls,t)[[¢]l s, for any(s,t) € R'.

In the sequel we will make use of the following generalization of a
consequence of the phase space axioms (Lemma 2.1, [21]).

Lemma 6.2. Ifu € (), then

lugsplls = (M + L')||¢llp + K sup [[w(@, )|,
(6,n)€[0,max{0,s}] x [0,max{0,t}]

where

L'= sup L(s,t).
(s,t)ER!

Theorem 6.3. Let f : J x B — R" be an Carathé odory function. Assume
that

(H’1) The function x), € CL(R™,R) for k =1,...,m. Moreover,
0=zo(u) <z1(u) <...<xpm(u) < zmt1(u) =a for all u € R™.
(H’2) There exists a constant M' > 0 such that

I f(z,y,u)|| < M'(1+ ||ul|g) for each (x,y) € J and each u € B.
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(H’3) For all (s,t,u) € J x R" and u(_y € B we have

(W) (s) + ”‘1 / / 012t — y)reix

f(e 5 U(p1(8,m, W(o,m)) 5P (O,n,u(gyn))))dnde] 7& L, k=1,...,m.
(H}) For all u € R™, xp(I(u)) < xp(u) < xpp1(Ix(uw)) for k=1,...,m
(H’5) There exists a constant M™* > 0 such that

I Ix(w)|| < M*(1+ ||ul|g), for eachu e B, k=1,...,m

Then the initial value problem (5) — (8) has at least one solution on
(—00,a] x (—o0,b],

Proof: The proof will be given in several steps.

Step 1: Set Qo = {u t (—00,a]x (—00,b] = R" :u, ,y € Bfor (z,y) € £
and u € C(J,R")}.

Consider the following problem
(CDSU) (I, y) = f(xa Y, u(pl(x,y,U(I’y)),pg(:c,y,u(myy))))7 if (l’, y) € J7 (19)
u(@,y) = d(z,y), i (z,y) € J, (20)
u(x,0) = ¢(x), = €[0,a], u(0,y) =v(y), y € [0,0]. (21)

Transform problem (19) — (21) into a fixed point problem. Consider the
operator N : Qg — € defined by

(a:.? )7 <m7 y) e J7
(@, y)+
N(U)(x7y) - +F(7"1)1F (r2) fO fO L= S)rlil(y - t)milx
X (S t,u ,01(S,t,u(s,t)),p2(57t,u(s,t))))dtds’ (m,y) e J.
(22)

Let v(.,.) : (=00, a] x (—o0,b] — R™ be function defined by

v(z,y) = { o(z,y), (z,y)€ J‘,

Then v ¢ for all (z,y) € E.

(z,y) =
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For each w € C(J,R"™) with w(0,0) = 0, we denote by w the function
defined by
0, (z,y) € J,

e y) = { w(e,y) (ey) el

If u(.,.) satisfies the integral equation

— T 1 ‘ yxisrl—l . 7‘2—1X
we) = )+ oo [ ==

Xf(s’ t’ u(pl (Svtvu(s,t))7p2(87t7u(s,t))))dtds’

we can decompose u(.,.) as u(x,y) = w(z,y) + v(z,y), (z,y) € J, which
implies u(y ) = W(yy) + Vi, for every (z,y) € J, and the function w(.,.)
satisfies

— 1 ‘ yx_smfl _4\re—1
w@w) = FE /0 /0 (z— 5" Yy — 1) x

Xf(s’ t’ @(Pl (Svtvu(s,t))1p2 (S’tvu(s,t))) + v(pl (Satvu(s,t))7p2(57t’u(s,t)))) dtds

z,y)

Set Co = {w € Qo : w(z,y) =0 for (v,y) € £}, and let ||.[|(4) be the
seminorm in Cy defined by

[wll@py = sup Jweylls + sup flw(z,y)| = sup [lw(z,y)], we Co.
(z,y)eE (z,y)ed (z,y)ed
Cp is a Banach space with norm ||.{[(4 4)-

Let the operator P : Cy — Cy be defined by

_é * yx_srl—l . rg—lx
P)(w.9) = iroypry [ [ =9 =) (23

Xf(s’ t’ w(pl (Svtvu(s,t))7p2(57t7u(s,t))) + U(pl (Svt7u(s,t))7p2 (Svtvu(s,t))))dtds7 (ZE’ y) € J

That the property "operator N has a fixed point"is equivalent to property
"operator P has a fixed point", and so we turn to proving that P has a fixed
point.

We shall use Schaefer’s fixed point theorem to prove that P has fixed
point.

We shall show that the operator P is continuous and completely conti-
nuous.
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Claim 1: P is continuous.

Let{w,} be a sequence such that w, — w in Cy. Then

HP(wn)(x,y (z,y)] <

7“11 ro—1
—1 X
—Fn 7"2// )

X Hf(s’ t’ wn(pl(srt’u(s,t))7P2(S»t7u(s,t))) + vn(pl(s:tau(s,t))7p2(svt7u(s,t)))) B

- f(S’ t’ m(/‘71 (Srtvu(s,t) ),02 (Sﬂtvu(s,t))) + U(pl (Svtvu(s,t))7p2(57t7u(s,t) ))) ” dtds

Since f is a Carathéodory function, then we have

| P(wy) — P(w)]|ec — 0 as n — oo.

Claim 2: P maps bounded sets into bounded sets in Cj.

Indeed it is enough show that for any n > 0 there exists a positive
constant £ such that for each w € B, ={w € Cp : ||w[/(ap < n}, we have
| P(w)llso < 7.

Lemma 6.2 implies that

H@(Pl(Sﬂf,u(s,t)),pz(s,t,u(s,t))) + U(m(S,t7u(s,t))7ﬁ2(S,tﬂt(s,t)))HB =
S H@(pl(Svtvu(s,t))7p2(57t7u(s,t)))HB + Hv(pl(57t7u(5,t))7p2(57t7u(5,t)))||B S
< Kn+ K|[6(0,0)]| + (M + L')[|¢] 5.

Set 0" := Kn + Kl|¢(0,0)|[ + (M + L')[[¢| -
Let w € B,,. By (H'2) for each (z,y) € J we have

1Pl < g [ = =

X ||f(8’ t’ ’lU pl(svtﬂl'(e t) ’pZ(S t YU (s, t))) + U(pl(s t YU (s, t)) pQ(S’tvu(s t) )

/ / r1 1 t)rg—l %
7’1 7’2

XM (1 + ”w pl satvu(s t)) pQ(S t YU (s, t))) + U(Pl (S’tzu(s,t))7p2(57t7u(s,t))) ||B) dtds S

M/*
/ / z— )1y — )2 dtds <
L'(rg)

M/rl b’r‘2 ]_ _|_ 77 L E*
= I(r + 1)r(r2 +1) 7

ldtds <
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Hence ||P(w)|loo < £*.
Claim 3: P maps bounded sets into equicontinuous sets in Cjp.

Let (z1,91), (x2,y2) € (0,a] x (0,b], z1 < x2, Y1 < y2, By be a bounded
set as in Claim 2, and let w € B,,. Then

| P(w )($2,y2 w)(z1,y1)]| <

_ 7‘11 7tr2—17
o TQH// v = 9" (1)

(.%1 — 3)7“1 1( )7‘2 1]f(8 t, u(m(s,t,u(s o) pg(s,t,u(syt))))dtds +

y2
+— / / x9 — S) ”*I(yg — t)”*l X
F o

X f(S t Pl (5 t yU(s,t) ,02 st yU(s, t))) (pl (Sftvu(s,t))7p2 (Svtvu(s,t)))) dtd&’ +

1 Z/2
/ / To — 8 7"1 1(y2 o t)rg—l %
?“2 Y1

x f<3 t W(py (s,tyugs,)p2(situgs)) + V(o (s,t W(s,))02(8, s, t)))) dtds +

2 y1
T1 1 trg—l
(72 — 5) (y2 — ) X
7"1 7”2

X f(s:t, w0 w(ﬂl(&t,U(s 0)p2(s:tus0))) T V(o1 (s,tus,0))p2(s,tugs, t))))dtdSH S
M' 1 ! y1
+"7 / xl _ S r1 1(y1 B t)rgfl _
2

(:52 - 5) )21 dtds +

/:1:
M’ 1+7;)) /IZQ
TG
ot L,
M’ (1+mn)

T+ 1)+ 1)
+21' Y — ayl Yy’ — 2(w2 — 21)" (y2 — v1)"2).

y
/ — 8)" Ny — t) 7 dtds +
Y1
M’ 1
+77) / X9 — S 7‘171(y2 o t)rgfl dtds +
2 Y1
M’ 1 —H])

y1
/ x9 — )T 1(y2 — t)”*l dtds <

2957 (22 — x1)"™ + 225" (y2 — y1)"™ +

As ©1 — x9, y1 — yo the right-hand side of the above inequality tends
to zero. The equicontinuity for the cases 1 < 22 < 0, y1 < y2 < 0 and
1 <0< 29, y1 <0< g9 is obvious.

As a consequence of Claims 1 — 3 together with the Arzela-Ascoli theorem,
we can conclude that P : Cy — Cj is continuous and completely continuous.
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Claim 4: (A priori bounds)

Now it remains to show that the set F = {u € Cy : u = AP(u) for some
0 < A < 1} is bounded.

Let u € F, then u = AP(u) for some 0 < A < 1. Thus, for each (z,y) € J
we have

A ‘ y$_5r1—1 gyl
W) = Frr /0 /0 (- 8"y — 1)

Xf(s’ t’ u(pl(sﬂt)u(s,t)))p2(87tau(s,t)))) dtds
This implies by (H'2) that for each (z,y) € J we have

1 * yx_sm—l _ p\r2—1
e e e A ACED R Rl

XM/[l + ||@(pl(s:tau(s,t))7p2(satvu(s,t))) + V(p1(s,tyugs,e))sp2(s,tucs,)) 8] dtds.

But

”E(pl(Svtvu(s,t))va(svtru(s,t))) + U(pl (Svtru(s,t))7p2(s:t»u(s,t)))||B S
||@(p1(Sztau(s,t))vp2(Sutvu(s,t)))HB + ||v(p1(S7t7u(s,t)))pQ(’s:tuu(s,t)))||B <

K sup{w(s,t) : (5,t) € [0,s] x [0,¢]}+

IN

IN

+M + L))z + K[[6(0,0)]. (24)
If we name z(s,t) the right hand side of (24), then we have

Hw(pl(srt7u(s,t))7p2(37t7u(5,t))) + v(pl(S»tvu(s,t))7p2(37t7u(s,t))) HB S Z(S’ t)7

and therefore for each (z,y) € J we obtain
M’ o ri—1 ro—1
[w(z,y)|| < Tt ) Jo Jo (x—s)"Hy—1)" (1 + 2(s,t))dtds. (25)

Using the above inequality and the definition of z, for each (z,y) € J we
have

2@y) < (M+L6ls + Kll6(0,0)] +

7KM/ ' ya:—srlfl — )2t z(s s
+ r(n)r(rz)/o /0( 1y — 7L (1 4 2(s, 1)) dtds.
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Then for Lemma 2.3 there exists § = §(r1,r2) such that we have

KoM'™p

w < R[+
1= ! T(ry + 1)C(rg + 1)

| = M~

where

KM
(ri + DT(rg +1)°

R=(M+ L))oz + K|$(0,0)[| + 5

Then (25) implies that

ol < KM"™b2(1+ M)
w
o0 = F(Tl + 1)F(T2 —+ 1)

= M*.

This shows that the set F is bounded. As a consequence of Schaefer’s
fixed point theorem (Theorem 2.2), we deduce that P has a fixed point u
which is a solution to problem (19) — (21). Denote this solution by w;.

Define the functions ry 1 (z,y) = xx(ui(z,y)) — = for > 0,y > 0.
Hypothesis (H'1) implies that rj,1(0,0) #0 for k=1,...,m.
If rpi(x,y) #0on J for k=1,...,m, ie.,

x # zp(ui(z,y)) ondJ fork=1,...,m,

then w; is a solution of the problem (5) — (8).

It remains to consider the case when 71 1(z,y) = 0 for some (z,y) € J.
Now since r11(0,0) # 0 and 71 is continuous, there exists 1 > 0,51 > 0
such that 71 1(x1,91) = 0 and ry 1 (z,y) # 0 for all (x,y) € [0,21) % [0,y1).

Thus, we have
r1,1(71,91) = 0 and 711 (2, y) # 0 for all (z,y) € [0,21) x [0,y1] U (y1,b].

Suppose that there exist (Z,y) € [0,21) x [0,y1] U (y1,b] such that
r1,1(Z,y) = 0. The function r;; attains a maximum at some point (s,t) €
[0,21) x [0,b]. Since

(CDSUO(% y) = f(xv Y, ul(p1(w,y,u(w,y)),pz(m,y,u(%y)))) fOl"(ﬁ, y) €J,

then

87"171(8,75) 8U1(8,t>

M exists, and “or x'l(ul(s,t))T —-1=0.

T
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Since
0 r — 1
Ul(iﬂy) SO/(J;) 1 / / . Srl 2 t)72 1><

Xf(87 t’ ul(Pl (Svtvu(s,t))7p2(Svtzu(s,t))))dtd87
then

2 (ur (5, 1) [/ (5) + “‘1 / / )

Xf(e’ B ul(ﬂl (Gvnﬂu(0,7]))vp2 (977]=u(0,7]))))d17d9] = 1’
witch contradicts (H’3).
From (H’1) we have

ria(z,y) # 0 for all (z,y) € [0,21) x [0,0] and k =1,..m

Step 2: In what follows set

Qp ={u: (—o0,a] x (—00,b] = R" : u,,) € B for (z,y) € E and
there exist 0 = zg < 21 < 2 < ... < Ty < Tyy+1 = a such that
zp = zg(u(zy,.)), and u(zy,.), u(z}l,.) exist with
u(zy,.) =u(wg,.); k=1,...,m, and u € C(Xy,R"),k=0,...,m},
where X}, := [xg,a] X [0,b], k=1,....,m

Consider now the problem

(CDSU) (.’E, y) = f(xv Y, u(p1(z,y,u(m’y)),pg(w,y,u(x,m)))v if ($, y) € Xy, (26)
u(z,y) = hi(ui(z,y)), (27)
u(z,y) = ui(2,y), if (z,y) € JU[0,21) x [0,b]. (28)

Consider the operator Ny : 21 — 4 defined as

ul(xyy)’ ($7y) € jU[Ole) X [Ovb]a
N ) (@) + Li(ui(21,y) — Li(ua(21,0)+
Hu)le,y) = i) Ju Jo (@ =)y — )2 x
Xf(S, t, u(pl(s,t,u(sﬁ)),pg(s,t,u(s,t)))) dtdSv (l‘, y) € Xi.

As in Step 1 we can show that Nj is completely continuous. Now it re-
mains to show that the set 7* = {u € C(X1,R") : v = AN;(u) for some
0 < A < 1} is bounded.
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Let u € F*, then uw = AN;(u) for some 0 < A\ < 1. Thus, from (H’2) and
(H’5) we get for each (z,y) € Xq,

lw(z, )l < ez )H+Hh (ur(z1, )| + (11 (ua (21, 0)) | +

+ // a:—s”l t)“*lx
Tl T2

”f(S t u pl(Stu(s t))pQ(Stu(s t) )Hdtds S
Hso\loo +2M*(1 + |Jur|) +

+ // )1y — )21 4 ||2(s, 1) ||) dids.
Tl T2

X

Set
KM/T‘:[ bT‘g

F(Tl + 1>F<7’2 + 1) '
Then Lemma 2.3 implies that there exists 6 = §(r1,r2) > 0 such that for
each (z,y) € Xi,

C* = [l@lloo +2M™(1 + [Jual]) +

KM/*>a'r‘1b7“2
F(Tl + 1)F(7“2 + 1)

w(z,y)|| < C*[1+6 ] := R*.
This shows that the set F* is bounded.

As a consequence of Schaefer’s fixed point theorem (Theorem 2.2), we
deduce that Np has a fixed point u which is a solution to problem (26) —
(28). Denote this solution by wus.

Define 74 2(z,y) = xp(u2(x,y)) — x, for (z,y) € Xq. If rp2(x,y) # 0 on
(z1,a] x [0,b] and for all k =1,...,m, then

w(z,y) = {ul(:c,y), if (z,y) € JU0,21) x [0,8],
’ ug(x,y), if (z,y) € [x1,a] x [0,],

is a solution of the problem (5) — (8).
It remains to consider the case when m2(x,y) = 0 for some (z,y) €
(z1,a] x [0,b]. By (H4) we have
rop(z,y1) = z2(uz(zf, 1) — 21 = zo(L(ur(z1,91))) — 21 >
> xl(ul(xl, yl)) — T = 7“171(1'1,3/1) =0.

Since 722 is continuous, there exists xo > x1, y2 > y1 such that
ro2(z2,y2) =0, and ro2(x,y) # 0 for all (z,y) € (z1,22) x [0, b].
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It is clear by (H1) that

rr2(x,y) #0 forall (z,y) € (x1,22) X [0,0], k=2,...,m.

Now suppose that there are (s,t) € (21, z2) %[0, b] such that r; 2(s,t) = 0.
From (H4) it follows that

7"1,2($;r,y1) = $1(U2(m1+,y1) — 1 = x1(Li(u1 (w1, 91))) — 21 <
<zi(u(z1,91)) —x1 =r11(z1,y1) = 0.

Thus 712 attains a nonnegative maximum at some point (s1,t;) €
(x1,a) x [0,z2) U (2, b]. Since

(CDSUQ)(:E7 y) = f(xa Y, u2(p1($,y,uwyy)%pg(m,y,u(w‘y))))? for (l‘, y) € Xy,

then we get
uz(z,y) = @ )+11 uy(z1,y)) — I1(ui(z1,0)) +
+ // x—s”l t)’"2_1><
7'1 7'2
X f(s’ t’ uz(pl (S:tvu(s,t))7p2(37t7u(s,t)))) dtds’
hence

—1
T = @+ s [ [ e -t

X f(87 t’ U2(p1 (Svtzu(s,t))7p2(37t’u(s,t))) )dtds7

then
Ori2(s1,11)

8:E (Sl,tl)—l—o

= o (ug(s1,t1)) 5— o

Therefore
/ / Tl B 1 tl ry—2 ro—1
xy (u2(s1,t1))[p (s1) + (51— 0)" 2 (t1 — )" x

Xf(ea m, u2(p1 (0,n7u<0,n)),p2 (G,n,uwm))))dndg] = 17

which contradicts (H’3).
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Step 3: We continue this process and take into account that w41 =
U is a solution to the problem

m

(CDSU) (-T’ y) = f(xv Y, U(py (z,y,u(m’y)),pg(w,y,u(x,y))))a
a.e. (x,y) € (xm,a] x [0,0],

u(xg,y) = Im(um—l(xmay))’ R
u(z,y) = ur(z,y), if (x,y) € JU[0,21) x [0, b],
u(a:,y) = u2($>y)> if (w,y) € [$1>$2) X [Ovb]7

u(z,y) = um(z,y), if (z,y) € [Xm-1,2n) x [0,0].
Then solution u(z,y) of the problem (5) — (8) is defined by

ui(z,y), if (z,y) € JU0,21] x [0,b],
u(z,y) = ug(x,y),  if (z,y) € (w1, 22] x [0,0],

Um+1(z,y), if (x,y) € (zm,a] x [0, b].

7 Examples

Example 1: As an application of our results we consider the following
impulsive partial hyperbolic functional differential equations of the form

1+ u(z — o1 (u(z,y)),y — o2(u(z,y)))|

(“Dyu)(z,y) =

9+ ety ’
if (x,y) € J:=10,1] x [0,1], = # zx(u(z,y)), k=1,...,m, (29)
u(zy,y) = dyu(ay,y), y € [0,1], (30)
u(z,0) =z, z € [0,1], u(0,y) =y> y€[0,1], (31)
u(e,y) =z +y%, (z,y) € [-1,1] x [-2,1]\(0,1] x (0, 1], (32)

where r = (r1,72), 0 < ri,70 < 1, z(u) =1 — 72;@(12%2)7 k=1,..m, and
gy <1, k=1,..m, 01 € C(R,[0,1]), o3 € C(R, [0,2]). Set
pl(x7y790) =T — O'l(QO(0,0)), (xﬁ% SO) €Jx Cv
0,0))

p2(x,y, @) =y — 02(¢(0,0)), (z,y,9) € JxC,
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where C':= C(q 9).
Set

_ Lt el
f(xaya@)—m7

(z,y) € [0,1] x [0,1], p € C,
and

I(u) = dyu, ue R, k=1,...,m.
Let v € R. Then we have

xk+1(u) — xk(u) = m > 07 k= 1,...,m.

Hence 0 < z1(u) < xa(u) < ... < zp(u) < 1 for each u € R. Also, for
each v € R we have
14 (2d3 — 1)u?

1 (I (v)) — xp(u) = 2kH1(1 + u2)(1 + d3) >0

Finally, for all (z,y) € J and each u € R we get
L (u)] = [drul < fu] <3(1+ |ul), k=1,...,m,

and ) )
+u
_ | < — (14 |ul).

|f(z,y,u)| = 0+ ety = 10

Since all conditions of Theorem 4.2 are satisfied, problem (29) — (32) has
at least one solution on [—1,1] x [-2,1].

Example 2: As an application of our results we consider the following
impulsive partial hyperbolic differential equations of the form

L+ Ju(z — o1(u(z,y)), y — o2(u(,y)))|
9 + ezty

(“Dyu)(z,y) =

9

if (x,y) € J, x # zp(u(z,y)), k=1,...,m, (33)
u(x:,y):dku(:ck,y), yel0,1], k=1,...,m, (34)

u(z,y) =z +y2, (z,y) € J := (—00,1] x (—o0,1]\(0,1] x (0,1],  (35)
u(z,0) ==, = € [0,1], u(0,y) =y* y € [0,1], (36)

where J = [0,1] x [0,1], r = (r1,72), 0 < 71,70 < 1, xp(u) =1 — m,

k=1,...,m, and ? <dp,<1l,k=1,...,m,and 01,09 € C(R, [0, 00)).
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Let

Cy ={u:(—00,0] x (—00,0] = IR : 0 li)rﬁl YOty (0, 1) exists in IR}.
7”7 —00

The norm of C, is given by

Jully = sup Y@ (6, 7).
(8,m)€(—00,0]x (—00,0]

Let E :=[0,1] x {0} U{0} x [0,1], and u : (—o0, 1] X (—00,1] — IR such
that u, ) € C, for (z,y) € E, then

lim 67(9“7)7133 0,n)= lim YO0== vy, n) =
1(6.m) [ o0 @) = m (@)

=) iy u(f,n) < oo.
11(6,m) || —o0 (6 m)

Hence u(, ) € C5.
Finally we prove that

[zl = K sup{fuls, )] : (1) € [0, 2] x [0, y]}+

+M8up{”u(s,t)||’7 : (Svt) € E($,y)}7
where K =M =1and H =1.
fax+60<0, y+n <0 we get

[z Iy = sup{lu(s, )] : (s,1) € (—o0, 0] x (—00,0]},
and if x +6 >0, y+n > 0 then we have
e lly = sup{lu(s, t)| : (s, 1) € [0,2] x [0, y]}.

Thus for all (z+ 6,y +n) € [0,1] x [0,1] we get

[ sup lu(s,t)[+  sup  fu(s,t)].
(s,t)€(—00,0] X (—00,0] (s,t)€[0,2] X [0,y]
Then
Hu(:r,y)”v = Ssup Hu(s,t) ’7 + sup |U(S,t)|.

(s,t)eE (s,t)€[0,2] x[0,y]

(C5, |Illy) is a Banach space. We conclude that C., is a phase space.
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Set
p1(z,y,9) =z — 01((0,0)), (z,y,90) € J x C,,
p2(z,y,0) =y — 02(¢(0,0)), (z,y,9) € J xCy,
1+ ¢
f(x,y, 90) = 9_|_€|:t+|y’ (‘Tay) € [07 1] X [07 1]7 U(w,y) € C’Y:
and

In(u) =dyu, weR, k=1,....,m.

Let u € R. Then we have

1

Tpy1(uw) — op(u) = S

>0, k=1,....,m.
1+U2) ’ ) » T

Hence 0 < z1(u) < 22(u) < ... < xm(u) < 1 for each u € R.
Also, for each u € R we have

1424 - u?
26H1(1 + u?)(1 + d3)

1 (I (uw)) — zp(u) > 0.

Finally, for all (z,y) € J and every u € R we get
Lk (w)] = ldpu| < ful <3(L+ul), k=1,....m,

and ) )
+
_ M L,

|f(z,y,u)| = 0+ ety = 10

Since all conditions of Theorem 6.3 are satisfied, problem (33) — (36) has
at least one solution on (—oo, 1] x (—o0, 1].
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In this paper we study the existence and uniqueness of solutions of two
classes of partial impulsive hyperbolic differential equations with variable ti-
me impulses and state-dependent delay involving the Caputo fractional deri-
vative. Our works will be considered by using suitable fixed point theorems.



