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SYMMETRIC INVERSE TOPOLOGICAL SEMIGROUPS OF FINITE RANK < n

We establish topological properties of the symmetric itnverse topological semigroup

of finite transformations J," of the rank <n. We show that the topological in-

verse semigroup .J,' is algebraically h -closed in the class of topological inverse
semigroups. Also we prove that a topological semigroup S with countably compact
square S xS does not contain the semigroup J," for infinite cardinal A and show
that the Bohr compactification of an infinite topological symmetric inverse semi-
group of finite transformations J," of the rank < n is the trivial semigroup.

In this paper all topological spaces will be assumed to be Hausdorff. We
shall follow the terminology of [8, 9, 13, 30]. If A is a subset of a topological
space X, then we denote the closure of the set A in X by cly(A). By o we
denote the first infinite cardinal

A semigroup S is called an inverse semigroup if every a in S possesses

an unique inverse, ie. if there exists an unique element ¢ in S such that

-1 -1 -1 -1
aa a=a and aaa =a .

A map which associates to any element of an inverse semigroup its
inverse is called the inversion.

A topological (tnverse) semigroup is a topological space together with a
continuous semigroup operation (and an inversion, respectively). Obviously,
the inversion defined on a topological inverse semigroup is a homeomorphism.
If § is a semigroup (an inverse semigroup) and t is a topology on S such
that (S,1) is a topological (inverse) semigroup, then we shall call Tt a semi-
group (inverse) topology on S .

If S is a semigroup, then by E(S) we denote the band (the subset of all
idempotents) of S. On the set of idempotents E(S) there exists a natural
partial order: e < f if and only if ef = fe =e.

Let X be a set of cardinality A >1. Without loss of generality we can
identify the set X with the cardinal A. A function o mapping a subset Y of
X into X is called a partial transformation of X . In this case the set Y is
called the domain of o and is denoted by doma . Also, the set {x € X |y for
some o =xy € Y} is called the range of o and is denoted by rana. The car-
dinality of rana is called the rank of o and denoted by rank a. For conve-
nience we denote by & the empty transformation, that is a partial mapping
with dom@ =rand =J.

Let 4(X) denote the set of all partial one-to-one transformations of X
together with the following semigroup operation:

x(af) = (xa)p if x € dom (af) = {y € doma | yo. € dom B}
for o,pf e J(X).
The semigroup J(X) is called the symmetric inverse semigroup over the

set X (see [9]). The symmetric inverse semigroup was introduced in [35] by
V. V. Wagner and it plays a major role in the theory of semigroups.
Put

7 ={a e J(X)|ranka is finite },
I ={oe g(X)|ranka <n} for n=123,....
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Obviously, o{f and o{f, n=123,..., are inverse semigroups, o{f is an ideal
of 4(X), and jk” is an ideal of o{,fo, for each n =1,2,3,.... Further, we shall
call the semigroup o{f the symmetric inverse semigroup of finite transforma-
tions and ' the symmetric inverse semigroup of finite transformations of

the rank < n. The elements of semigroups J,° and J' are called finite one-

to-one transformations (partial bijections) of the set X . By

T, X, ... X,

(yl Yo - ynj
we denote a partial one-to-one transformation which maps x; onto y,, x,
onto y,, etc, and x, onto y,, and by 0 the empty transformation. Obvious-

ly, in such case we have x; # X and y, # Y; for i#3, 1,7=12,3,...,n.

Many topologists have studied topological properties of topological spaces
of partial continuous maps #%(X) from a topological space X into a topolo-

gical space Y with various topologies such as the Vietoris topology, generali-
zed compact-open topology, graph topology, t-topology, and others (see [1, 7,
11, 14, 22-25]). Since the set of all partial continuous self-transformations
P€T(X) of the space X with the operation composition is a semigroup, ma-

ny semigroup theorists have considered the semigroup of continuous transfor-
mations (see surveys [26] and [17]), or the semigroup of partial homeomor-
phisms of an arbitrary topological space (see [2—5, 16, 27, 31, 36]). A. A. Beida
[6], S. D. Orlov [28, 29], and S. Subbiah [34] have considered semigroup and
inverse semigroup topologies of semigroups of partial homeomorphisms of
some classes of topological spaces. In this context the results of our paper
yield some notable results about the topological behavior of the finite rank
symmetric inverse semigroups sitting inside larger function space semigroups,
or larger semigroups in general. For example, under reasonably general con-
ditions, the inverse semigroup of partial finite bijections of rank <6 is a clo-

sed subsemigroup of a topological semigroup which contains " as a subsemi-

group.
Let A be a non-empty cardinal. On the set B, =AxAiU{0}, where
0 ¢ A x A, we define the semigroup operation « - » as follows
(aid)i b = C’
(a7 b) ' (Ca d) =
0, b #c,

and (a,b)-0=0-(a,b)=0-0=0 for a,b,c,d € . The semigroup B, is called
the semigroup of A xA-matrix units (see [9]). Obviously, for any cardinal
A >0, the semigroup of A x A -matrix units B, is isomorphic to j;i.

Definition 1 [18, 32]. Let © be a class of topological semigroups. A topo-
logical semigroup S € & is called H -closed in the class & if S is a closed
subsemigroup of any topological semigroup T € & which contains S as a
subsemigroup. If & coincides with the class of all topological semigroups, then
the semigroup S is called H -closed.

We remark that in [32] H -closed semigroups are called maximal.

Definition 2 [21, 33]. Let & be a class of topological semigroups. A to-
pological semigroup S € & is called absolutely H -closed in the class & if any
continuous homomorphic image of S into T € & is H-closed in &. If & co-
incides with the class of all topological semigroups, then the semigroup S is
called absolutely H -closed.
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Definition 3 [21, 33]. Let & be a class of topological semigroups. A semi-
group S is called algebraically h -closed in & if S with the discrete topology
0 is absolutely H -closed in & and (S,0) € 6. If & coincides with the class of

all topological semigroups, then the semigroup S is called algebraically h -clo-
sed.

Absolutely H -closed semigroups and algebraically h -closed semigroups
were introduced in [33]. There they were called absolutely maximal and algeb-
raic maximal, respectively.

In [19] are established topological properties of infinite topological semi-

groups of A x A -matrix units B, . They showed that an infinite topological se-
migroup of A x A -matrix units B, does not embed into a compact topological
semigroup, every non-zero element of B, is an isolated point of B, , and B,

is algebraically h -closed in the class of topological inverse semigroups.

In [20] is introduced the conception of semigroups with a tight ideal se-
ries and there they investigated their closure in semitopological semigroups,
partially inverse semigroups with continuous inversion. Also they derived re-
lated results about the nonexistence of (partial) compactifications of topologi-
cal semigroups with a tight ideal series. As a corollary they show that the

symmetric inverse semigroup of finite transformations g, of the rank <n is

algebraically closed in the class of inverse (semi)topological semigroups with
continuous inversion. Since semigroups with a tight ideal series are not pre-
served by homomorphisms [20, Lemma 19], naturally arises the following

question: is the symmetric inverse semigroup of finite transformations §," of

the rank < mn 1is algebraically h -closed in the class of topological inverse semi-
groups?

In this paper we shall show that for every infinite cardinal A the finite
symmetric inverse semigroup ;' of the rank <mn has topological properties

similar to the infinite semigroup of matrix units B, as a topological semi-

group. We show that the topological inverse semigroup f,' is algebraically h -

closed in the class of topological inverse semigroups. Also we prove that a to-
pological semigroup S with countably compact square S x.S does not contain

the semigroup g for infinite cardinal A and show that the Bohr compactifi-
cation of an infinite topological symmetric inverse semigroup of finite trans-

formations ' of the rank <n is the trivial semigroup.

Theorem 1. For any positive integer n the semigroup ' is algebraically

h -closed in the class of topological inverse semigroups.

Proof In the case A <o the assertion of the theorem is obvious.
Suppose now that A > ®. We shall prove the assertion of the theorem by in-
duction.

Theorem 14 from [19] implies that the semigroup j;i is algebraically h -

closed in the class of all topological inverse semigroups. We suppose that the
assertion of the theorem holds for n =1,2,...,k -1 and we shall prove that it

is true for n = k.
Suppose to the contrary, that there exist a topological inverse semigroup

S and continuous homomorphisms h from the semigroup o{f with the dis-

crete topology into S such that (o{f)h is a non-closed subsemigroup of S.

Since a homomorphic image of an inverse semigroup is an inverse semigroup,
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Proposition I1.2 of [12] implies that clS((o{;ic )h) is a topological inverse semi-

group. Therefore, without loss of generality we can assume that (j}f“)h is a
dense inverse subsemigroup of S.
Let xe S\ (g{“)h and W(x) be an open neighbourhood of the point x.

Since the semigroup o{f_l is algebraically h -closed in the class of topolo-
gical inverse semigroups, without loss of generality we can assume that
W) N (HHh=2D.

Suppose that x is an idempotent of S. Then there exists an open neigh-
bourhood V(x) € W(x) such that V(x)-V(x) € W(x). Then since the neigh-

bourhood V(x) contains infinitely points from ( o{f Y\ ( j{“il)h we have that
(V(x)- V(x))ﬂ(jfﬁl)h #J. A contradiction to the assumption W(x)ﬂ(jfﬁl)h:
= (. There fore we have x-x # x.

Since 0{571 is an inverse subsemigroup of j{“ Proposition II.2 [12] implies
that ' e S\ (o{f)h. Since S is a topological inverse semigroup and the se-
migroup 0{571 is algebraically h -closed in the class of topological inverse se-
migroups, there exist open neighbourhoods V(x) and V(xil) of the points x
and x', respectively, such that

V(@) V@) V@ c W, V@G Hh=2,
Ve HN(ZF =2 and  V(x)c W(x).

We observe that the set V(x)( j;{“ )h is infinite, otherwise we have that
x £ clS((jf)h). Since S is a topological inverse semigroup, the set V(x )N
N(FF)h is infinite too. Let V =(V(x)N(F)HhR ™ and V* = (V(x ™) N (LHhR .
Then the sets V and V" are infinite, and we have VN ' =@ and V'
NgF' = . Therefore V-V*- VN g' # @ and hence (V)h-(V)h-(V)h)N
N(gF"h =@ . But

(Vh-(VHR-(V)R) € V(x)- V(x™) V(x) c W(x)

is a contradiction to the assumption W(x) (gfﬁl)h = (J. The obtained contra-

diction implies the assertion of the theorem. ¢

Theorem 1 implies

Corollary 1. Let n be any positive integer and let t be any inverse semi-
group topology on g4'. Then (g"',1) is an absolutely H -closed topological in-
verse semigroup in the class of topological inverse semigroups.

The following theorem generalizes Theorem 10 from [19]

Theorem 2. A topological semigroup S with countably compact square
S xS does not contain an infinite countable semigroup of matrix units.

P r o o f. Suppose to the contrary: there exists a topological semigroup
S with countably compact square S x.S such that S contains an infinite co-
untable semigroup of o x w-matrix units B, . We numerate elements of a set

X of cardinality ® by non-negative integers, i. e, X = {a,,0,,0d,,...}. Then
we consider the sequence {((ao,an),(an,ao))le} in B, xB, < .§xS§. The co-
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untable compactness of S x.S guarantees that this sequence has an accumu-
lation point (a,b) € § xS. Since (a,,a,)(a,,a,) = (a,,a,), the continuity of

the semigroup operation on S guarantees that ab = (a,,0,). By Lemma 4
[19], every non-zero element of the semigroup of ® x w-matrix units B, en-
dowed with the topology induced from S is an isolated point in B_ . So, there
exists a neighbourhood O((a,,0,)) =S of the point (a,a,) € B, containing
no other points of the semigroup B, . Since ab = (a,,a,), the points a,b have
neighbourhoods O(a), O(b) € S such that O(a)-O(b)  O((a,0,)). Since a is
an accumulation point of the sequence (a,,a,), there exists a positive integer
n such that (a,,a,) € O(a). Similarly there exists a positive integer m >n
such that (a,,,0,) € O(). Then (o,a,) (a,,,0,)=0¢cO() Ob)NB, =
= (oy,0), which is a contradiction. ¢

Since every infinite semigroup of A x A -matrix units B, contains the
semigroup B, Theorem 2 implies

Theorem 3. A topological semigroup S with countably compact square
S xS does not contain an infinite semigroup of matrix units.

Theorem 2 implies

Corollary 2 [19, Theorem 10]. An infinite semigroup of matrix units does
not embed into a compact topological semigroup.

A semigroup homomorphism h:S — T is called annihilating if (s)h =
= (t)h for all s,t € S.

A semigroup S is called congruence-free if it has only two congruences:
identical and universal [9]. Obviously, a semigroup S is congruence-free if
and only if every homomorphism h of S into an arbitrary semigroup T is an
isomorphism «into» or is an annihilating homomorphism.

Theorem 1 from [16] implies that the semigroup B, is congruence-free
for every cardinal A > 2 and hence Theorem 2 implies

Theorem 4. Every continuous homomorphism from an infinite topological
semigroup of matrix units into a topological semigroup S with countably
compact square S xS is annihilating.

Theorem 4 implies

Corollary 3 [19, Theorem 12]. Every continuous homomorphism from an
infinite topological semigroup of matrix wunits into a compact topological
semigroup is annihilating.

Theorem 5. Let A > ® and n be a positive integer. Then every continuous
homomorphism of the topological semigroup J,° into a topological semigroup

S with countably compact square S x .S is annihilating.
P r o o f. We shall prove the assertion of the theorem by induction. By

Theorem 4 every continuous homomorphism of the topological semigroup f)&

into a topological semigroup S with countably compact square S xS is an-
nihilating. We suppose that the assertion of the theorem holds for n =1,2,...,

...,k —1 and we shall prove that it is true for n = k.
Obviously it is sufficiently to show that the statement of the theorem

holds for the discrete semigroup jf. Let h: jf — S be arbitrary homomor-

phism from j{“ with the discrete topology into a topological semigroup S

with countably compact square S x.S. Then by Theorem 4 the restriction
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hgl :0{93 — S of homomorphism h onto the subsemigroup o{;i of g{“ is an an-
i

nihilating homomorphisms. Let (d{;f)hé(1 = (j;})h =e, where e € E(S). We fix
)

x, T, ... X

Y Yy - Y,
Y1) Ys,..Y; € X for some set X of cardinality L. We fix y, € X and define

any oe jf with ranoa =12 2. Let (x:( j, where x;,x,,...,%;,

subsemigroup Ty1 of j{c as follows:

1, - {peti()p-n-()-(4)]

Then the semigroup Ty1 is isomorphic to the semigroup o{f*l, the ele-

ment (le is zero of Ty1 and hence by induction assumption we have
1

((zl Dh = (B)h forall BeT, .

1

Since (le e 4!, we have that (B)h = (0)h for all Be T, . But o=y,
1

where y = (yl Yo oo yij €T, , and hence we have
Y Yy - Y 1

(oh = (ay)h = (o)h - (Y)h = (a)h - (0)h = (o - 0)h = (0)h =e.

This completes the proof of the theorem. ¢

Theorem 5 implies

Theorem 6. Let L > ® and n be a positive integer. Then every continuous
homomorphism of the topological semigroup J,' into a compact topological
semigroup is annthilating.

Recall [10] that a Bohr compactification of a topological semigroup S is a
pair (B,B(S)) such that B(S) is a compact semigroup, B:S — B(S) is a
continuous homomorphism, and if g: S — T is a continuous homomorphism
of S into a compact semigroup T, then there exists a unique continuous
homomorphism f : B(S) > T such that the diagram

p
—>B(S)

S
g9
l f
T
commutes.

Theorem 6 and Theorem 2.44 [8, Vol. 1] imply
Theorem 7. If L > ® and m is a positive integer, then the Bohr compacti-

fication of the topological semigroup J," is a trivial semigroup.

1. Abd-Allah A., Brown R. A compact-open topology on partial maps with open do-
mains // J. London Math. Soc. — 1980. — 21, No. 2. — P. 480—486.

2. Baird B. B. Embedding inverse semigroups of homeomorphisms on closed subsets
// Glasgow Math. J. — 1977. — 18, No. 2. — P. 199-207.

3. Baird B. B. Epimorphisms of inverse semigroups of homeomorphisms between clo-
sed subsets // Semigroup Forum. — 1977. — 14. — P. 161—-166.

12



10.

11.

12.

13.
14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

Baird B. B. Inverse semigroups of homeomorphisms are Hopfian // Canad. J.
Math. — 1979. — 31, No. 4. — P. 800—807.
Baird B. B. Inverse semigroups of homeomorphisms between open subsets // J.
Austral. Math. Soc. Ser. A. — 1977. — 24, No. 1. — P. 92—102.
Beida A. A. Continuous inverse semigroups of open partial homeomorphisms //
Izv. Vyssh. Uchebn. Zav. Matematika. — 1980. — No. 1. — P. 64—65. (In Russian).
Booth P. I., Brown R. Spaces of partial maps, fibred mapping spaces and the com-
pact-open topology // General Topology Appl. — 1978. — 8. — P. 181—-195.
Carruth J. H., Hildebrant J. A., Koch R. J. The theory of topological semigroups. —
New York and Basel: Marcell Dekker, Inc., 1983. — Vol. 1. — 244 p.; 1986. — Vol. 2. —
196 p.
Clifford A. H., Preston G. B. The algebraic theory of semigroups. — Providence:
Amer. Math. Soc.,, 1961. — Vol. 1. — 288 p.; 1972. — Vol. 2. — 424 p.
DeLeeuw K., Glicksberg I. Almost-periodic functions on semigroups // Acta Math.
— 1961. — 105. — P. 99—140.
Di Concilio A., Naimpally S. Function space topologies on (partial) maps // Recent
Progress in Function Spaces / D. Di Maio, L. Hol4 (eds.): Quaderni di Mathematica.
1998. — Vol. 3. — P. 1-34.
Eberhart C., Selden J. On the closure of the bicyclic semigroup // Trans. Amer.
Math. Soc. — 1969. — 144. — P. 115—-126.
Engelking R. General topology. — Berlin: Heldermann, 1989. — 539 p.
Filippov V. V. Basic topological structures of the theory of ordinary differential
equations // Topology in Nonlinear Analysis. — 1996. — 35. — P. 171—-192.
Gluskin L. M. Semigroups of homeomorphisms // Dokl. Akad. Nauk UkrSSR.
Ser. A. — 1977. — No. 12. = P. 1059—1061. (In Russian).
Gluskin L. M. Simple semigroups with zero // Dokl. Akad. Nauk SSSR. — 1955. —
103, No. 12. — P. 5—8. (In Russian).
Gluskin L. M., Schein B. M., Sneperman L. B., Yaroker I. S. Addendum to a
survey of semigroups of contionuous selfmaps // Semigroup Forum. — 1977. — 14.
- P. 95-123.
Gutik O. V., Pavlyk K. P. H -closed topological semigroups and topological
Brandt A -extensions // Matem. Metody ta Fiz.-Mekh. Polya — 2001. — 44, No. 3. —
C. 20—28.
In Ukr.: I'ymix O. B., IIasaux K. II. H -3aMKHeHi TomoJsoriysi HamiBrpymu ta A -
posmmpenHs Bpanara // Mar. metonu Ta is.-mex. mosa. — 2001. — 44, Ne 3. —
C. 20—28.
Gutik O. V., Pavlyk K. P. On topological semigroups of matrix units // Semigroup
Forum. — 2005. — 71, No. 3. — P. 389—400.
Gutik O., Lawson J., Repovs D. Semigroup closures of finite rank symmetric in-
verse semigroups // Semigroup Forum. — 2009. — 78, No. 2. — P. 326—336.
Gutik O., Pavlyk K. Topological Brandt A -extensions of absolutely H -closed
topological inverse semigroups // Visn. Lviv. Univ. Ser. Mekh.-Mat. — 2003. — Is. 61.
— P. 98-105.
Hola L. Complete metrizability of generalized compact-open topology // Topology
Appl. — 1999. — 91, No. 2. — P. 159—-167.
Hola L. Topologies on the space of partial maps // Recent Progress in Function
Spaces / D. Di Maio, L. Hold (eds.): Quaderni di Mathematica. — 1998. — Vol. 3. —
P. 157-186.
Kiinzi H. P., Shapiro L. B. On simultaneous extension of continuous partial fuctions
// Proc. Amer. Math. Soc. — 1997. — 125. — P. 1853—1859.
Kuratowski K. Sur I'espace des fonctions partielles // Ann. Mat. Pura Appl. — 1955.
—40. - P. 61-67.
Magill K. D. (Jr.) A survey of semigroups of contionuous selfmaps // Semigroup
Forum. — 1975. — 11. — P. 189-282.
Mendes-Gongalves S., Sullivan R. P. Maximal inverse subsemigroups of the sym-
metric inverse semigroup on a finite-dimensional vector space // Comm. Algebra.
— 2006. — 34, No. 3. — P. 1055—1069.
Orlov S. D. On the theory of generalized topological groups // Teoriya polugrupp i
yeye pril. (Saratov univ., Russia). — 1974. — No. 3. — P. 80—85. (In Russian).
Orlov S. D. Topologization of the generalized group of open partial homeomor-
phisms of a locally compact Hausdorff space // Izv. Vyssh. Uchebn. Zav. Matema-
tika. — 1974. — No. 11. — P. 61-68. (In Russian).

13



30. Petrich M. Inverse semigroups. — New York: John Wiley & Sons, 1984. — 674 p.

31. Shneperman L. B. Semigroups of contionuous transformations and homeomor-
phisms of a simple arc // Dokl. Akad. Nauk SSSR. — 1962. — 146. — P. 1301—-1304.
(In Russian).

32. Stepp J. W. A note on maximal locally compact semigroups // Proc. Amer. Math.
Soc. — 1969. — 20, No. 1. — P. 251—253.

33. Stepp J. W. Algebraic maximal semilattices // Pacific J. Math. — 1975. — 58, No. 1.
— P. 243-248.

34. Subbiah S. The compact-open topology for semigroups of continuous selfmaps //
Semigroup Forum. — 1987. — 35. — P. 29-33.

35. Wagner V. V. Generalized groups // Dokl. Akad. Nauk SSSR. — 1952. — 84. —
P. 1119-1122. (In Russian).

36. Yaroker I. S. Semigroups of homeomorphisms of certain topological spaces // Dokl
Akad. Nauk UkrSSR. Ser. A. — 1972. — No. 11. — P. 1008-1010. (In Russian).

CUMETPWYHI IHBEPCHI TONONOI4YHI HANIBIrPYNu
CKIHYEHHOIO PAHIY < n

Busuaromsbcsi MONOAOIUHT 8AACTNUBOCTNT CUMEMPULHUX THBEPCHUX MONOA0TUHUX HA-

nigzpyn ckinuennux nepemeopens J' panezy < n. Ioxaszano, W0 MONOLOZIUHA THEEPCHA

nanigzpyna J' € a12e0paiuno h -3amKHeHO0 8 KAACT MONOAOIVHUX THBEPCHUX HANI8-
epyn. Taxodxe 0osedero, W0 MONOAOIYHA Hanieepyna S 3i 3ATUEeHHO KOMNAKMHUM KEA0-
pamom S xS ne micmums nanieepynu J, OAA HECKIHUEHHO2O KAPOUHAAL A , T NOKA3A-
HO, Wo xKomnakmugpikayis Bopa HecKiHUeHHOT MONOA0INHOL HANIBZPYNU CKIHUEHHUX

nepemeopend §' panzy <M € MPUBIALILHOW HANIBZPYNON.

CUMMETPUYHBLIE MHBEPCHBIE TOMNOJIOrMYECKUE
nonyreynnbl KOHEYHOIO PAHIFA < n

M3yuaromesa monoaozuueckue c80UCMEA CUMMEMPULECKUX UHBEPCHBLL MONOA0LULECKUX
NoAYZPYNN KOHeUHbLE npeodpasosanull J,° pamea < n . Ioxazano, ¥Mo MONOAOZUNECKAs
ungepcHasa noayepynna J° Aessemcsa arzebpaurecku h-zamxnymoti 8 xaacce Monoao-
2UYECKUX UHBEPCHBLL moayepynn. Taxdce 00KA3AHO, YMO MONOAOUUECKAL NOAYSPYNNA
S co cuémmo Komnaxmuvlu xeadpamom S x S He codepiucum noayepynny g, 0aa Gec-
KOHeuH020 Kapounaaa A, U moxKa3aHo, ¥mo xomnakxmupurayus Bopa Geckoneunoil mo-
NOA0ZUHECKOT NOAYZPYNNbL KOHEUHBLT npeodpasosanut J,' panea <n — MPUSUAILHAL

noayzpynna.
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