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В. Д. Будак1, А. Я. Григоренко2, М. Ю. Борисенко1, Е. В. Бойчук1 
 
ОПРЕДЕЛЕНИЕ СОБСТВЕННЫХ ЧАСТОТ ЭЛЛИПТИЧЕСКОЙ ОБОЛОЧКИ 
ПОСТОЯННОЙ ТОЛЩИНЫ МЕТОДОМ КОНЕЧНЫХ ЭЛЕМЕНТОВ 
 

h““ 3 2“  “"%K% …/  *% K=…,  2%…*%L ,ƒ%2!%C…%L . ,C2, “*%L %K%-
% *, C%“2% ……%L 2% ?,…/ …= %“…%"  2% = *%… …/. . …2%", ! = ,-
ƒ%"=……% % …= "/“%*%C!%,ƒ"% ,2 …%  C!% != …%  %K “C …,,   ,…› -
… !…% % =…= ,ƒ= – FEMAP. o!,"% ,2“  “!="…,2 …/L =…= ,ƒ ,“ %"/. ! -
ƒ3 2=2%" “ C% 3 ……/ , .*“C !, …2= …%. 

 
o%“2=…%"*= C!%K /. b% …% ,. %K =“2 . 2 .…,*, ,!%*%  C!, … -

…,  …=.%  2 … *!3 %"/  , ,… !, “*,  %K% % *,. d   .*“C 3=2= ,, 2=-
*,. *%…“2!3* ,L … %K.% , % ƒ…=2  3“ %",  C!% …%“2, , …= ›…%“2,, " 
=“2…%“2,, , 2  C! “2=" …,  % =“2%2=. , -%! =. “"%K% …/. *% K=…,L, 
C%“*% *3 … %K.% , % ,ƒK =2  ! ƒ%…=…“…/. =“2%2, *%2%!/  " 32 * !=ƒ-
!3 …,  *%…“2!3* ,, " % . b “" ƒ, “ .2,  %“%K%  ƒ…= …,  C!,%K-
! 2= 2 …= ›…/  2% / ,“ ……% % , .*“C !, …2= …% % %C! …,  
,…= , “*,. .=!=*2 !,“2,* 2=*,. *%…“2!3* ,L. 

b =……%L !=K%2  ,““ 3 2“  “"%K% …/  *% K=…,  *%…“% …% ƒ=*! C-
……%L . ,C2, “*%L , ,… !, “*%L %K% % *, C%“2% ……%L 2% ?,…/. g=-
= =  % “"%K% …/. *% K=…, . … *!3 %"/. , ,… !, “*,. %K% % * C%-
“" ? …% … K% %  *% , “2"% C3K ,*= ,L. b !=K%2=. [2, 3, 9] !=““ =2!,-
"= ,“  “"%K% …/  *% K=…,  . …2%" %K% % …/. *%…“2!3* ,L, " =“2-
…%“2, … *!3 %"/. , ,… !, “*,. %K% % *, !=““ ,2=……/  ,“ ……/ , 

2% = ,. q%K“2" ……/  =“2%2/ , -%! / *% K=…,L 2=*›  %C!  2“  
.*“C !, …2= …/ , 2% = ,. n …,  ,ƒ 2=*,. 2% %"  "  2“  2%  
% % !=-, “*%L ,…2 !- !% 2!,,, *%2%!/L C%ƒ"%  2 " ! = …%  "! …, 
…=K =2  , -,*“,!%"=2  “ K% %L 2% …%“2  ! ƒ%…=…“…/  =“2%2/ , 
-%! / *% K=…,L ", , % % 3 =“2*= ,““ 3 %L C%" !.…%“2, [1, 7]. `…= ,ƒ 
%2 ……/. C3K ,*= ,L = 2 "%ƒ %›…%“2  “ =2  "/"% , 2% …  “3? “2"3-
2 ,…%L 2% *, ƒ! …,  %2…%“,2 …% C!, … …,  2% % , , !3 % % C% .% = 
* ! …,  3*=ƒ=……% % * =““= ƒ= = . 

)=?  "“ % ,…= ,*3 %K% % …/. *%…“2!3* ,L % ,!3 2 " != *=. 
* =““, “*%L 2 %!,, j,! %-= – k "= “ ,“C% ƒ%"=…,  ,“ ……/. 2% %" 
[4–6]. b “ 3 =  C ! ……%L 2% ?,…/ , , C!%,ƒ"% …%L -%! / “ ! ,……%L 
C%" !.…%“2, C ! ? …,  2% * 2=*,. %K% % * %C,“/"= 2“  “,“2 %L 
,-- ! … ,= …/. 3!="… …,L " =“2…/. C!%,ƒ"% …/. “ C ! ……/ , *%-

.--, , …2= ,. b .2%  “ 3 =  …  3 = 2“  !=ƒ ,2  C ! ……/  “ ,“C% -
ƒ%"=…,  ! %" t3!  " % …%  ,ƒ *%%! ,…=2…/. …=C!=" …,L, , ! …,  
ƒ= =  % “"%K% …/. *% K=…, . %K% % * C ! ……%L 2% ?,…/ , , C!%,ƒ-
"% …%L -%! / “! ,……%L C%" !.…%“2, C!,"% ,2 * ƒ…= ,2 …/  2!3 …%“-
2  "/ ,“ ,2 …% % .=!=*2 !=. 

b …=“2% ?  "!   ,!%*%  C!, … …,    ! …,  ƒ= =  .=…,*, 
C% 3 , % ,“C% ƒ%"=…,  Computer-Aided Engineering (CAE) “,“2 , *%2%-
!/  % 32 !=““ ,2/"=2  *%…“2!3* ,  K%L -%! / K = % =!  ,“C% ƒ%-
"=…,  2% = *%… …/. . …2%". j!%  2% %, CAE “,“2 / = 2 C% ƒ%-
"=2  "%ƒ %›…%“2  % …,2  C%" …,  *% C 2 !…%L % , ,ƒ ,  " 
! = …/. 3“ %", . .*“C 3=2= ,,, C!%" !,2  “C%“%K…%“2  *%…“2!3* ,, 
K ƒ ƒ…= ,2 …/. " %› …,L "! …, , “! “2". n …%L ,ƒ 2=*,. “,“2  
 "  2“  C! - , C%“2C!% ““%!   "/C% … …,  ,…› … !…% % =…= ,ƒ= 2%-
%  *%… …/. . …2%" – FEMAP “ ! =2  NX NASTRAN [8]. 

0  …=“2% ? L !=K%2/  "  2“  ,““ %"=…,  “"%K% …/. *% K=…,L 
3C!3 %L ,ƒ%2!%C…%L , ,… !, “*%L %K% % *, . ,C2, “*% % C%C ! …% % 
“ …,  …= %“…%"  C!% != / FEMAP , “!="… …,  ,. “ .*“C !, …2= …% 
C% 3 ……/ , ƒ…= …, ,. 
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h“.% …/  “%%2…% …, . p=““ =2!,"= 2“  ƒ= = = % “%K“2" ……/. =“2%-
2=. , -%! =. *% K=…,L. r!="… …,  ,…= ,*, C!, %2“32“2",, "… …,. 
" , …,L , C ! ……/. *,… =2, “*,. !=…, …/. 3“ %",L , 2 ",  

 ( ) ( ) ( ) 0M q t Ñ q t K q t+ + =[ ] [ ] [ ]{ } { } { } , (1) 

 M[ ]  – =2!, = =““ *%…“2!3* ,,; Ñ[ ]  – =2!, = *%.--, , …2%" “,  

" ƒ*% % C-,!%"=…, ; K[ ]  – =2!, = › “2*%“2,; q{ }  – " *2%! 3ƒ %"/. 
“ ? …,L; 2% *%L , "3   2% *= , …=  q  " 3!="… …,, %K%ƒ…= …/ C !"=  
, "2%!=   C!%,ƒ"% …/  C% "! …, “%%2" 2“2" ……%. 

b “ 3 =  %2“32“2",  C-,!%"=…,  3!="… …,  (1) C!, 2 ",  

 ( ) ( ) 0M q t K q t+ =[ ] [ ]{ } { } . (2) 

p …,  =2!, …% % 3!="… …,  (2)  "  2“  

 ( ) cos ( )q t A t= ω + β{ } { } , (3) 

 A{ }  – " *2%! = C ,23 …/. ƒ…= …,L 3ƒ %"/. C ! ? …,L; 2 fω = π  – 

*!3 %"=  =“2%2=; β  – -=ƒ= *% K=…,L. o%“  C! %L C% “2=…%"*, (3) " (2) 

, “%*!=? …,  …= cos ( )tω + β  C% 3 ,  “,“2 3 = K!=, “*,. 3!="… …,L: 

 2 0M K A− ω + =[ ] [ ] { }( ) . (4) 

b .2%L “,“2  … …3 "/  ƒ…= …,  *% C%… …2 A{ }  "%ƒ %›…/ ,  
C!, 3“ %",,, 2% 

 2det 0K M− ω =[ ] [ ][ ] . (5) 

e“ , *"= !=2, …/  =2!, / M[ ]  , K[ ]  C% %›,2 …% %C! …/, 
2% %K/ …% 2=* , “2    ƒ= = , ,… L…%L 3C!3 %“2,, 2% 3!="… …,  (5) 
, 2 N  … %2!, =2 …/. ! …,L – “%K“2" ……/. =“2%2 kω , C!,  

"%ƒ %›…/ C=!…/  ƒ…= …,  (ƒ “  N  – *% , “2"% … ,ƒ" “2…/. " “,“2 -
 (4)). 
o!, "/C% … …,, 3“ %",  (5) % …% ,ƒ 3!="… …,L (4)  "  2“  “ “2",-

 %“2= …/.. o%.2% 3 *=› % 3 ƒ…= …,  kω  “%%2" 2“2"3 2 %C! ……%  

“%%2…% …,  › 3 = C ,23 = , ki` . d!3 , , “ %"= ,, "“  = C ,23 / 

" *2%!= % 32 K/2  "/!=› …/ ! ƒ % …3 ,ƒ …,.. q%%2…% …,  › 3 = -
C ,23 = , ki`  %C!  2 k -  “%K“2" ……3  -%! 3 *% K=…,L. 

hƒ 3!="… …,L (4) “ 3 2, 2% "“  “2 C …, “"%K% / " C!% ““  *% K=-
…,L “ “%K“2" ……%L =“2%2%L kω  “%" ! = 2 “,….!%……%  ",› …, . Š=*,  

%K!=ƒ% , *%…-, 3!= ,  *%…“2!3* ,, …  … 2 “"% L K=ƒ%"%L -%! /, = -
… 2“  2% *% = C ,23 /. 

h   N  ƒ…= …,L “%K“2" ……/. =“2%2 kω , ! …,  “,“2 / (2) %›…% 

,“*=2  " ",  ,… L…%L *% K,…= ,, ,ƒ N  "/!=› …,L (3): 

 
1

( ) cos ( )
N

k k k
k

q t À t
=

= ω + β∑{ } { } . (6) 

Š=*,  %K!=ƒ% , ,ƒ … …,  -%! / ,… L…%L 3C!3 %L *%…“2!3* ,, “% "! -
…  “2  ,… L…%L *% K,…= , L "“ .  “%K“2" ……/. -%! . 

o%“*% *3 ƒ…= …,  *% C%… …2 “%K“2" ……/. " *2%!%" kÀ{ }  % 32 K/2  

…=L …/ …  % …%ƒ…= …%, = “ 2% …%“2  % C%“2% ……% % …%›,2  , 2% %K/ -
…% ,. …%! ,!3 2 C% C!=", 3 

 1k kA M A =[ ]{ } { } . (7) 

d%*=ƒ=…%, 2% “%K“2" ……/  " *2%!/ kÀ{ }  %!2% %…= …/ %2…%“,2 …% 

=2!,  M[ ]  , K[ ] , 2% “2  
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 0,     0,     k m k mA M A A K A k m= = ≠[ ] [ ]{ } { } { } { } . (8) 

e?  %›…% %2 2,2 , 2% %K/ …% ,?32“  …  "“  *%!…, 3!="… …,  (5), = 
… “*% *% (%K%ƒ…= ,  ! ƒ Nα ) …=, … ,. ƒ…= …,L, C%“*% *3 2% *% 

C!, …,ƒ ,. “%K“2" ……/. =“2%2=. = C ,23 / *% K=…,L , 2 %2…%“,-
2 …% K% ,  ƒ…= …, . h…=  %"%! , … “*% *% C !"/. “%K“2" ……/. 
=“2%2 , -%!  *% K=…,L %“2=2% …%   C% 3 …,  3 %" 2"%!,2 …% % 
C!,K ,› …,  ! …,  (6). d   .2% % !=ƒ!=K%2=…% … “*% *% = %!,2 %", 
3 ,  ,ƒ …,. ,“C% ƒ3 2“  " !=“ 2…%  % 3  NX Nastran [8]. 

l 2% ,*= ! …, . q C% %?  FEMAP K/ = C%“2!% …= % 2!,  
%K% % *, " ",  , ,… !, “*%L C%" !.…%“2, . ,C2,-
“*% % “ …,  “ !=ƒ != ,: "/“%2= 120h = , K% -
=  C% 3%“  51.8a = , = =  C% 3%“  37.295b = . 

o=!= 2!/ % ,!%"=…,  "/K!=…/ " “%%2" 2“2",, “ 
-%! %L , !=ƒ != , %K% % *,, *%2%!=  ,““ %"= =“  
…= “%K“2" ……/  =“2%2/ , -%! / *% K=…,L 2% %  
% % !=-, “*%L ,…2 !- !% 2!,, (!,“. 1). nK% % *= 1 
"/2% …= " “2  “ =““,"…/  2 %  2   ! = ,ƒ= ,, 
›‘“2*% % ƒ=*! C …,  C% *%…23!3 C!, .*“C !, …2= -
…/. ,““ %"=…, .. o%“*% *3 2%  % % !=-, “*%L 
,…2 !- !% 2!,, C%*=ƒ=  …3 "/  C ! ? …,  K=  -
“,…/, 2% C!, !=“ 2  “ C% %?  FEMAP != ,%…= …% 
% ,!%"=2  %K% % *3 *%…“% …% ƒ=? ……%L C% % -

…% 3 ,ƒ *%…23!%". 
l=2 !,= %  %K% % *,  "  2“  “2=  40u “ C=!=-

2!= ,: % 3  ~… = 214E = co=, *%.--, , …2 o3-
=““%…= 0.26ν = , C %2…%“2  7820ρ = * / 3. p=ƒK,"*= C!%,ƒ"% , =“  ,… L-

…/ , 2/!‘.3 % …/ , plate-. …2= , !=ƒ !%  1  × 1  C%“2% ……%L 
2% ?,…/ 2d =  , “% !›= = 33396  3ƒ %" , 33120  . …2%" (!,“. 2). 
g= ="= %“  *%…“% …%  ƒ=*! C …,  C% …,›… 3 *%…23!3 %K% % *,. 

 
 

Рис. 2 
d=  C!%,ƒ"% , “  =…= ,ƒ =“2%2 , -%!  “"%K% …/. *% K=…,L “ C%-

%?  !=“ 2…% % % 3   NX NASTRAN. 
d   “!="… …,  %K% % *= ƒ= ="= =“  2=*›  *=* %KA …%  2 % “ !=ƒ-

K,"*%L …= solid-. …2/, 2% …= =“2%2=. , -%! =. *% K=…,L …,*=* …  
%2!=ƒ, %“ .  

h““ %"=…,  =……% % %KA *2= C!%"% , ,“  2=*›  .*“C !, …2= …% 
…= K=ƒ  3 K…%-…=3 …%L =K%!=2%!,, % % !=-, “*,. 2% %" ,““ %"=-
…,  *=- !/ =2 =2,*, , .=…,*, mmr , . b. `. q3.% ,…“*% %. d   
! = ,ƒ= ,, .*“C !, …2= , …=K …,  ,…2 !- !% !=  "%ƒK3› = %L 
%K% % *, " ! = …%  "! …, K/ = “%K!=…= %C2, “*=  “. = [1]. nK% % *= 
,ƒ "/“%*% ,!%"=……%L “2= , “ 2=*, , ›  .=!=*2 !,“2,*= ,, *=* , C!, 
,“ ……%  ! …,,, K/ = ,ƒ %2%" …= 2% %  2% …,  …= “2=…*  “ )or. 

 
Рис.1 
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`…= ,ƒ ! ƒ3 2=2%". q C% %?  "/ %C,“=……%L 2% ,*, ,““ %-
"= “  “C *2! ! ƒ%…=…“…/. =“2%2 , -%! / *% K=…,L *%…“% …% ƒ=? …-
…%L ,ƒ%2!%C…%L %K% % *, C%“2% ……%L 2% ?,…/. d   “!="… …,  “"%K% …/  
=“2%2/ *% K=…,L 2=*›  %C!  ,“  .*“C !, …2= …%. p ƒ%…=…“…/  
=“2%2/ C!," …/ " “!="…,2 …%L 2=K . 1,  m  – *% , “2"% 3ƒ %" 
" %  %K!=ƒ3 ? L, n  – *% , “2"% 3ƒ %" C% %*!3›…%L *%%! ,…=2 , , " ",-

 ,“2% != / (!,“. 3). t%! / *% K=…,L …= … *%2%!/. =“2%2=. C! -
“2=" …/ …= !,“. 4 " "3. !=ƒ…/. !=*3!“=.; C ! ? …,  2% * %K% % *, 

  ",ƒ3= ,ƒ= ,, C%*=ƒ=…/ " “ 2,*!=2…%  3" , …,,. 
 Таблица 1 

m  n  expf , c  
theorf , c  ε , % 

1 4 1723 1712 0.64 
1 6 2306 2161 6.29 
1 8 4097 3860 5.78 
1 10 6519 6154 5.60 
1 12 9493 8978 5.43 
2 6 4782 4498 5.94 
2 8 5597 4911 12.26 

 

 
Рис. 3 

  
l% = 1: 1m = , 4n = , 1712f = c  

  

l% = 3: 1m = , 6n = , 2161f = c  
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l% = 6: 1m = , 8n = , 3860f = c  

  
l% = 13: 1m = , 10n = , 6154f = c  

  
l% = 25: 1m = , 12n = , 8978f = c  

  
l% = 15: 2m = , 4n = , 6169f = c  

  
l% = 9: 2m = , 6n = , 4498f = c  
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l% = 11: 2m = , 8n = , 4911f = c  

  

l% = 18: 2m = , 10n = , 7099f = c  

  

l% = 29: 2m = , 12n = , 9772f = c  

  

l% = 8: 1m = , 6n =  (,ƒ ,K…= ),  l% = 17: 1m = , 0n =  ( / =?= ), 

4104f = c   6712f = c  
Рис. 4 

h““ %"=…,  …= C!% !=  FEMAP C!%"% , %“    60  %  " ,=C=-
ƒ%…  % 17*c . `…= ,ƒ C% 3 ……/. ! ƒ3 2=2%" C%*=ƒ=  C%"2%! …,  -%!  
“ …=!3 …,  “, 2!,, %2…%“,2 …% = %L C% 3%“,   ! %  ›=?,. 
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=“2%2, %“%K%  "…% .2% …=K = 2“  …= -%! =. “ *% , “2"%  3ƒ %" " %  
%K!=ƒ3 ? L 1m =  (!,“. 5). 

  

l% = 1: 1712f = c  l% = 2: 1761f = c  

  

l% = 3: 2161f = c  l% = 4: 2167f = c  

  

l% = 6: 3860f = c   l% = 7: 3863f = c  

Рис. 5 
b/"% /. l% ,!%"=…,  %K% % *, " ",  *%…“% …% ƒ=? ……%L C% 

% …% 3 ,ƒ *%…23!%" , ,… !, “*%L C%" !.…%“2, . ,C2, “*% % “ …,  
%“2=2% …% …= ›…% %2%K!=›= 2 3“ %",  C!%"% , % % .*“C !, …2=. 

}*“C !, …2= …% C% 3 ……/  =“2%2/ , =“2%2/, !=““ ,2=……/  “ C%-
%?  NASTRAN, %2 , = 2“  …  K%   …= 13 %,   … *%2%!/. ƒ…= -

…,L !=ƒ , ,  “%“2="  2 …  1%. 
),“ ……/  % ,!%"=…,  %›…% C% 3 ,2  C% …/L “C *2! -%!  *%-

K=…,L " %2 , ,  %2 .*“C !, …2= …% % 2% =,  ! ƒ3 2=2/ ƒ=",“ 2 
%2 3“ %",  "%ƒK3› …, , 2% …%“2, ,ƒ !,2 …%L =CC=!=23!/ , ,“2%2/ 
C!%" …,  .*“C !, …2=. 

d%“2=2% …% "/“%*%  “%"C= …,  .*“C !, …2= …/. , 2 %! 2, “*,. 
=“2%2 3*=ƒ/"= 2 …= "/“%*3  %“2%" !…%“2  %K ,. 2% ,* ,““ %"=…, . 

 
 1. c!, %! …*% `. “., g% %2%L ~. c., o!, % = `. o., f3* h. ~., u%!, *% b. b., 

n" =! …*% `. b. }*“C !, …2= …%  ,““ %"=…,  “%K“2" ……/. *% K=…,L 2% -
“2%“2 ……%L , ,… !, “*%L %K% % *, 2% %  % % !=-, “*%L ,…2 !- !% 2-
!,, // l=2. 2% , 2= -Sƒ.- .. C%  . – 2012. – 55, 1 3. – q. 93–98. 
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Š% › : Grigorenko A. Ya., Zolotoi Yu. G., Prigoda A. P., Zhuk I. Yu., Khorish-
ko V. V., Ovcharenko A. V. Experimental investigation of natural vibrations of a 
thick-walled cylindrical shell by the method of holographic interferometry // J. 
Math. Sci. – 2013. – 194, No. 3. – P. 239–244. 

 2. c!, %! …*% `. “., o3ƒ/! " q. b., b% * e. `. h““ %"=…,  “"%K% …/. *% K=-
…,L … *!3 %"/. , ,… !, “*,. %K% % * “ C% %?  2% = “C =L…-*% %-
*= ,, // l=2. 2% , 2= -Sƒ.- .. C%  . – 2011. – 54, 1 3. – q. 60–69. 

Š% › : Grigorenko A. Ya., Puzyrev S. V., Volchek E. A. Investigation of free 
vibrations of noncircular cylindrical shells by the spline-collocation method // J. 
Math. Sci. – 2012. – 185, No. 6. – P. 824–836. 

 3. c!, %! …*% “. l., a “C= %"= e. h., j,2=L %!% “*,L `. a., x,…*=!  `. h. q"%-
K% …/  *% K=…,  . …2%" %K% % …/. *%…“2!3* ,L. – j, ": m=3*. 3 *=, 
1986. – 171 “. 

 4. c!, %! …*% “. l., b=“, …*% `. Š. Š %!,  %K% % * C ! ……%L › “2*%“2,. – 
j, ": m=3*. 3 *=, 1981. – 544 “. – (l 2% / !=“ 2= %K% % *: b 5 2. – Š. 4.) 

 5. c!, %! …*% “. l., l3*%  `. o. p …,  … ,… L…/. ƒ= =  2 %!,, %K% % * …= 
}bl. – j, ": b,?= *., 1983. – 286 “. 

 6. c!, %! …*% “. l., o=…*!=2%"= m. d. nK ,“ "= …S 2% , " ƒ= = =. C!,* = -
…%_ =2 =2,*,. – j,_": k,KS , 1995. – 272 “. 
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ВИЗНАЧЕННЯ ВЛАСНИХ ЧАСТОТ ЕЛІПТИЧНОЇ ОБОЛОНКИ ПОСТІЙНОЇ ТОВЩИНИ 
МЕТОДОМ СКІНЧЕННИХ ЕЛЕМЕНТІВ 
 
d%“ S ›3 2 “  "S …S *% ,"=……  2%…*%_ Sƒ%2!%C…%_ SC2, …%_ %K% %…*, C%-
“2SL…%_ 2%"?,…, …= %“…%"S 2% 3 “*S… ……,. …2S", ! = Sƒ%"=…% % …= ",“%*%-
C!% 3*2,"…% 3 C!% != …% 3 ƒ=K ƒC ……S   S…› … !…% % =…= Sƒ3 – FEMAP. o!%-
"% ,2 “  C%!S"… …,L =…= Sƒ ,“ …,. ! ƒ3 2=2S" ƒ %2!, =…, , *“C !,-

…2= …%. 
 
DETERMINATION OF NATURAL FREQUENCIES OF AN ELLIPTIC SHELL OF CONSTANT 
THICKNESS BY THE FINITE ELEMENT METHOD 
 
Natural vibrations of a thin isotropic elliptical shell of constant thickness are investi-
gated on the basis of finite element method realized on a high-performance software for 
engineering analysis – FEMAP. A comparative analysis is carried out for the numerical 
calculations and experiment results. 
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