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GATEAUX DIFFERENTIABILITY OF POLYNOMIAL TEST
AND GENERALIZED FUNCTIONS

Let S, and S, be the Schwartz spaces of rapidly decreasing functions and

tempered distributions on R, , respectively. Let P(S;) be the space of continuous

+

polynomials over S, and P'(S.) be its strong dual. These spaces have repre-

sentations in the form of Fock type spaces I(S,):= @;(@fp&) and
nez, ’

I(S)) = n:; (®ZPSJ:), respectively. In the paper the Gdteaux differentiability of
+

the elements of the spaces P(S;), P'(S)), I'(S,) and I(S]) is investigated. It is
established connection of Gdteaux derivative with the creation and annihilation
operators on the Fock type spaces as well as with differentiations on I(S,)

and T(S)).

Introduction. Many problems in applied mathematics can be modelled
and solved within framework of the theory of linear continuous functionals
(generalized functions, distributions) [1]. This theory has a disadvantage: in
general the space of distributions has no an algebraic structure. However,
some problems (e.g., in quantum field theory) require such a structure,
moreover, nonlinear generalization of a distribution concept is needed [4].

In the previous papers [2, 9] it is introduced the theory of polynomial
(nonlinear) distributions and ultradistributions. With the help of a tensor
representation of such spaces it is described their algebraic structure.
Differentiations and semigroup of polynomial shifts are investigated as well.

Recent developments of white noise calculus [6, 7, 10] consider any ope-
rator on a Fock space as a function of annihilation and creation operators,
which emphasizes their importance. These two operators are referred to as
the quantum white noise.

The aim of this work is to establish the Gateaux differentiability of poly-

nomial test P € P(S;) and generalized functions F e P'(S}) and of elements of
corresponding Fock type spaces I'(S,) and I'(S)). Explicit formulas for trans-
lation operator and Géateaux derivative are presented. The another purpose is
to establish the connection of Gateaux derivative with the quantum white
noise on the spaces I'(S,) and F(S;) as well as with differentiations, inves-
tigated earlier [2, 9]. Note that our results are in accord with the analogous
ones of other authors [6, 7]. The present work can be used in infinite dimen-
sional stochastic analysis (see, e.g., [3, 8] and references therein).

1. Preliminaries and notations. Let L(X,Y) be the space of all linear
continuous operators from X to Y and L(X):= L(X,X), where X and Y are
locally convex topological vector spaces. We endow L(X) with the locally con-
vex topology of uniform convergence on the bounded subsets of X. Every-
where X':= £(X,C) denotes strong dual space of X.For any feX, xeX
we will denote by (f,x) the pairing between elements of respective spaces.

In the sequel, ®37p denotes a completion of symmetric tensor product ®

in the projective tensor locally convex topology and ®:’pX denotes symmetric
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projective tensor product of mn copies of a space X. Let by definition
®g7pX =C. We denote " =x®..®x¢c ®;,X and x® =1eC for any

n
xeX.

Schwartz spaces. Let S = S(R) and S’ := S'(R) stand for the classical

Schwartz spaces of rapidly decreasing functions and tempered distributions,
respectively.

Denote by S, :=S8(R,) the Schwartz space of rapidly decreasing
functions on R, :=[0,+) and by Sfr the distribution space that is dual of
S,. It is easy to see that elements of the space Sfr may be treated as
distributions from S§', vanishing on (- «,0), therefore, S, is a subspace of S'.

Let o, be the Dirac delta-functional concentrated at a point t e R, . It is
well known that the space Sfr is a topological algebra with the unit 6 := 3,
relative to the convolution, defined by

(f*9,90)=(f(s) o) (g),vt)os +1))), fgeS, o¢cS,
where the functions o,v € C* are equal to 1 on suppf, suppg and to 0
outside of neighborhoods of supp f, suppg, respectively (see, e.g., [1]).

It is known [1] that S is a nuclear (F) space, and S’ is a nuclear (DF)
space. From the duality theory as well as from theory of nuclear spaces [11] it
follows that &, is a nuclear (F) space, and Sfr is a nuclear (DF) space. Note

that the space S, is continuously and densely embedded into S! (it follows

from the embedding S ¢+ S”).
Polynomial tempered distributions. To define the locally convex space

P("S,) of n-homogeneous polynomials on S, we use the canonical topological
linear isomorphism P("S+) ~ (®zp8+)' described in [5]. Namely, given a func-
tional p, € (®g’p8+)', we define an n-homogeneous polynomial P, € P("S,)
by
P, (@) =(p, 0°"), ©¢€S,.

We equip the space P("S,) with the topology b of uniform convergence on
bounded sets in S, . Set P(OS+) = C. The space P(S,) of continuous polynomi-
als on &, is defined as the complex linear span of all P("S,) endowed with
the topology b. We will denote by P'(S+), P'("S+) the strong duals. Similar
spaces P(S)), P("S,) and their duals P'(S), P'("S!) we define for S|. Ele-
ments of the space P'(S]) we will call the polynomial tempered distributions.

In the sequel, let XneZ+ (®" S') denotes the Cartesian product and

S,p T+
(‘Bnez+(®:,p8+) denotes the direct sum of the symmetric tensor powers of

corresponding spaces. Note that elements of the direct sum consist of finite

but not fixed number of addends. To simplify notations, we denote
I(S,) = ®neZ (®Zp8+) and I'(S)):= XneZ+ (®" S'). Elements of the spaces

S,p T+

I'(S.) and F(S;) we write in the form p=@, _, P, = (Py,Pys---s Py, 0,...) for

+

some m € N and f = XneZ+ fn =y, f1o-0 f»--) , Tespectively.
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From [9, Proposition 2.1] it follows the next assertion.
Proposition 1. For all n € N, there exist the linear topological isomor-

phisms Y, , ¥, and their linear extensions Y, ¥ such that

PS> 1S, YPS) > I(S,),
L P("S,) - ®7, S, ¥ P(S!) > I(S)).

Annihilation and creation operators. In quantum field theory (see, e.g.,
[10]) an element
®n
f f®2 f®TL ,
(1)f:><nEZ+ oy 1, f,— TR YRR eI'(S,), fes
is usually referred as an exponential (or coherent) vector. In particular,
¢, =(1,0,0,...) is called a vacuum vector. Let us define a vector

meN.

(P®2 (P®m
¢(p,m =(1,(\D,T,..., m! ,0,...)Er(8+), (pESJr,

Let by definition ¢,, be the vacuum vector. Note that the set
{0pm : ®€S,, meZ} spans a dense subspace of I'(S,).
The annihilation operator at a point t € R, , denoted by a,, is a unique
operator in L(I'(S,)) having the property
a0y = P)ymy, @@€5, meN. (1)
A creation operator a; € E(F(SL)) at a point t € R, is, by definition, the
adjoint operator to annihilation one with respect to duality <1"(S+'),1"(S+)>. It

may be defined as follows
a; (1, £, ., ") B (0,8,,28, ®, f,...,(n+1)3, ®, fo",..).(2)

2. Translation operator and Giteaux derivative. Let P € P(Sfr) be a con-
tinuous polynomial. Let us define the translation operator by

T,P(f) = P(f +9), fes,,
for any g € S.. It is easy to see, that T, e L(P(S})) forall geS,.

Since the map Y from Proposition 1 is topological isomorphism, the
following operator Tg =Yo Tg oY is well defined on the space I'(S,), ie
T, € LT(S,)).

For any ¢ € S, , denote @, = (1,(p,(p®2,...,(p®m,0,...) eI'(S,), m e N. The

operator T, acts on the element @,, as follows

i—k) ®i m
((Z k!(i — k)! g ©; 1 @ )kzo ,0,...). (3)

Here and below, the symbol ©, denotes the (right) r-contraction [6] of
symmetric tensor product, ie., g¥" ®. 0% = (g,¢)" ¢®* ", r<s.

Let us prove the equality (3). Let Pom be the polynomial that
m m

corresponds to the element @, , ie, P, = Z( Ok o®) = > .,¢)¥ . Then
k=0 k=0
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by direct calculations we obtain
TPy () =P, (F+9) =1+ (f+0,0)+(f+9.0)* +...+(f+g,0)" =
+(f,0)+(g,0) +(f,9)* +2(f,0)(9,0) +(g,0)" + ... +
+{f,0)" +m(f,0)" " (g, 0) + ...+ (g,0)" =
=1+(g,0)+(g,0) +...+(g,0)™ +
+(f,0)+2(g,0)(f,0) ...+ m(g,0)" " (f,0) +

+{f, o) + k,(mL'k),&q )" (o) +

+...+(f, :Z(Zk,(l k),<g (p>zk)<f’q)>k, (4)

which is eqiuivalent to (3).
A polynomial P e P(SL) (element p €I'(S,), respectively) is said to be
Gateaux differentiable if for any g € Sfr the translation T, P (T, p, respec-

tively) is defined for small € with |e| < g, and if
T _P-P T p—p
D,P = lim —2—— ( ng, respectivelyj

>0

D p == 1lim

£—>0
converges in P(SL) (in I'(S,), respectively) with respect to the topology of
uniform convergence on bounded sets (direct sum topology, respectively). In
this case D, (D,, respectively) is called the Gateaux derivative of the
polynomial P (of the element p, respectively) in the direction g. Note that
Gateaux derivative sometimes is called the Gross derivative [6] or the Hida
derivative [8].

3. Giteaux differentiability of polynomial test functions. For any
function ¢ € S, let us denote the polynomial

Pom = 2,005 ) = >
k=0 k=0
belonging to P(S;).

Theorem 1. Every polynomial from the space P(S.) is Gdteaux differen-

tiable and
m-1 m-1
DyPym = Z (k + 1)(9,(P>< '®k7(P®k> = Z (k+1){g,0)( .,(p>k . (5)
k=0 k=0

Moreover, Giteaux derivative D, is a linear continuous operator on the space

P(S)).

+

P r o o f. Using (4) we can write

ngP(pm(f)—P%m(f) _
€

Mz

Z( k!(iiik)!giik<g,@>i_kj<f (P>k_

(f,0)"
k=0 =k

€

il
(=}
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f(zk'“ e e el - (0
m-1 Z kl(l . lc)' g~ k<9 (P>l k<f (P>
z i=k+1 - _

k=0

m—1
Z (k+1){(g,0)(f,0)" +

+Z Z k"(z k)' 1k1<g(p>zk<fq)>

k=0 i=k+2
It is clear that the second sum tends to zero as € > 0, because of i —k-12>1
in the sum.
Clearly, Gateaux derivative is a linear operator. Show its continuity. Let

m
. 2 . k .
B be any bounded set in S, . Then for the polynomial P, = Z( 5 0) with

k=0
¢ €S, we have
sup|Dg Pom (f)] = sup Z (lk+1)(g,0)(f,0)°| <
feB k=0
m-1
< sup
heBy | k=0
m=1 sl m
<msup| Y. (h,¢)"| < msup z
heBy | k=0 heBy | k=
= msup P, ,, (h)|,
heB,
where B, is any bounded set, containing B and the element g € S.. ¢

Corollary 1. Every element from the space I'(S,) is Gdteaux differentiable
and

ng(pm = ((kg @1 (p®k )k 1’ ) =

= ((9,9),2(9,9)@,..., m(g, 0)0”™V,0,...) (6)
for all @,, = (1,(p,(p®2,...,(p®m,0,...) eI'(S,), with ¢ € S,. Moreover, Gateaux
derivative D is a linear continuous operator on the space I'(S,).

P r oo f. The formula (6) is a consequence of (5). Linearity of D, is

obvious.
Let us show the continuity. Let {p, },.y be a sequence tending to zero as

k — o in the topology of I'(S,), where p, =@, P,) With p,, €®( S,
for all k e N. Without loss of generality we can assume that elements Pk
have the form p, , = o™ with ¢, € S,, k € N. From definition of direct sum

topology it follows that ¢, =0 as k— o in the space S, . The sequence (g, 9, )

tends to zero because of continuity of the distribution g € Sfr. It follows that

D,p;. = ((6:9,),2(9: 01 ) Ppr-- m (g, 91, Yo ™, 0
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Corollary 2. Every element ¢<p,m e I'(S,) is Gateaux differentiable and
ng)(p,m = <g’ (p>¢q),m—1'
Corollary 3. For g =3, , we obtain D ¢, ., = 0(t)d, ;> hence D5 =a, is
the annihilation operator (1) at a point t e R, .

In [2] it is shown, that the space I'(S,) is an algebra with respect to the
Wick product

n
Poa= @ X P ® dy, P= PP, 4= Da,-
neZ, k=0 nez, nez,
Theorem 2. For each ge S,, Gdteaux derivative D g s a continuous
differentiation of the algebra {I'(S,),0}, ie.,

D, (p0q)=D,p0q+p0D,gq, p,qel(S,).

Proof Let p=@,, 0%, q= D,z y®" with ¢,y € S,. Directly

from the definitions we obtain

Dp0q =(6—) n<g,<p><p®("‘“j<>(1@ o) W®nj _

neN neN

=@ Y k(g,0) (" @, y®r ).

neN k=1
Analogously,
pPODa=@ X k(g v)(y* P @, ¢*" ).
neN k=1
Therefore,
n
D,p0q+p0OD,q= Z (9.0) (D ®, y® )+
neN k=1
+ k(g w) (WD @ 0" )] = @ [n(g,v) y" Y +

neN
+{(g,0)w®™™ 4 (n —1)(g,y) o ®, y*"~ 2)+--~+

+{g,w) 0"V + (n-1)(g,0)y ®, ¢*" ) +
+1(g,0) """ V] = @ [ng @ v*" +ng @, (¢ ®, y

neN

®(n—1)) +

ot ng @ (v ®, 0®™ ) +ng @ %] =
aea (v masa

neN k=0
The space P(Sfr) is a topological algebra with the scalar unit and the
pointwise multiplication

fin n
P(H) Q)= 2 YR Qi) fes..
neZ, k=0
fin
Here and below, the symbol Z means that in the sum there is a finite but
nez,
not fixed number of addends.
It is easy to see that such product of polynomials corresponds to the Wick
product of according elements with respect to isomorphism Y, ie,
Y(P-Q)=p0q,
where Y(P)=p, Y(Q)=q
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As a consequence we get the following
Corollary 4. For each g e SJ:, Gdteaux derivative D, is a continuous

differentiation of the algebra {P(S)),-}, i.e.,
D,(P-Q=D,P-Q+P-D,Q  P,QeP(S)).

4. Giateaux differentiability of polynomial distributions. For an arbit-
rary g€ S, let D, and D, denote adjoint operators to Gateaux derivative
with respect to the duality (I'(S]),I(S,)) and (P'(S.),P(S,)), respectively.

Theorem 3. The operator D; € L(I(S])) is a linear and continuous

operator acting on any element f =X, _; f, € ['(S)) as follows

D f=D,[X, ; f,]=(0,/,9,29 ® f,,39 ® fy,....(n +1)g ® f,,...).
P r o o f. Corollary 1 implies the linearity and continuity of the operator

D;. From definition of Géateaux derivative as well as from (6) by direct

calculations we obtain
<D;[XneZ+ fn]’p> = <XneZ+ fn’Dg[G_DneZJr pn]> =

= <XneZ+ fn’@neNng @l pn> =
= <(f07f1,f2,~~),(g © p1,2g © p2:39 © pg,---)> =

fin
=0+ z n<g ®, fn—l’pn> =
neN

= <0 XXneNng ®s fn—1’®ngz+ pn> =
=((0,£,9,29 ®; £,,39 ®; fy,....(n +1)g ® f,,..),p)
for any p = ®neZ+pn eI'(S,). ¢

As a consequence for g =, we obtain the following assertion (compare
with (2)).
Corollary 5. The operator Dét is the creation operator a; at a point

teR,
D; [X,.z fo"]=(0,5,,28, ® f,35, ® f**,....,(n +1)3, ® f°",...).

Corollary 6. The operator D; € E(P(Si)) is a linear and continuous

operator.
In [2] it is shown, that the space F(Sfr) is an algebra with respect to the
Wick product

n
foh:= X > f®h, ., f= X f, h= X h.

nez nez nez
+ k=0 + +
Theorem 4. For each g € Sfr generalized Gdteaux derivative D; s a
continuous differentiation of the algebra {I'(S;),0}, i.e.,
D;(th):D;th+f0D;h, f,hel(S)).
Proof Let =X, f, h=X,_, h®" with f,heS,. Analogously

as in the proof of the Theorem 2 directly from the definitions we obtain the

nez,
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formulas
n

D;f()h =0x X Z kg ®, f®(k*1) ®, RO (k)

neN =1
and
n
fODh=0x X Ska® RO*D g f8n-k
9 8 neNkz:; 9%s s f
Therefore,

D/ fOh+f0D)h =

=0x n>€<N(n +1)g ®, Icilf@(“’ ®, k" =D, (f0h).
The multiplication in P(Sfr) can be uniquely extended to the
multiplication in P'(S)), so {P(S),-} is an algebra (see [2, 9]).
Corollary 7. For each g e Sfr generalized Gateaux derivative D!; is a
continuous differentiation of the algebra {P'(S)), }.
5. Connection with differentiations on a Fock type space. Let the

operator 02eIl(S,) be given by 20:=@, D{®}"[(p®"] for any

=D, %" € I'(S,), 9 €S,, where the operators D'®n are defined by

n
the formulas D'®' [0®°]:=0 and D!®n [@®"] = Z(p .09 ®pR...Q¢
i=1 j n—j

for n e N.

In [2, 9] it is proved that such operator generate a strong continuous
semigroup of polynomial shifts on the Fock type space I'(S,). Moreover, the
operator 0 is the differentiation in the sense of Leibnitz property.

Let us modify the definition of the operator ? in the following way. For
a fixed t >0 let o(t) e I'(S,) be defined by

0P =D,y D[ %],

n

where D;{@}” [0®"] = Zq) .09 t)®e®...® ¢, neN. Since ¢'(t) is a
j=1 j n—j

constant, it is clear that

a(t)[ @D <p®"} = @Pno'(t)e®" V. (7)

nez, neN

Theorem 5. For g = —6; we obtain D—és; = 0(t) with fixed t > 0.

Proof Forany @, = (1,0,0%%,...,0°™,0,..) € ['(S,) with ¢ € S, and

fixed t € R, we have
D0, = ((=8,0),2(-8,,0)¢,3(-35,,0)9%,...,
m(=8,,0)0%"™1,0,..) = ({3,,0),2(8,,0") 0,
3(8,,0')0%%,...,m (5,0 )%™ ,0,...) =

= (¢'(),20'(1)p, 3¢' )0, ..., me' ()0® ™, 0,...) ,
which coincides with (7). ¢
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OUGEPEHUIMOBHICTb 3A I"ATO MNONIHOMIAJNIbHUX OCHOBHUX

TA Y3ATAJIbHEHUX ®YHKLUIN

Hexaii S, i S, — mpocmopu Illsapya weudrocnadnuxr Gynryii i posnodiiis nogiabio-
20 spocmannsa Ha R, 6idnosiono. Hexau P(Sl) — Mpocmip HenepepsHUX NOATHOMIE HAO
8., a P'(8]) — npocmip, cuavno cnpsadcenutl do P(S)). L[i npocmopu mosxcra nodamu y

®r,8,) i I(S)) = Xn€Z+(®sz+') 8i0no-

5,0+

opmi npocmopie muny Poxa I'(S,) = ®neZ+
6idno. Jocaiducyemvesa Ougepenyitiosnicms 3a Iamo earemenmis npocmopie P(S):),

P'(S)), T(S,) ma T(S,). Poseaanymo 36 a3ox noxionoi sa I'amo 3 onepamopamu a-
Podacenna i sHuwenHa Ha npocmopax muny Poxa, a maxoxc i3 OUBePeHUIIOBAHHAMU
na I(S,) ma I(S)).

ONPOEPEHLUUPYEMOCTb I:IO FATO NOJIMHOMUAIbHbLIX OCHOBHbIX

N OBOBLIEHHbLIX ®YHKLUUA

Iyems S, u S, — npocmparcmea Ileapya 6vicmpoybvisatowur GYHKYUL U MedaerHo
pacmywux pacnpedetenutdi na R, coomeememsenno. Hycms P(S|) — npocmpancmeo
HeNPePbLBHBHLL NOAUHOMO8 HAO Si , a P'(SJ:) — NPOCMPAHCMBO, CUABHO CONPANCEHHOE K
P(S)). 9mu mpocmparcmea umerom mnpedcmasaenus 8 Hopme MPOCMPAHCTE MUNG
Doxa T'(S,) = (—BneZ+(®ZpS+) u I(S)) = XneZ+ (®zp8ff) coomeemcmeenno. Mccaedyem-
ca duggepenyupyemocmsd no I'amo anremenmos npocmparcmas P(SL), P'(SL), I'S,) u

F(S;) . Paccmompena cesn3v npoussodrnoli no I'amo ¢ onepamopamu poxcoerus U yHuu-

modceHuss Ha npocmparcmeax muna Poxa, a maxie c OugPepeHyuPoOBAHUAMU HA
’

I'(S,) u I'(S,) .
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