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In this paper we present some new results concerning with nonlocal problems for evolution
equations. We consider a problem with nonlocal integral conditions for a pseudohyperbolic equation
and prove the existence and uniqueness of a generalized solution to the problem. A proof is based
on a priori estimates in Sobolev spaces and embedding theorems.
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B mparmi Mmu orpumanm gedKi HOBI pe3yJIbTaTH, IO CTOCYIOThCS HETOKAJBHUX 33129 JJIsT €BOJTIO-
miiHUX piBHsAHb. BuBYeHa 3a7a4a 3 HEJIOKAJbHUMY IHTErpAJbHUME YMOBAMHY [IJTsI TICEBIOTITEPOOIi-
YHOTO PiBHSAHHS 1 TOBEIEHO iICHYBAHHS Ta €IUHICTH y3araJabHEHOro Po3B’a3Ky. oBenenns 6a3yeThes
Ha anpiopHux oninkax B mpocropax CobosieBa Ta TeopeMax BKJIAJIEHHS.

Introduction

Pseudohyperbolic equations form important and interesting subclass of Sobolev type
equations. Such equations may describe nonstationary waves in stratified and rotating liquid.
The starting point in studying of Sobolev type equations is [1]. Now there are a lot of works
devoted to initial and boundary value problems for Sobolev type equations (see [2] and
references therein). One of recent works dealing with some problems for pseudohyperbolic
equations is [3]. In these works authors study qualitative characteristics of solutions to initial-
boundary value problems. On the other hand, various physical problems demand nonlocal
conditions [4]. Recently, nonlocal boundary value problems with integral conditions have
been actively studied [5], [6] (see also references therein). However the majority of the works
deals with second-order equations.
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Motivated by this, we consider a nonlocal problem with integral conditions for a pseudo-
hyperbolic equation.

Let Q7 = (0,1) x (0,T). Consider an equation
92
o
and set a problem: find in Q7 = (0,1) x (0,7) a function u that is a solution of (1), satisfies

Lu = U — Uyy) — (a(x,t)uy)y + c(z, t)u = f(x,1). (1)

initial data
u(z,0) = p(z), w(r,0)=1(x) (2)

and nonlocal conditions

l
21,0, 8) + a(0, D), (0, £) + [ Ky (, tyu(z, t)de = 0,

)’ (3)
tQUz(l t) + a(l,t)uy(1,t) + [ Koz, t)u(x, t)dx = 0.

Main results

At first we give a definition of a generalized solution to the problem using the standard
method |7, p.92|. To this end we consider an identity

T 1
// (Lu — f)vdzdt =0,
0 0

where u € C*(Qr) N C3(Qr) and satisfies (1)—(3), v € C*(Qr), v(x, T) = 0. Integrating this
identity by parts we obtain

T 1 !
/ / — UV — Ugg Uy + QUL + cuv)dxdl + / UV
0 0 0

T 1
—i—/uztvm //fvdxdt.
0 ’ 0 0

Note that v(z,T) = 0 implies v, (z,T) = 0 and recall that the conditions (3) hold. Then the
identity assumes the form

da:—i—

!
do — /(um + au,)v| dt =
0

T !
(—wvp — Uy + AUV, + cuv)dxdt — /U(O, t) / K (z,t)u(z, t)dedt+
0 0

Tt~
Tt — 5 T —

I I T 1
+ v(l,t)/Kg(x,t) u(x, t)dedt = / v(z,0) + ' (z)vy(z,0)] dx+//ffudacdt (4)
0 0 0 0

Introduce some notation. Let

W(Qr) = {u:u € WHQr), uy € La(Qr)}, W(QT) ={v:veW(Qr), v(z,T) =0}.
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It is easy to see that the identity (4) makes sense for u € W(Qr), v € W(Qr) and may form
a basis of the following definition.

Definition 1. A function uw € W(Qr) is said to be a generalized solution to the problem
(1)—(3) if u(x,0) = p(x) and for every v € W(Qr) the identity (4) holds.

Theorem 1. Ifa € C(Qr), a(z,t) > ag >0, a; € C(Qr), c € C(Qr),
(S W21(07l>7 ¢ S W21(07l)7 KZ € C(QT)vf € LQ(QT))
then there exists a unique generalized solution to the problem (1)—(3).

Proof. Uniqueness. Let u; and up be two solutions to (1)—(3). Then u = u; — uy satisfies
u(x,0) = 0 and the identity

T 1 T !
//(—utvt — UgVgy + ULV, + cuv)dxdt — /U(O t) /K1 u(x, t)drdt+

+/Tv(l’t)/KQ(x>t>u($,t)dxdt —0

holds for every v € W(Qr). We shall take v in this way:

t
[u(z,n)dn, 0<t<T,
v(z,t) =<7

0, T<t<T.

After integrating by parts in the first term we obtain

N | —

!
/vt x,7) + a(z,0)v2(x,0) + v2,(z, 7)]dx =
0

T 1 T 1
://c v(x, t)vy(x, t)dxdt — //at actdxdt—
0 0

—/TU(O,t)/ZKl(x,t)vt(x,t)dxdt—l—/U(l,t)/Kg(x,t)vt(x,t)dxdt' (5)

[\')IH

Our nearest aim is to derive an estimate of a right side of (5). To this end consider at first
two terms generated by nonlocal conditions. By virtue of Cauchy inequality

l

k T
‘/ (0,1) / (x, t)ve(x, t dxdt’ /vz(O,t)dt—F?l//vfdxdt,

0 0

T T 1
’/ (1,t) / (z,t)ve(z, t) dxdt‘ /v%l,t)dt%—%//vfdmdt,

0 0 0
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where
!

ax/ (x,t)dx, i€ {1,2}.

[0,7]
0
Later on, we shall need the following inequalities

l l

2
v*(0,t) < 2l/vz(x,t)dx+ 7/112(x,t)dx, v?(1,t) < 21

0 0

l

vi(x,t)d:l:%—%/vQ(m,t)dx. (6)

0

O\N

Both of them arise from obvious equalities

0 l

v(0,t) = /vg(ﬁ,t)dﬁ—l—v(x,t) and v(l,t) = /vg(g,t)df—kv(x,t).

T

Having applied (6), we get

T T 1 T 1
1 2
5/[02(0,t) + (1, t)]dt < QZ//Uz(x,t)dxdth7//v2(m,t)dmdt.
0 00 00

It follows from Theorem that there exist ¢y > 0, ag > 0, a; > 0 such that

max |c(z,t)| < co, a(z,t) > ag, max|a;(z,t)] < ag.
Qr Qr

Having used Cauchy inequality, we obtain

=

l T 1
fcvvtdxdt‘ < 9 [ [(v*+v})dzdt. Hence we
0 00

arrive at

N | —

l T 1
2
/Ut z,7) + agvi(z,0) + v, (z, )]dm< 7 // (x,t)dxdt+
0 0

T T 1
C(]—i_];—l—i_]@//vf(x,t)drpdtJr(%+2l)//vi(m,t)dmdt. (7)
0 0 0 0

Note that from representation of v it follows an inequality
. 2

T T

v (x,t) = /u(x,n)dn < T/u2(x,t)dt:r/vf(x,t)dt, T €10,T).

T 0 0

Using it for estimation of the first term in the right side of (7), we get

T

l l
/Ut 7, 7) + agvi(z,0) + v, (z,7)]dr < C’l//vt x,t)dzdt + (— +2l // x,t)dxdt,
0 00

N —
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2 2
where €} = max{“~, w, 2%

t
Introduce now a function w(z,t) = [ u,(z,n)dn. It is easy to see that it follows
0

vz, t) = w(x,t) —w(z,7), v.(z,0) = —w(x, 7).

Taking into account these equalities, we get

l

l T 1
/vt x,T) + apw (x,r)+v§t(x,7)]dx§02//vt—|—w Ydzdt + 7(4l + aq) /w
0 0

0

N | —

where Cy = max{C, 4l4+a,}. As 7 is arbitrary we choose it in such a way that an inequality

%@ —7(4l +a;) > 0 holds. Let 7 € [0
]

out 7(4l+ay) [ w?(z, 7)dx from the right side to the left side of the inequality. We now have
0

s Taitay)- Then § — (4l + a1) > 4 and we can carry

l

T 1
mo /[vf(xﬂ') +w?(z,7) + 02, (z,7)]dr < Cy / /(Ut2 + w?)dzdt,
00

0

moy = min{%, %}, In particular,

l T 1
Cy
/vtxr+w( m—//vt+w dxdt,
0
0 0

and by virtue of Gronwall’s inequality v;(z,7) = 0, hence, u(z,7) = 0 V7 € |0, m}.

;] and then continue this

Following [7] we repeat these arguments for 7 € |70, gatar

procedure. It follows that u(x,7) = 0 V7 € [0,T]. It means that there exists at most one
solution to the problem (1)—(3).
Eristence. Let wy(x) € C?[0,1] be a basis in W3 (0,1). We define the approximations

= cl(t)wi(), (8)
k=1
where ¢ (t) are solutions to the Cauchy problem

I
m m / m / m

/(utt w; + auy'w; + uyyw; + cu™w;)dr+

0

+ w; (1) /l Koz, u™dz — w;(0) /l Ki(z, tyu™dz = / fw;dz, (9)

cx(0) = ag, ¢,(0) = By, (10)
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where g, [, — coefficients of the finite sums

2) =Y agwp(z), Y"(x) = Brwk(r)

approximating the functions ¢ and ¥ as m — oo in W, (0,1) :
Zakwk’ — ¥, Zﬁkwk — ¢7 m — 0. (11)
k=1 k=1

We write the Cauchy problem (9)— (10) as

ZC/I Akj + ZCk Bk]( ) f](t)’ (12)

k=1 =

where

Agj = (wr, wj)wl(o 0>

By (t) / z)wj(x) + c(z, t)wg(z)w;(z)|de+

+ / (Ko (2, t)wg(x)w; (1) — K (x, t)wg(x)w;(0)]dz,

!
/fxtwj
0

Note that the matrix ||(wg, w;)wa (o[ is Gramian matrix as the functions wy, are linearly
independent, hence the system (12) is normal. From theorem it follows that coefficients
By; are bounded and f; € Ly(0,7). Thus the Cauchy problem has a unique solution ¢; €
W3(0,T) for every m and all approximations (8) are defined.

Next, we need a priori estimates to pass to the limit as m — oc.
Multiplying (9) by c(t), summing from j = 1 to j = m and integrating with respect to
t from 0 to 7, we obtain

l
u?(l,t)/Kg(x,t)um(x,t)dxdt—

0

l

/ /(ugu’tﬂ + autuly + ululy + cu™uy")dxdt +
0

o

T l T 1

- / u™(0, 1) / Ki(z, tyu™ (2, t)dzdt = / / Fla, ™ (x, t)dedt. (13)

0 0 0 O
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Integrating by parts the first term in the left side of (13), we get

l

/[(U?"”(:B, 7))+ alw, 7) (W (z, 7)) + (ugy(x, 7))*|dz =

0

T

= /Z[(u?l(x, 0))? + a(x,0)(u(z,0))* + (u™ ?dx + 2//lfu;"dxdt—

T 1 T l
—2//cumu;”dxdt+2/u§”(0,t)/Kl(:c,t)um(:c,t)dxdt—
00 0 0
T l T 1
—Q/U;"(z,t)/f( (2, )™ (a1 dxdt+//at Vdedt. (14)
0 0 00

Consider the right side of (14) and focus our attention on terms generated by nonlocal
conditions. By applying Cauchy-Bunyakovskii inequality, we get

l

T l
‘Q/u;”((),t)/Kl(x, t)u™(x,t) dxdt’ /ut (0,1)) dt—l—kl// (z,1))*dxdt,
0 0

0

T l T T

I
)Q/ugn(l,t)/Kg(x,t)um(x,t)dxdt’ < / u*(1,t)) dt—l—kg// )dzdt,
0 00

0 0

!
where k; = max [ K?(z,t)dz, i=1,2.
(0,77 §

In order to estimate the other terms of the right side we use the following inequalities

l

(u{”((),t))2 < 2l/(uﬁ(x,t))2dx +

0

~| N

/Z(UZ"(SL’» t))*da,

l

(W (1, 1) < 2 / (™ (2, )2z +

0

% (" (2, 1))2dx.

S — _

These inequalities follow from relations

l

0
u(0,1) = / W€, )dE + (), u (L) = / W, )dE + (1),

x

Then

| / (" (0,1))%dt | + | / (' (1, )| < 4 / / ()Pt + 5 / / (updedt.  (15)
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Now we apply Cauchy inequality to estimate the second and the third terms in the right
side of (14) and get

l

T 1
2)//cu u?dmdt‘ < co// ™?2)dxdt,
00

0

T 1 T 1 T 1
2‘ / / fu;ndxdt) < / / Frdwdt + / / (w2 dadt.
0 O 0 0 0 O

With this result we can now obtain from (14) and (15)

l

/[(UT(L )+ alz, 7) (W) (2, 7)) + (W (z, 7))*)dz <

0

< /[(u;”(x, 0))? + a(x, 0)(u™(z,0))* + (u"(x,0))*|dx + /f2(m,t)dxdt—|—

// Vdxdt + CO//l(um(x,t))2dx +4l/T/l(u;';(x,t))2dxdt+

T

+(c0+§)//l )2dxdt. (16)

o

It easy to see that a relation

T

u™(x,T) = /u;”(x,t)dt—l—um(af?O)

0
implies the following inequality

T l

I l
/ (x,7) dxdt < 7'// dxdt—i—/
0 0 0

Adding it to (16), we get:

N | —
o

<M / / (™ (2, 1)) + (a0 + (w2, 1)) + (e )]+

l T 1

LN / (™ (2, 0))% + (] (z,0))% + (ul™(x,0))? + (7% (xr,0))2)dx + / / f2(z, 1),

0 0 O
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where M > 0, N > 0 depend only on ¢y, a1,l,T. By Gronwall’ lemma, we conclude that, for
allm > 1,

1™ vior < CU™ (2, 0)l 00 + 1" (2, 0) s 00y + I1F 1 Zar):

Taking into account (11) and hypotheses of the theorem we can state that [|[u™(x,0)||wz (0,
|[ui (2, 0)||wa (o, are uniformly bounded with respect to m. Consequently,

" lwern < P, (17)

where P > 0 and does not depend on m.

Note that W (Qr) is Hilbert space. Therefore because of (17) we can extract from {u™}
a subsequence convergent weakly in W (Qr) and uniformly with respect to ¢ € [0,T] in the
norm of Ly(0,1) to u € W(Q7).

We need only to show that this limit function is a required generalized solution.

Initial data u(x,0) = ¢(z) is fulfilled as u™(z,t) — u(z,t) in Ls(0,1) uniformly for every

€ [0,7] and u™(z,0) — ¢ in L9(0,1) (see (11)). In order to show that (4) is valid we

multiply (9) by d; € C'0,T], d;(T) = 0, sum from j = 1 to j = m, then integrate with
respect to ¢t from 0 to 7.

Denote n(z,t) = i d;(t)w;(z). After integrating by parts the terms containing uj} and

J=1
m
Uyyy WE get

T l I
//(—u;”nt — UMMyt + aul'n, + cu™n) dxdt—/ugn(x / (z,0)n,(z,0)dz+

0 0
l l

T T
n(l,t)/Kg(x,t)um(:v,t)dxdt—/n(O,t)/Kl(x,t) (z,t)dzxdt = //fndxdt (18)
0 0 00

0

+

D\’ﬂ s
o)

Taking into account convergences proved above one can pass to the limit in (18) as m — oo

for any fixed 7. Denote the set of functions n = Z dj(t)wj(z) by Npn. As |J N, is dense
7j=1 m=1

in W it follows that the limit relation is fulfilled for every function v € W(QT), hence, u is

the solution to the problem (1)—(3). O
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