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PROBLEM WITH INTEGRAL CONDITIONS
FOR DIFFERENTIAL-OPERATOR EQUATION

We propose a method of solving the problem with inhomogeneous integral condi-
tions for homogeneous differential-operator equation with abstract operator in a
linear space H . For right-hand sides of the integral conditions which belong to the
special subspace L < H, in which the vectors are represented in the form of
Stieltjes integrals with respect to certain measures, the solution of the problem is
represented in the form of Stieltjes integrals with respect to the same measures.
We give the example of applying the method to solving the ill-posed problem for
the second order partial differential equation in time variable (in which the
integral conditions are given) and, generally, an infinite order partial differential
equation in spatial variable.

Introduction. In recent years, problems with integral conditions for par-
tial differential equations and differential-operator equations have been wide-
ly investigated and found a lot of applications in important practical problems.
Integral conditions are used, in particular, in models of heat distribution and
moisture transfer, in demographical models, in problems of mathematical
biology and optimal control in technology etc. [7, 11—-13, 16].

Determining the conditions of correct solvability of the problems with
integral conditions for differential and differential-operator equations has
been a subject of wide range of papers (see, e. g, [1, 2, 6, 8—10, 15] and the
bibliography there).

The present work is a continuation of the investigations [3, 5]. Here we
propose a method of solving a problem with inhomogeneous integral condi-
tions for homogeneous differential-operator equation with abstract operator in
a linear space. The solution of the problem is represented in the form of
Stieltjes integral with respect to certain measures.

1. Statement of the problem. Let A be a given linear operator acting in

the linear space H and, for this operator, arbitrary powers A", n =2,3,...,

be also defined in H.
We consider the problem

d 2 e =
L oa|vw=0,  te@n, M
h h
[uwdt = oy, [tuydt = o, (2)
0 0

where ¢;,0, e H, U :(0,h) > H is an unknown vector-function, a(4) is an

abstract operator with entire symbol a(A) = z akkk # const.
k=1

We assume that a(A)U = ZakAkU. Besides, we assume that operator A

k=1
commutes with %, then the operators a(4) and % also commute, hence
d ]2 _d’U .,d 2
[dt a(a)| U= -2 L) + (AU

Along the lines of equation (1), replacing A by A € C we write down the
ordinary differential equation
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[% - a(K)T T-0. (3)

The general solution of equation (3) (considering its dependence on the
parameter A ) looks as follows:

T(t,A) = C;(L)e* ™" + C,(L)te® ™", (4)
where C,(A) and C,(A) are arbitrary functions of parameter A.

We shall find the solutions f‘l(t,?\,), ’f’z(t,k) of equation (3), which satisfy
the conditions

h h
[Ttnde =1, [Tty dt =0, (5)
0 0

S —_—

h
T, (t,\)dt =0, It’f‘2(t,k)dt =1. (6)
0

We search for Tl(t,X) in the form (4), where C,(A) and C,(A) are un-

known functions of parameter A. Satisfying conditions (5), we obtain the sys-
tem of equations

C,(MI,(A) + C,(ML () =1,
C, (M, (L) + C, (W, () = 0, (7)

where

h a(Mh
-1
10(7&) _ J‘ea(x)t dt = eaT’
0

h ha(M)I,(A) + h — I, (L)
_ a(l) _
I,(A) —{te tdt = 0 ) e,

a®(MR*I, (M) + a(Mh* = 2ha(M)I,(A) — 2k + 21, (A)
a(i) '

h
L(}) = jtze“(“t dt =
0

Note that if A, € M,, where M, ={AeC:a(r) =0}, then I (A,)=h,

2 3
L0g) =2, Loy =2

The main determinant of system (7) is

1,0 L)

I2(L) — a(MR®I, (M) — h?
Ly I, '

a*()

Taking into account the assumption for I;(1), we find

AL = = I,(MI,(L) = IF (L) =

(e _1y2 — R2g2 (1)t

AL) = (8)
a*(h)
and besides, if A, € M, then
_ht
A(Xy) = 15"
We denote
M={kheC:AN)=0}. 9)



Now calculate determinants:

IL(»)
— — by
A () 0 12(7»)‘ L,(A),
I\ 1
A (L) = Io(k) o| =10
1

For L e C\ M, we find
- AL M)+ EAL(A) aoe L) =LA 460
MeMN=""50y ¢ T A ¢
that yields
T, (t,%) = [(a*(Mh? = 2a(M)h +2)e* ™" —2 — a(L)te” ™ (a(M)h —1) - a(h)] x
ea(k)t

X ——. (10)
a® (M)A

In the same way, we search for f‘z(t,k) in the form (4), satisfying condi-
tions (6):
A A (M) +tA,,(A) —L(A)+tI, (M)
T _Ba1 22 et _ — 11 0 a(M)t
5 (E,0) — A © — A ¢

that implies
—(a(Mh =1 _1 4 q(W)t(e®™Mh —1) Jalhe

T, (t,A) = (11)
’ a*(L)A(R)
We note once more time that if A, € M, then
~ 2(2h — 3t) ~ 6(2t —h)
Tl(t,ko):T, TZ(t’kO):T'

Lemma 1. If P={veC:a(v)eR},then Pc C\ M.

Proof Denote a(v)h =x. Since a(v)eR, hence xR and vice
versa. For determinant (8), we have a real-valued function on P :

(ex _1)2 _xZex

1‘4

A(V) = ht.

(e* —1)% — x%e”

The function f(x)= has a removable singularity at x =

4
X

= 0. Actually,
x 2 2 _x
lim f(x) = 1im(e_1)—4_“ =
x—>0 x—0 x
1
12°

= lim =
x—0 x

e?* — 2% +1—x%* [0
4 “ Lo

The equation (e* — 1)? —x%" =0 is equivalent to two equations

e® —1—xe™? =0 and e* —1+xe** =0,
or
ht-% hf-_X
sho =5 and sh5 5
Those equations do not have real nonzero roots. This proves our lemma. ¢



Remark 1. Basing on Lemma 1, we have that the set C\ M 1is not empty,
moreover, since the equation shz =z has nonzero roots in the set of complex
numbers [14], hence C\ M does not coincide with C.

2. Main results. In this section, we propose a method of solving the prob-
lem (1), (2).

Denote by x(A) the eigenvector of the operator A, which corresponds to
its eigenvalue A € C, i.e. nonzero solutions in H of the equation

Ax(\) =Ax()), LeC.

If A is not an eigenvalue of the operator A, then we assume x(A)=0. For

the abstract operator a(A) = Z a,A" we have

n=0
a(A)x()) = a(A)x(r).
Definition 1. We shall say that vector ¢ from H belongs to L=1L,,
where A c C, if there exists the following depending on ¢ pair: a linear

operator Rw(k) :H — H and a measure %(x) , A € A, such that
¢ = [ R, (M) duy (1) (12)
A

Lemma 2. For arbitrary t e (0,h) and A e A, A=C\ M, the following
identities hold:

[%_a(A)T (Tt M)} =0,  ke{l,2}, (13)

where M is the set (9) and i’l(t,k), Tz(t,k) are functions (10) and (11) respec-
tively, analytical in the neighborhood of zero with respect to parameter A € A .
Pr oo f Since ’f’l(t,k), ’f’z(t,k) are analytical with respect to parameter

A € A solutions of equation (3), hence for any A € A, t €(0,h) and k € {1,2}
we have:

[ a@)] (B 601200} = L (56,0200} -2 L o)y 1,20} +
dt e I T dt ke
~ 2 .
+ a2 (AT, (£, 1) (M)} = %{Tk(t,mx(m} -
- 2%{@ (&, a0} +{T, (£, Ve (M)x(h)} =

2,
- {[%_ a(x)] Tk(t,x)} x(h)=0.

This completes our proof. ¢
Let the vectors ¢;, ¢, belong to L, ie. ¢,, ¢, can be represented in the
form

¢, = [R, Max(M)du, V),  ke{l,2}, (14)
A

where Rq)l(k), sz(}”) and uq)l(k), u%(k) are corresponding operators and

measures, L€ A c C.
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Theorem 1. Let in integral conditions (2) the vectors ¢,, ¢, belong to L,
i.e. @, @, can be represented in the form (14), where A e A=C\ M, M is set
(9). Besides, let the following equalities hold:

d 2 -
& —a@] [R,, W, 1x0} iy, ()=
A

2
— [ Ry, )] 5 - a(a) | {Fy (e 10x(0}dn, (), e {12}, (15)
A

h

j ¢ ( jR(pk T (8, 1))} du,, (x)j dt =
0 A

h
=[R, (x){jtSTk(t,x)dt}x(x)dp% ),
A 0

se{0,1}, ke{1,2}. (16)
Then the formula

2 A
U®) =Y. [ Ry, (T (8, 1))} dug, (1) (17)

k=1A
defines a solution of problem (1), (2).

P r o o f. According to formulas (15) and (17), we have:

2 22 A
[%— a(A)} U(t) = [%—a(A)] ijR(Pk T (&, )z} du,, (1) =
:lA

2 d 2
- kz:l{R% 0] & - ()] {T, (1120}, (1).
From the identities (13), we obtain
d 2 2
G| o -3 J Ry, 0210 diy, 00

Since the operators Rlpl A), R(P2(7») are linear, the last integrals are equal

to zero in H, i.e. U(t) satisfies equation (1). Basing on equalities (5), (6), and
on formulas (16) and (17), we shall prove the realization of first integral con-
dition in (2):

h

h 9 R
jU(t)dt = j( > jR¢k (W{T, (&, 1))} s, (x))dt =
0

0 “k=1A

2 h
=> [R, (k){JTk(t,k)dt}x(k)dumk (h)=
0

k=1 A

= ijl (M{1-x(W)} dpg (M) +

A
+ qu,z (W{0- 2()} dpy, (1) = @,
A

By analogy, we can prove the realization of the second integral condition
in (2). This completes our proof. ¢
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3. Problem with integral conditions for partial differential equation. In
this section, we shall give the example of using an abstract approach to sol-

ving the problem in the strip {(t,x):t € (0,h),x € R} for the partial differen-
tial equation

[g—a(ﬁ)TU(tJC):O teOh), =xecR (18)
at ax b b bk bk b
with integral conditions
h h
jU(t,x)dt = ¢ (), th(t,x)dt = g,(x), xecR. (19)
d

We shall represent this problem as problem (1), (2), in which A = Iz’
rx

e is an eigenvector (eigenfunction) of the operator A for A€ C, H is a
class of entire functions, L = Koy s a linear class of quasipolynomials of the

form
x) = Q;(x)e””, (20)
j=1
where @Q,(x),...,Q,,(x) are polynomials with complex -coefficients, o j €
eC\M, je{l,...,m}, a; #a, for j#£k, xeR, meN, M is set (9).

As a measure M(A), we take the Dirac measure. From representation (12),
we obtain

o(x) = {Rm(x)e“ du, (M) = Ry(1)e™ |,

from which it follows that

(k)ekx — (p(jvj va

Each quasipolynomial ¢(x) of the form (20) defines [4] differential ope-

v=»A

rations Q (;lk) je{l,...,m}, of finite order on the class of entire functions

®O(L), namely

m( )@(x) ZQ( j@(ma)

in particular,

( ; ) = =
di (}\‘) ( )
A -1 A=a;
From formula (1 }) for qua51polynomlals (Pk E Q]k(x)e ]kx ke {1 2}

we obtain the representation of the solution of problem (18), (19) in the form

2 ~
U(tvx) = Z (pk (dd_}\/) {Tk(tak)ex‘r}
k=1

A=0

ii@ ( ){T (t,1)e** }| (21)

k=1j h=a k]
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One can easily prove that if ¢;,¢, € K¢\), where M is set (9), then the

solution (21) of problem (18), (19) exists and is unique in the appropriate class
of quasipolynomials of variables t, x.

Conclusions. In this work, we propose a method of solving a problem
with inhomogeneous integral conditions for homogeneous differential-operator
equation with abstract operator in a linear space. The solution of the problem
is represented in the form of Stieltjes integrals with respect to certain
measures. We give the example of applying this method to solving the ill-
posed problem with integral conditions for the second order partial
differential equation in time variable, in which the integral conditions are
given, and, in general, an infinite order partial differential equation in a
spatial wvariable. In the future research, the subject of interest is the
development of an analogous method of solving the problem with integral
conditions for inhomogeneous differential-operator equation.
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3A0AYA 3 IHTETPAJIbHUMU YMOBAMMU ONA
OWOEPEHUIANIBHO-OMEPATOPHOIO PIBHAHHA

3anpononosano memod po3s’a3ysanus 3a0aui 3 HeOOHOPIOHUMU THMEZPALbHUMU YMO8A-
MU 05 00HOPIOH020 OuepenyianbHO-0nepPamopHozo PiBHAHHI 3 AOCMPAKMHUM Onepa-
mopom Y Athiinomy npocmopi H . [Jas npasuxr wacmur iHmezpatbHUX Ym08, W0 Hale-
Jcams 00 cneyiaavHozo midnpocmopy L < H, y axomy sexmopu 3006paxcaromuves Yy
su2n0t thmezpanie Cmiamoveca 3a 0eAKumu Mipamu, po3s’ a30k 3adaut nodaro y euznaodi
iwmezpanie Cmiamoveca 3a yumu i mipanu. Hagedeno npuxaad sacmocysanns memooy
00 P036’A3Y8aHHA HeKOPeKMHOL 3a0aul 04l PIBHAHHA 3 UACTNUHHUMU NOXIOHUMU OPY20-
20 NOPAOKY 3a 4AC08010 3MIHHOM (3@ AKO0M0 3a0AHO THMEZPAALHT YMO8U) MA 8 302ANbHOMY
HeCKIHUeHH020 NoPAOKY 3a NPOCMOPOBOIO 3MIHHOMW.

3A0AYA C MHTEITPAJIbHbIMX YCNTOBUAMWU ON1A
ONDOPEPEHUMAIIbHO-OMEPATOPHOIO YPABHEHUA

ITpedaoscen memod pewerus 3a0ayu ¢ HEOOHOPOOHBIMU UHMEZPAALHBLMU YCAOBUAMU
0as  00HOPOOHO020 OuPdepeHyuarbHo-0nepPamopHoz0 YpasHeHus ¢ abCMpPaKmHblm
onepamopom & auneliHom npocmparcmee H . Jlas npasvixr wacmeill unmezparvbHuvlLL
Yycaosull, npuradserauur cneyuasbHomy noonpocmpancmey L c H, 8 xomopom
sexmopb. npedcmasasiomes 6 gude unmezparos Cmuamveca no HEKOMOPbLM MepPam,
pewenue 3adauu npedcmasreno 8 sude unmezparos Cmuamveca no amum dice mepam.
ITpugedern mpumep UCNOAB30BAHUSL MemOOd K PeweHuro Hexoppekmuol 3adauu O0as
YPABHEHUSA 8 YACTIHBLL NPOUIBOOHBLL 8MOP020 NOPAOKA NO 8pemeHHOU nepemerHol (no
KOMOPOU 3a0aHbL UHMEZPALbHBLE YCA08UL) U DeCKOHeuH020 NopAdKa Mo MPoCmpaHcm-
8eHHOU nepemeHHOU.
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