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FUNDAMENTAL SOLUTIONS TO ROBIN BOUNDARY-VALUE PROBLEMS
FOR TIME-FRACTIONAL HEAT CONDUCTION EQUATION IN A HALF-LINE

The time-fractional heat conduction equation with the Caputo derivative of the
order 0 < a <2 is considered in a half-line. Two types of Robin boundary con-
dition are examined: the mathematical condition with the prescribed linear
combination of the values of temperature and the values of its normal derivative
and the physical condition with the prescribed linear combination of the values of
temperature and the values of the heat flux at the boundary of the domain. These
two types of Robin boundary condition coincide only in the case of classical heat
conduction equation.

Introduction. The time-fractional heat conduction equation
0T
ot*

describes many important physical phenomena in different media [3, 5, 11,
16, 24].

Equation (1) can be obtained as a consequence of the balance equation for

energy and the generalized Fourier law — the time-nonlocal dependence bet-

ween the heat flux vector q and the temperature gradient VT with the long-
tail power kernel [15, 16, 21, 22] (see also [8]):

= aAT, 0<o<2, (1)

t
k_ 0 a-
q(t) = —mag(t — )%V T(1)dr, 0<a<l, (2)
t
Ik a-
q(t):—m_(.;(t—t) *VT(v)dr, l<a<2, (3)

where k is the thermal conductivity, I'(a) is the gamma function. Equations
(2) and (3) can be interpreted in terms of fractional calculus:

q(t) = kD *VT(¢), 0<a<l, (4)

q(t) = —kI*7'VT(t), l<a<2. (5)

Here I*f(t) and DgL f(t) are the Riemann — Liouville fractional integral and
derivative of the order o, respectively [2, 6, 10]:

t
I"f(t)zﬁj(t—r)"*lf(r)dr, t>0, a>0,
0

d" 1 ‘ 1
Dg f(t) = 4" [m!(t -1 f(T)dT} ;

t>0, n-1l<aoa<n.

The constitutive equations (4) and (5) yield the time-fractional diffusion equa-
tion (1) with the Caputo fractional derivative

wpn _dF®) 1 . a1 d"f(D)
Der(t) = dt® _F(n—a)i(t K dr" ar.

t>0, n—-1l<a<n.
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If Eq. (1) is investigated in a bounded domain, the boundary conditions
should be prescribed. The Dirichlet boundary condition specifies the value of
temperature over the surface of the body under consideration

T|g = go(x,,t).
For time-fractional heat conduction equation (1), two types of Neumann

boundary condition can be considered: the mathematical condition with the
prescribed boundary value of the normal derivative of temperature

oT
% s = G[)(Xs’t) ’
and the physical condition with the prescribed boundary value of the heat
flux

1-o OT

DRL(X%S :GO(XS’t)’ O<ac<l,
10T

I¢ %‘S ZGO(XS,t), l<a<2.

Similarly, the mathematical Robin boundary condition is a specification of
a linear combination of the values of temperature and the values of its normal
derivative at the boundary of the domain

(CIT + Co S_Z;)L' = HO(Xs)t)

with some nonzero constants ¢, and c,, while the physical Robin boundary

condition specifies a linear combination of the values of temperature and the
values of the heat flux at the boundary of the domain. For example, the con-
dition of convective heat exchange between a body and the environment with

the temperature T, leads to

(hT + kD" g—z;j‘ = hT,(x,,1), 0<a<l,
S

= hT,(x,,1), l<a<2,

(hT 4 k1o a—Tj
on )|y

where h is the convective heat transfer coefficient.

Starting from the pioneering papers [4, 12, 13, 23, 25], considerable inte-
rest have been shown in solutions to time-fractional heat conduction equation.
Several problems have been solved for bounded domain with various kinds of
boundary conditions [7, 9, 14, 17—20]. In the present paper, for the first time
the fundamental solutions to time-fractional heat conduction equation in a
half-line are studied under both the mathematical and physical Robin boun-
dary conditions.

1. Mathematical Robin boundary condition. Consider the time-fractional
heat conduction equation in a half-line

T _ 0°T

a—, 0<ax <o, 0<t<oo, O<a<2, (6)
ot ox
under zero initial conditions
t=0: T =0, O<a<2, @)
oT
=0: - = 1 <2
t=0 praall <o <2, (8)
and the mathematical Robin boundary condition
) oT
x=0: HT—a—x:q08+(t). (9)
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The Laplace transform with respect to time t allows us to eliminate the

time-differentiation in Eq. (6). Recall that the Caputo derivative for its
Laplace transform requires the knowledge of the initial values of the function

f(07) and its integer derivatives f*(0") of order k =1,...,n -1 [6, 10]:
a n-1
L{_ddf(gt)} =5 F (- Y PO, n-l<a<n,
t k=0

where s is the transform variable, the asterisk denotes the transform.
To solve Eq. (6) under the boundary condition (9) we will use the sin-cos-
Fourier transform [1] with respect to the spatial coordinate x:

F{f(x)} = f'(& JK(x &)f(x)dz,

FHF @) = f@) = 2 [K@,0)f (©)de
0
with the kernel

K(z,E) = Ecos(xf) + Hsin(xg) .

,§2+H2

Application of the sin-cos-Fourier transform to the second derivative of a
function gives

2
P{EIEN - g - S [YO -y

dx? V g2 + H?
The solution of (6)—(9) in the transform domain has the form

T =
(59 =g, £2 4 g2 s* +at’

and after inversion of the integral transforms we obtain

x=0

0

2aq,t* I g2 cos (x€) + HE sin (x)

T(x,t) =

E,,(-ag’*)dg, (10)
where Ea’ﬁ(z) is the generalized Mittag-Leffler function in two parameters

Ea’B(z): a>0, B>0 zeC.

>

~ I(an +p)
Several particular cases of solution (10) can be considered. For the clas-

sical heat conduction equation (o =1) we get

1 x*
T(x,t) = aq, mexp “4at)

—Hexp(Hx+H2at)erfc( X +H«/aj] (11)
2V at
In the case of the classical wave equation (o = 2) the solution is
-H(at-
T(x.1) = \/que (Vat-z) 0<x<+at,
0, Jat < x <.

It is obvious that Eq. (10) for H =0,
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0.103

ana( at®t*)cos (xE)dE, (12)

represents the corresponding fundamental solution under the mathematical
Neumann boundary condition.

2. Physical Robin boundary condition. Now we consider the time-frac-
tional heat conduction equation in a half-line (6) under zero initial conditions
(7) and (8) and the physical Robin boundary condition

x=0:  HT-Dg" L = q8.(0), 0<ac<l,
x=0: HT-1"2L _ g5 (1), l<a<?.
ox

The Laplace transform with respect to time t leads to the following
equation

., 0T
$'T" =a—, 0<x <o, 0<a<2,
x
and the boundary condition
x=0: s“ilHT*—%j;c—qO - 0<ac<2.

In this case the kernel of the sin-cos-Fourier transform with respect to
the spatial coordinate x has the more complicated form

a-1 :
K(z,8) = Ecos(xg) + s” "Hsin(xg) ,
a2 + (sale)2

and in the transform domain we get
f; Soc—l
JE2 + (s“ 7 H)? "+

Inversion of the Laplace transform in Eq. (13) depends on the value of a.
For 0 <o £1 we have

T (E,s) = aq, (13)

T(x,t) =

2anq0 {Ea(—aézto‘)cos(xﬁ)dé -

—2005(x<‘,)d§ X
0

t

X j(t e B P [—Z—;(t - 1)2‘2“] E (-a&’t*)dt +
0

2aq, 7 0
cho %Sin(ﬂci)dij‘(t N Ta_lE2—2a,272a x
0 0

x [_Iz_j(t - 1)22“} E,,(-a&’t*)dr, (14)

whereas for 1 < a <2 we get

) 0 2
T(x,t) = 2“% [ %to‘_lana(—aézt“)sin(xé)dé 2anq° g cos(z)de x
0 0

t

2
X j(t ) B S [—%(t - 1)2“"2}Ea(—aé’;21“)dr -
0
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2aq, 7 §3 ; t 203 ol
n J‘?Sln(xﬁ)d‘tv{(t — O By 940 %

0

2
x [—%(t - 1)2“2} E, ,(-ag’t")dt. (15)

For the standard heat conduction equation (o =1), we arrive at the solu-
tion (11). For the classical wave equation (a = 2), we obtain

aq,

—0 §(x—Vat).
1+vyaH

From Eq. (13) in the case H =0 it follows that the fundamental solution
to time-fractional heat conduction equation (6) under physical Neumann
boudary condition is expressed as

T(x,t) =

244, [, (~ag’®)cos (xt) d. (16)
0

T(x,t) =

T

In the case of the classical heat conduction equation (o =1), the solutions

(10) and (14) or (15) of Eq. (6) under the mathematical and physical Robin
boundary conditions coincide as well as the solutions (12) and (16) under the
mathematical and physical Neumann boundary conditions, but for time-frac-
tional heat conduction equation (a # 1) they are essentially different.
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OYHOAMEHTAIJIbHI PO3B’A3KU PIBHAHHA
TENNOMPOBIAHOCTI 3 APOBOBOIO NMOXIAHOKO 3A HACOM
3 FPAHUYHOIO YMOBOIO POBEHA 54 NIBNPAMOI

Poszaanymo pisHanus menaonposidnocmi 3 noxionoro Kanymo sa wacom 0po6osoto no-
padky 0<a <2 y sunadky nienpamoi. Jocaidxiceno 08a munu zpaHuuHol ymosu Po-

beHa: mMamemamuiny Ymosy, KOAU HA 2PAHUYL 3a0aHO ATHIUHY KOMOIHAYII0 memnepa-
mypu ma i HOPMAALHOL NOXIOHOT, @ MAKONUC PI3UUHY YMO8Y, KOAU HA 2PAHUYL 3a0aHO
NMHIUHY KOMOTHAYII0 memnepamypu ma menaogozo nomoxy. Li 0ea munu zpanHuuHol
ymosu Pobena cnignadaroms MiavkKu Y 6unadky KAACUUHOZO PIBHAHHA Menionpo-
ei0Hocmi.

OYHOAMEHTAJbHbIE PELLEHUA YPABHEHUA
TENNONPOBOAHOCTU C APOBHOM MPOU3BOAHOM MO BPEMEHU
C FrPAHMYHbIM YCJIIOBUEM POBEHA ANA NOnNynrPAMoun

Paccmampusaemcs ypasrenue menaonpogodrocmu ¢ npoudsodrnoi Kanymo no epemenu
0pooHoz0 nopsadka 0 <o <2 8 cayuae noaynpamou. Vccaedyromes 08a muna 2paruy-
HO020 Yycaosus Pobena: mamemamuueckoe ycaosue, k020a Ha 2paruye 3a0aHad AUHEUHASL
KOMOUHAYUSL memnepamypsbl. U ee HOPMALbHOU NPou3sooHol, a maxdie Puauuveckoe
ycaosue, K0z0a Ha epaHuye 3a0aHa AUHEUHAS KOMOUHAYUSL Memnepamypsl U meniosozo
nomoxa. dmu 08a Muna parHuuHbvr Yycaosuli Pobena coenadarom moavko 6 cayuae
KAACCUUECKO20 YPABHEHUSL MeNA0NPO8OOHOCTIU.
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