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SYMMETRIC INVERSE TOPOLOGICAL SEMIGROUPS OF FINITE RANK n≤  
 

We establish topological properties of the symmetric inverse topological semigroup 

of finite transformations n
λI  of the rank n≤ . We show that the topological in-

verse semigroup n
λI  is algebraically h -closed in the class of topological inverse 

semigroups. Also we prove that a topological semigroup S  with countably compact 

square S S×  does not contain the semigroup n
λI  for infinite cardinal λ  and show 

that the Bohr compactification of an infinite topological symmetric inverse semi-

group of finite transformations n
λI  of the rank n≤  is the trivial semigroup.  

 
In this paper all topological spaces will be assumed to be Hausdorff. We 

shall follow the terminology of [8, 9, 13, 30]. If A  is a subset of a topological 
space X , then we denote the closure of the set A  in X  by cl ( )X A . By ω  we 
denote the first infinite cardinal. 

A semigroup S  is called an inverse semigroup if every a  in S  possesses 

an unique inverse, i.e. if there exists an unique element 1a−  in S  such that  

 1aa a a− =  and 1 1 1a aa a− − −= . 
A map which associates to any element of an inverse semigroup its 

inverse is called the inversion. 
A topological (inverse) semigroup is a topological space together with a 

continuous semigroup operation (and an inversion, respectively). Obviously, 
the inversion defined on a topological inverse semigroup is a homeomorphism. 
If S  is a semigroup (an inverse semigroup) and τ  is a topology on S  such 
that ( , )S τ  is a topological (inverse) semigroup, then we shall call τ  a semi-
group (inverse) topology on S . 

If S  is a semigroup, then by ( )E S  we denote the band (the subset of all 
idempotents) of S . On the set of idempotents ( )E S  there exists a natural 

partial order: e f≤  if and only if ef fe e= = . 

Let X  be a set of cardinality 1λ ≥ . Without loss of generality we can 
identify the set X  with the cardinal λ . A function α  mapping a subset Y  of 
X  into X  is called a partial transformation of X . In this case the set Y  is 
called the domain of α  and is denoted by dom α . Also, the set |x X y∈{  for 
some xy Yα = ∈ }  is called the range of α  and is denoted by ran α . The car-

dinality of ran α  is called the rank of α  and denoted by rank α . For conve-

nience we denote by ∅  the empty transformation, that is a partial mapping 
with dom ran∅ = ∅ = ∅ . 

Let ( )XJ  denote the set of all partial one-to-one transformations of X  
together with the following semigroup operation:  

 ( ) ( )x xαβ = α β  if dom ( ) dom | domx y y∈ αβ = ∈ α α ∈ β{ }  

 for , ( )Xα β ∈ J . 

The semigroup ( )XJ  is called the symmetric inverse semigroup over the 

set X  (see [9]). The symmetric inverse semigroup was introduced in [35] by 
V. V. Wagner and it plays a major role in the theory of semigroups. 

Put  

 ( ) | rankX∞
λ = α ∈ αJ J{  is finite }, 

 ( ) | rankn X nλ = α ∈ α ≤J J{ }  for 1,2,3,n =  . 
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Obviously, ∞
λJ  and n

λJ , 1, 2, 3,n =  , are inverse semigroups, ∞
λJ  is an ideal 

of ( )XJ , and n
λJ  is an ideal of ∞

λJ , for each 1,2,3,n =  . Further, we shall 

call the semigroup ∞
λJ  the symmetric inverse semigroup of finite transforma-

tions and n
λJ  the symmetric inverse semigroup of finite transformations of 

the rank n≤ . The elements of semigroups ∞
λJ  and n

λJ  are called finite one-

to-one transformations (partial bijections) of the set X . By  

 1 2

1 2

n

n

x x x
y y y

 
 
 


  

we denote a partial one-to-one transformation which maps 1x  onto 1y , 2x  

onto 2y , etc., and nx  onto ny , and by 0  the empty transformation. Obvious-

ly, in such case we have i jx x≠  and i jy y≠  for i j≠ , , 1,2,3, ,i j n=  . 

Many topologists have studied topological properties of topological spaces 
of partial continuous maps ( )XP C  from a topological space X  into a topolo-

gical space Y  with various topologies such as the Vietoris topology, generali-
zed compact-open topology, graph topology, τ -topology, and others (see [1, 7, 
11, 14, 22–25]). Since the set of all partial continuous self-transformations 

( )XP C T  of the space X  with the operation composition is a semigroup, ma-
ny semigroup theorists have considered the semigroup of continuous transfor-
mations (see surveys [26] and [17]), or the semigroup of partial homeomor-
phisms of an arbitrary topological space (see [2–5, 16, 27, 31, 36]). A. A. Beĭda 
[6], S. D. Orlov [28, 29], and S. Subbiah [34] have considered semigroup and 
inverse semigroup topologies of semigroups of partial homeomorphisms of 
some classes of topological spaces. In this context the results of our paper 
yield some notable results about the topological behavior of the finite rank 
symmetric inverse semigroups sitting inside larger function space semigroups, 
or larger semigroups in general. For example, under reasonably general con-
ditions, the inverse semigroup of partial finite bijections of rank 6≤  is a clo-

sed subsemigroup of a topological semigroup which contains n
λJ  as a subsemi-

group. 
Let λ  be a non-empty cardinal. On the set 0Bλ = λ × λ  { } , where 

0 ∉ λ × λ , we define the semigroup operation «   ⋅ » as follows  

 
( , ), ,

( , ) ( , )
0, ,

a d b c
a b c d

b c

=⋅ = 
≠

 

and ( , ) 0 0 ( , ) 0 0 0a b a b⋅ = ⋅ = ⋅ =  for , , ,a b c d ∈ λ . The semigroup Bλ  is called 

the semigroup of λ × λ -matrix units (see [9]). Obviously, for any cardinal 

0λ > , the semigroup of λ × λ -matrix units Bλ  is isomorphic to 1
λJ . 

Definition 1 [18, 32]. Let S  be a class of topological semigroups. A topo-
logical semigroup S ∈ S  is called H -closed in the class S  if S  is a closed 
subsemigroup of any topological semigroup T ∈ S  which contains S  as a 
subsemigroup. If S  coincides with the class of all topological semigroups, then 
the semigroup S  is called H -closed.  

We remark that in [32] H -closed semigroups are called maximal. 

Definition 2 [21, 33]. Let S  be a class of topological semigroups. A to-
pological semigroup S ∈ S  is called absolutely H -closed in the class S  if any 
continuous homomorphic image of S  into T ∈ S  is H -closed in S . If S  co-
incides with the class of all topological semigroups, then the semigroup S  is 
called absolutely H -closed.  
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Definition 3 [21, 33]. Let S  be a class of topological semigroups. A semi-
group S  is called algebraically h -closed in S  if S  with the discrete topology 
d  is absolutely H -closed in S  and ( , )S ∈d S . If S  coincides with the class of 

all topological semigroups, then the semigroup S  is called algebraically h -clo-
sed.  

Absolutely H -closed semigroups and algebraically h -closed semigroups 
were introduced in [33]. There they were called absolutely maximal and algeb-
raic maximal, respectively. 

In [19] are established topological properties of infinite topological semi-
groups of λ × λ -matrix units Bλ . They showed that an infinite topological se-

migroup of λ × λ -matrix units Bλ  does not embed into a compact topological 

semigroup, every non-zero element of Bλ  is an isolated point of Bλ , and Bλ  

is algebraically h -closed in the class of topological inverse semigroups. 
In [20] is introduced the conception of semigroups with a tight ideal se-

ries and there they investigated their closure in semitopological semigroups, 
partially inverse semigroups with continuous inversion. Also they derived re-
lated results about the nonexistence of (partial) compactifications of topologi-
cal semigroups with a tight ideal series. As a corollary they show that the 

symmetric inverse semigroup of finite transformations n
λJ  of the rank n≤  is 

algebraically closed in the class of inverse (semi)topological semigroups with 
continuous inversion. Since semigroups with a tight ideal series are not pre-
served by homomorphisms [20, Lemma 19], naturally arises the following 

question: is the symmetric inverse semigroup of finite transformations n
λJ  of 

the rank n≤  is algebraically h -closed in the class of topological inverse semi-
groups? 

In this paper we shall show that for every infinite cardinal λ  the finite 

symmetric inverse semigroup n
λJ  of the rank n≤  has topological properties 

similar to the infinite semigroup of matrix units Bλ  as a topological semi-

group. We show that the topological inverse semigroup n
λJ  is algebraically h -

closed in the class of topological inverse semigroups. Also we prove that a to-
pological semigroup S  with countably compact square S S×  does not contain 

the semigroup n
λJ  for infinite cardinal λ  and show that the Bohr compactifi-

cation of an infinite topological symmetric inverse semigroup of finite trans-

formations n
λJ  of the rank n≤  is the trivial semigroup. 

Theorem 1. For any positive integer n  the semigroup n
λJ  is algebraically 

h -closed in the class of topological inverse semigroups.  

P r o o f.  In the case λ < ω  the assertion of the theorem is obvious. 
Suppose now that λ ≥ ω . We shall prove the assertion of the theorem by in-
duction. 

Theorem 14 from [19] implies that the semigroup 1
λJ  is algebraically h -

closed in the class of all topological inverse semigroups. We suppose that the 
assertion of the theorem holds for 1,2, , 1n k= −  and we shall prove that it 

is true for n k= . 
Suppose to the contrary, that there exist a topological inverse semigroup 

S  and continuous homomorphisms h  from the semigroup k
λJ  with the dis-

crete topology into S  such that ( )k hλJ  is a non-closed subsemigroup of S . 

Since a homomorphic image of an inverse semigroup is an inverse semigroup, 
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Proposition II.2 of [12] implies that cl (( ) )k
S hλJ  is a topological inverse semi-

group. Therefore, without loss of generality we can assume that ( )k hλJ  is a 

dense inverse subsemigroup of S . 

Let \ ( )kx S hλ∈ J  and ( )W x  be an open neighbourhood of the point x . 

Since the semigroup 1k−
λJ  is algebraically h -closed in the class of topolo-

gical inverse semigroups, without loss of generality we can assume that 
1( ) ( )kW x h−

λ = ∅ J . 

Suppose that x  is an idempotent of S . Then there exists an open neigh-
bourhood ( ) ( )V x W x⊆  such that ( ) ( ) ( )V x V x W x⋅ ⊆ . Then since the neigh-

bourhood ( )V x  contains infinitely points from 1( ) \ ( )k kh h−
λ λJ J  we have that 

1( ( ) ( )) ( )kV x V x h−
λ⋅ ≠ ∅ J . A contradiction to the assumption 1( ) ( )kW x h−

λ = J  

= ∅ . There fore we have x x x⋅ ≠ . 

Since 1k−
λJ  is an inverse subsemigroup of k

λJ  Proposition II.2 [12] implies 

that 1 \ ( )kx S h−
λ∈ J . Since S  is a topological inverse semigroup and the se-

migroup 1k−
λJ  is algebraically h -closed in the class of topological inverse se-

migroups, there exist open neighbourhoods ( )V x  and 1( )V x−  of the points x  

and 1x− , respectively, such that  

 1 1( ) ( ) ( ) ( ),       ( ) ( )kV x V x V x W x V x h− −
λ⋅ ⋅ ⊆ = ∅  , 

  1 1( ) ( )kV x h− −
λ = ∅   and ( ) ( )V x W x⊆ . 

We observe that the set ( ) ( )kV x hλ J  is infinite, otherwise we have that 

cl (( ) )k
Sx hλ∈ J . Since S  is a topological inverse semigroup, the set 1( )V x−   

( )k hλ J  is infinite too. Let 1( ( ) ( ) )kV V x h h−
λ=  J  and 1 1( ( ) ( ) )kV V x h h∗ − −

λ=  J . 

Then the sets V  and V∗  are infinite, and we have 1kV −
λ = ∅ J  and V∗   

1k−
λ = ∅ J . Therefore 1kV V V∗ −

λ⋅ ⋅ ≠ ∅ J  and hence (( ) ( ) ( ) )V h V h V h∗⋅ ⋅   
1( )k h−

λ ≠ ∅ J . But  

  1(( ) ( ) ( ) ) ( ) ( ) ( ) ( )V h V h V h V x V x V x W x∗ −⋅ ⋅ ⊆ ⋅ ⋅ ⊆  

is a contradiction to the assumption 1( ) ( )kW x h−
λ = ∅ J . The obtained contra-

diction implies the assertion of the theorem. ◊ 
Theorem 1 implies 
Corollary 1. Let n  be any positive integer and let τ  be any inverse semi-

group topology on n
λJ . Then ( , )n

λ τJ  is an absolutely H -closed topological in-

verse semigroup in the class of topological inverse semigroups.  
The following theorem generalizes Theorem 10 from [19]. 
Theorem 2. A topological semigroup S  with countably compact square 

S S×  does not contain an infinite countable semigroup of matrix units.  
P r o o f.  Suppose to the contrary: there exists a topological semigroup 

S  with countably compact square S S×  such that S  contains an infinite co-
untable semigroup of ω × ω -matrix units Bω . We numerate elements of a set 

X  of cardinality ω  by non-negative integers, i. e., 0 1 2, , ,X = α α α { } . Then 

we consider the sequence 0 0 1(( , ), ( , ))n n n
∞

=α α α α{ }  in B B S Sω ω× ⊂ × . The co-
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untable compactness of S S×  guarantees that this sequence has an accumu-
lation point ( , )a b S S∈ × . Since 0 0 0 0( , ) ( , ) ( , )n nα α ⋅ α α = α α , the continuity of 

the semigroup operation on S  guarantees that 0 0( , )ab = α α . By Lemma 4 

[19], every non-zero element of the semigroup of ω × ω -matrix units Bω  en-

dowed with the topology induced from S  is an isolated point in Bω . So, there 

exists a neighbourhood 0 0(( , ))O Sα α ⊆  of the point 0 0( , ) Bωα α ∈  containing 

no other points of the semigroup Bω . Since 0 0( , )ab = α α , the points ,a b  have 

neighbourhoods ( ), ( )O a O b S⊂  such that 0 0( ) ( ) (( , ))O a O b O⋅ ⊂ α α . Since a  is 

an accumulation point of the sequence 0( , )nα α , there exists a positive integer 

n  such that 0( , ) ( )n O aα α ∈ . Similarly there exists a positive integer m n>  

such that 0( , ) ( )m O bα α ∈ . Then 0 0( , ) ( , ) 0 ( ) ( )n m O a O b Bωα α ⋅ α α = ∈ ⋅ =  

0 0( , )= α α , which is a contradiction. ◊ 

Since every infinite semigroup of λ × λ -matrix units Bλ  contains the 

semigroup Bω , Theorem 2 implies 

Theorem 3. A topological semigroup S  with countably compact square 
S S×  does not contain an infinite semigroup of matrix units.  

Theorem 2 implies 
Corollary 2 [19, Theorem 10]. An infinite semigroup of matrix units does 

not embed into a compact topological semigroup.  
A semigroup homomorphism :h S T→  is called annihilating if ( )s h =  

( )t h=  for all ,s t S∈ . 
A semigroup S  is called congruence-free if it has only two congruences: 

identical and universal [9]. Obviously, a semigroup S  is congruence-free if 
and only if every homomorphism h  of S  into an arbitrary semigroup T  is an 
isomorphism «into» or is an annihilating homomorphism. 

Theorem 1 from [16] implies that the semigroup Bλ  is congruence-free 

for every cardinal 2λ ≥  and hence Theorem 2 implies 
Theorem 4. Every continuous homomorphism from an infinite topological 

semigroup of matrix units into a topological semigroup S  with countably 
compact square S S×  is annihilating.  

Theorem 4 implies 
Corollary 3 [19, Theorem 12]. Every continuous homomorphism from an 

infinite topological semigroup of matrix units into a compact topological 
semigroup is annihilating.  

Theorem 5. Let λ ≥ ω  and n  be a positive integer. Then every continuous 

homomorphism of the topological semigroup n
λJ  into a topological semigroup 

S  with countably compact square S S×  is annihilating.  
P r o o f.  We shall prove the assertion of the theorem by induction. By 

Theorem 4 every continuous homomorphism of the topological semigroup 1
λJ  

into a topological semigroup S  with countably compact square S S×  is an-
nihilating. We suppose that the assertion of the theorem holds for 1,2,n =  , 

, 1k −  and we shall prove that it is true for n k= . 
Obviously it is sufficiently to show that the statement of the theorem 

holds for the discrete semigroup k
λJ . Let : kh Sλ →J  be arbitrary homomor-

phism from k
λJ  with the discrete topology into a topological semigroup S  

with countably compact square S S× . Then by Theorem 4 the restriction 
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1
1 :h Sλ
λ

→
J

J  of homomorphism h  onto the subsemigroup 1
λJ  of k

λJ  is an an-

nihilating homomorphisms. Let 1 1
1( ) ( )h h eλ λ
λ

= =
J

J J , where ( )e E S∈ . We fix 

any k
λα∈ J  with ran 2iα = ≥ . Let 1 2

1 2

i

i

x x x
y y y

 α =  
 


 , where 1 2, , , ix x x , 

1 2, , , iy y y X∈  for some set X  of cardinality λ . We fix 1y X∈  and define 

subsemigroup 
1y

T  of k
λJ  as follows:  

  1 1 1
1 1 1 1

|k
y

y y y
T

y y yλ
      = β ∈ ⋅ β = β ⋅ =      

      
J . 

Then the semigroup 
1y

T  is isomorphic to the semigroup 1k−
λJ , the ele-

ment 1

1

y
y

 
 
 

 is zero of 
1y

T  and hence by induction assumption we have 

1

1
( )

y
h h

y
   = β  
  

 for all 
1y

Tβ ∈ . 

Since 11

1

y
y λ

  ∈ 
 

J , we have that ( ) (0)h hβ =  for all 
1y

Tβ ∈ . But α = αγ , 

where 1 2
11 2

i
y

i

y y y
T

y y y
 γ = ∈ 
 


 , and hence we have  

  ( ) ( ) ( ) ( ) ( ) (0) ( 0) (0)h h h h h h h h eα = αγ = α ⋅ γ = α ⋅ = α ⋅ = = . 

This completes the proof of the theorem. ◊ 
Theorem 5 implies 
Theorem 6. Let λ ≥ ω  and n  be a positive integer. Then every continuous 

homomorphism of the topological semigroup n
λJ  into a compact topological 

semigroup is annihilating.  
Recall [10] that a Bohr compactification of a topological semigroup S  is a 

pair ( , ( ))B Sβ  such that ( )B S  is a compact semigroup, : ( )S B Sβ →  is a 

continuous homomorphism, and if :g S T→  is a continuous homomorphism 

of S  into a compact semigroup T , then there exists a unique continuous 
homomorphism : ( )f B S T→  such that the diagram  

 
commutes. 

Theorem 6 and Theorem 2.44 [8, Vol. 1] imply 
Theorem 7. If λ ≥ ω  and n  is a positive integer, then the Bohr compacti-

fication of the topological semigroup n
λI  is a trivial semigroup.  
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СИМЕТРИЧНІ ІНВЕРСНІ ТОПОЛОГІЧНІ НАПІВГРУПИ 
СКІНЧЕННОГО РАНГУ n≤  
 
Âèâ÷àþòüñÿ òîïîëîã³÷í³ âëàñòèâîñò³ ñèìåòðè÷íèõ ³íâåðñíèõ òîïîëîã³÷íèõ íà-

ï³âãðóï ñê³í÷åííèõ ïåðåòâîðåíü n
λJ  ðàíãó n≤ . Ïîêàçàíî, ùî òîïîëîã³÷íà ³íâåðñíà 

íàï³âãðóïà n
λJ  º àëãåáðà¿÷íî h -çàìêíåíîþ â êëàñ³ òîïîëîã³÷íèõ ³íâåðñíèõ íàï³â-

ãðóï. Òàêîæ äîâåäåíî, ùî òîïîëîã³÷íà íàï³âãðóïà S  ç³ çë³÷åííî êîìïàêòíèì êâàä-

ðàòîì S S×  íå ì³ñòèòü íàï³âãðóïè n
λJ  äëÿ íåñê³í÷åííîãî êàðäèíàëà λ , ³ ïîêàçà-

íî, ùî êîìïàêòèô³êàö³ÿ Áîðà íåñê³í÷åííî¿ òîïîëîã³÷íî¿ íàï³âãðóïè ñê³í÷åííèõ 

ïåðåòâîðåíü n
λJ  ðàíãó n≤  º òðèâ³àëüíîþ íàï³âãðóïîþ. 

 
СИММЕТРИЧНЫЕ ИНВЕРСНЫЕ ТОПОЛОГИЧЕСКИЕ 
ПОЛУГРУППЫ КОНЕЧНОГО РАНГА n≤  
 
Èçó÷àþòñÿ òîïîëîãè÷åñêèå ñâîéñòâà ñèììåòðè÷åñêèõ èíâåðñíûõ òîïîëîãè÷åñêèõ 

ïîëóãðóïï êîíå÷íûõ ïðåîáðàçîâàíèé n
λJ  ðàíãà n≤ . Ïîêàçàíî, ÷òî òîïîëîãè÷åñêàÿ 

èíâåðñíàÿ ïîëóãðóïïà n
λJ  ÿâëÿåòñÿ àëãåáðàè÷åñêè h-çàìêíóòîé â êëàññå òîïîëî-

ãè÷åñêèõ èíâåðñíûõ ïîëóãðóïï. Òàêæå äîêàçàíî, ÷òî òîïîëîãè÷åñêàÿ ïîëóãðóïïà 

S  ñî ñ÷¸òíî êîìïàêòíûì êâàäðàòîì S S×  íå ñîäåðæèò ïîëóãðóïïó n
λJ  äëÿ áåñ-

êîíå÷íîãî êàðäèíàëà λ , è ïîêàçàíî, ÷òî êîìïàêòèôèêàöèÿ Áîðà áåñêîíå÷íîé òî-

ïîëîãè÷åñêîé ïîëóãðóïïû êîíå÷íûõ ïðåîáðàçîâàíèé n
λJ  ðàíãà n≤  – òðèâèàëüíàÿ 

ïîëóãðóïïà.  
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