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ÓÄÊ 517.5 
 
М. А. Сухорольський, О. З. Любицька 
 
ПІДСУМОВУВАННЯ КРАТНИХ ТРИГОНОМЕТРИЧНИХ 
РЯДІВ УЗАГАЛЬНЕНИМИ МЕТОДАМИ, СФОРМУЛЬОВАНИМИ 
З ВИКОРИСТАННЯМ δ -ПОДІБНИХ ФІНІТНИХ ФУНКЦІЙ  
 

Ðîçãëÿäàþòüñÿ óçàãàëüíåí³ ñóìè êðàòíèõ òðèãîíîìåòðè÷íèõ ðÿä³â. Äîñë³ä-
æåíî äîñòàòí³ óìîâè çá³æíîñò³ ðÿä³â, îäåðæàíèõ ïî÷ëåííèì äèôåðåíö³þâàí-
íÿì ðÿä³â äëÿ ôóíêö³é, ³íòåãðîâíèõ çà Ëåáåãîì, à òàêîæ äîñë³äæåíî ïîõèáêè 
íàáëèæåííÿ ôóíêö³é ïîñë³äîâíîñòÿìè óçàãàëüíåíèõ ÷àñòèííèõ ñóì ðÿä³â. 

 
1. Âñòóï. Ïîñë³äîâíîñò³ ÷àñòèííèõ ñóì òðèãîíîìåòðè÷íèõ ðÿä³â º åôåê-

òèâíèì çàñîáîì íàáëèæåííÿ äîñèòü ãëàäêèõ ôóíêö³é [1, 6]. Äëÿ íàáëèæåííÿ 
ðîçðèâíèõ ôóíêö³é ÷è ïîõ³äíèõ â³ä ³íòåãðîâàíèõ çà Ëåáåãîì ôóíêö³é, âèêî-
ðèñòîâóþòü [2–4, 7] ïîñë³äîâíîñò³ óçàãàëüíåíèõ ÷àñòèííèõ ñóì ðÿä³â (ïî-
ñë³äîâíîñò³ ÷àñòèííèõ ñóì ðÿä³â, ï³äñóìîâóâàíèõ óçàãàëüíåíèìè ìåòîäàìè). 
Â îñíîâ³ äîñë³äæåíü çá³æíîñò³ ðÿä³â, ï³äñóìîâóâàíèõ óçàãàëüíåíèìè ìåòî-
äàìè, ³ îö³íêè ïîõèáîê íàáëèæåííÿ ôóíêö³é ïîñë³äîâíîñòÿìè ÷àñòèííèõ 
ñóì ðÿä³â ëåæèòü ³íòåãðàëüíå ¿õ çîáðàæåííÿ. ßäðà òèïó Ôåéåðà â³äïîâ³ä-
íèõ ³íòåãðàëüíèõ îïåðàòîð³â º, ïî ñóò³, δ -ïîä³áíèìè ôóíêö³ÿìè (÷è δ -ïî-
ä³áíèìè ïîñë³äîâíîñòÿìè ôóíêö³é). Ó ðîáîò³ [5] ðîçãëÿäàþòüñÿ óçàãàëüíåí³ 
ìåòîäè ï³äñóìîâóâàííÿ òðèãîíîìåòðè÷íèõ ðÿä³â, ùî ´ðóíòóþòüñÿ íà âèêî-
ðèñòàíí³ ÿäåð òèïó Ôåéåðà ó âèãëÿä³ δ -ïîä³áíèõ ô³í³òíèõ ôóíêö³é; çíàé-
äåíî îö³íêè íàáëèæåííÿ ôóíêö³é îäí³º¿ çì³ííî¿ ïîñë³äîâíîñòÿìè óçàãàëüíå-
íèõ ÷àñòèííèõ ñóì ðÿä³â. Àïðîêñèìàö³þ ôóíêö³é ÷àñòèííèìè ñóìàìè ðÿä³â 
ç âèêîðèñòàííÿì ìàòðè÷íèõ ìåòîä³â äîñë³äæåíî ó ðîáîò³ [8], à òàêîæ ïðîâå-
äåíî äåÿê³ óçàãàëüíåííÿ äëÿ ôóíêö³é îö³íþâàííÿ ïîõèáîê íàáëèæåííÿ [9].  

Ó ö³é ðîáîò³ ðîçãëÿäàþòüñÿ óçàãàëüíåí³ ìåòîäè ï³äñóìîâóâàííÿ êðàò-
íèõ òðèãîíîìåòðè÷íèõ ðÿä³â ç âèêîðèñòàííÿì δ -ïîä³áíèõ ïîñë³äîâíîñòåé 
ô³í³òíèõ ôóíêö³é òà îö³íêè íàáëèæåííÿ ôóíêö³é ïîñë³äîâíîñòÿìè óçàãàëü-
íåíèõ ÷àñòèííèõ ñóì ðÿä³â. 

2. Óçàãàëüíåíà ñóìà ðÿäó. Íåõàé 1( ),  ( , , ) n
nf x x x x= ∈  , – 2π -ïåð³-

îäè÷íà ôóíêö³ÿ çà êîæíîþ çì³ííîþ, ³íòåãðîâíà çà Ëåáåãîì, 1( ) ( )nf x L Q∈ , 

äå : ,  1, ,n jQ x x j n= − π ≤ ≤ π = { }  – n -âèì³ðíèé êóá. 

Ðîçãëÿíåìî êðàòíèé ðÿä Ôóð’º 

 ( )
n

ikx
k

k

f x c e
∈
∑


, (1) 

äå 

 1 ( )
(2 )

n

ikx
k n

Q

c f x e dx−=
π ∫ , (2) 

– êîåô³ö³ºíòè Ôóð’º ôóíêö³¿ ( )f x ; 1 1 n nik xik xikxe e e= ⋅ ⋅ ; 1( , , )nk k k= ∈  
n∈  ; 1 ndx dx dx=  .  

Óçàãàëüíþþ÷è íà n -âèì³ðíèé ïðîñò³ð, ââåäåìî ïîñë³äîâí³ñòü ôóíêö³é 

1 1( ) ( ) ( )n nkr k r k rϕ = ϕ ⋅ ⋅ ϕ{ } { } , ÷ëåíè ÿêî¿ âèçíà÷àþòüñÿ çà ôîðìóëîþ 
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j j jk r t
j j j jk r g t e dt

−

ϕ = ∫ ( ) , (3) 

äå 1( , , ) n
nr r r += ∈  ; 1( , , ) n

nt t t= ∈  ; ( )jg t  – íåïåðåðâíà ôóíêö³ÿ íà 

ïðîì³æêó 0, 1[ ] , ìàº ïîõ³äíó p -ãî ïîðÿäêó îáìåæåíî¿ âàð³àö³¿, 
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1

0

( ) 1g t dt =∫ , 

³ çã³äíî ç [6, ñ. 508] ñïðàâäæóºòüñÿ îö³íêà 
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Ðîçãëÿíåìî òàêîæ ðÿä 

 ( ; ; ) ( )
n

ikx
k

k

S f x r kr c e
∈

= ϕ∑


,  (5) 

ÿêèé âíàñë³äîê îö³íêè (1)kc O=  äëÿ 1( ) ( )nf x L Q∈  òà îö³íêè (4) ð³âíîì³ðíî 

çá³ãàºòüñÿ â³äíîñíî x  ïðè 0r ≠ . 

Îçíà÷åííÿ [3]. Ðÿä (1) ï³äñóìîâóºòüñÿ ìåòîäîì ( )krϕ{ }  ïðè 0r →  äî 

( )f x  ó òî÷ö³ x , ÿêùî â ö³é òî÷ö³ 
0

lim ( ; ; ) ( )
r

S f x r f x
→

= . 

Ðîçãëÿíåìî 2π -ïåð³îäè÷íå ïðîäîâæåííÿ ôóíêö³¿ ( )jg t : 

 
1 ,      ,

2( , )
0, .

j
j j

j jj j

j j

t
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r rG t r
r t

   ≤  =  
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 (6) 

Ôóíêö³ÿ ( , )j jG t r  º ô³í³òíèì ÿäðîì òèïó Ôåéåðà, ìàº íåïåðåðâíó ïî-

õ³äíó p -ãî ïîðÿäêó ³ ìàº ïîõ³äíó ( 1)p + -ãî ïîðÿäêó îáìåæåíî¿ âàð³àö³¿. 
Ðîçâèíåííÿ ó òðèãîíîìåòðè÷íèé ðÿä öüîãî ÿäðà º òàêèì: 

 
1

1( , ) ( )
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j j

j

ik t
j j j j

k

G t r k r e
∞

=

= ϕ
π ∑ . (7) 

Ðÿä (7) ð³âíîì³ðíî çá³ãàºòüñÿ â³äíîñíî x  ïðè 0r ≠ . 
Ââåäåìî n -âèì³ðíå ÿäðî òèïó Ôåéåðà 

 
1

( , ) ( , )
n

j j
j

G t r G t r
=

= ∏ . (8) 

Âðàõóâàâøè â (5) ôîðìóëè (2) ³ (8), çàïèøåìî ôóíêö³þ ( ; ; )S f x r  â ³í-
òåãðàëüí³é ôîðì³ 

 1 1( ; ; ) ( ) ( , ) ,    ( ) ( , , )

n

n n
Q

S f x r f x t G t r dt f x t f x t x t= + + = + +∫  . (9) 

Çðîáèâøè çàì³íó j
j

j

t
u

r
=  â (9) ³ âðàõóâàâøè ôîðìóëè (2), (3), îäåðæèìî 

ùå òàêó ôîðìóëó äëÿ ñóìè ðÿäó (5): 

 1( ; ; ) ( ) ( )
2n

S f x r f x ru g u du
∆

= +∫ , (10) 

äå 

 
1

: 1 1,  1, , ,      ( ) ( )
n

j j
j

x x j n g u g u
=

∆ = − ≤ ≤ = = ∏{ } ,  

 1 1 1( ) ( , , )n n nf x ru f x r u x r u+ = + + . 
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3. Äîñòàòí³ óìîâè çá³æíîñò³ êðàòíîãî ðÿäó Ôóð’º, ï³äñóìîâóâàíîãî 
ìåòîäîì ( )krϕ{ } . 

Òåîðåìà 1. Ðÿä Ôóð’º 2π -ïåð³îäè÷íî¿ ôóíêö³¿ 1( ) ( )nf x L Q∈  ï³äñóìîâó-

ºòüñÿ ìåòîäîì ( )krϕ{ }  äî ( )f x  â êîæí³é òî÷ö³ ¿¿ íåïåðåðâíîñò³. 

Ä î â å ä å í í ÿ. Ðîçãëÿíåìî ðÿä (5) ïðè 0r ≠  òà ³íòåãðàëüíå çîáðà-
æåííÿ éîãî ñóìè (10). 

Îö³íèìî ð³çíèöþ ( ; ; ) ( )S f x r f x−  ó òî÷ö³ íåïåðåðâíîñò³ ôóíêö³¿ ( )f x . 

Äëÿ äîâ³ëüíîãî 0ε >  âèáåðåìî 1( , , ) n
n +δ = δ δ ∈   òàê, ùîá òî÷êè ( )x ± δ  

íàëåæàëè îêîëó òî÷êè íåïåðåðâíîñò³ ôóíêö³¿, j jr < δ . Tîä³ ñïðàâäæóºòüñÿ 

íåð³âí³ñòü 

2( ) ( )
n

f x r f x
B

ε+ ξ − < , 

äå ( )B g d
∆

= ξ ξ∫ , 1 1 1( ) ( , , )n n nf x r f x r x r+ ξ = + ξ + ξ . Îö³íèìî âèðàç 

( ; ; ) ( )S f x r f x−  ç óðàõóâàííÿì ³íòåãðàëüíîãî çîáðàæåííÿ (10): 

 ( ; ; ) ( ) 2 ( ) ( ) ( )nS f x r f x f x r g d f x−

∆

− = + ξ ξ ξ − =∫  

 2 ( ) ( ) ( )n f x r f x g d−

∆

= + ξ − ξ ξ ≤∫ [ ]  

 2 ( ) ( ) ( ) ( )n f x r f x g d g d
B

−

∆ ∆

ε≤ + ξ − ⋅ ξ ξ ≤ ξ ξ < ε∫ ∫ . 

Îòæå, ( ; ; ) ( )S f x r f x− < ε  ó òî÷ö³ íåïåðåðâíîñò³ ôóíêö³¿ ( )f x  ³ çíà-

÷åíü jr  òàêèõ, ùî j jr < δ . Òåîðåìó äîâåäåíî. ◊ 

Òåîðåìà 2. ßêùî 2π -ïåð³îäè÷íà ôóíêö³ÿ 1( ) ( )nf x L Q∈  ìàº íåïåðåðâíó 

ïîõ³äíó m -ãî ïîðÿäêó ( 0)m ≥  â òî÷ö³ x , 
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j

p m> , òî ðÿä (1), ïî÷ëåííî ïðîäèôåðåíö³éî-

âàíèé m  ðàç³â, ï³äñóìîâóºòüñÿ ìåòîäîì ( )krϕ{ }  äî ( )( )mf x  ó òî÷ö³ x . 
Ä î â å ä å í í ÿ. Ïðîäèôåðåíö³þºìî ðÿä (5) òà ³íòåãðàë (9) m  

( 1)jm p≤ −  ðàç³â ó òî÷ö³ íåïåðåðâíîñò³ ôóíêö³¿ ( )f x  ïðè 0r ≠ . Âðàõîâó-
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– íåïåðåðâíà ôóíêö³ÿ ç ïîõ³äíîþ îáìåæåíî¿ âàð³àö³¿ ³ ðÿä 
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Îö³íèìî ð³çíèöþ ( ) ( )( ; ; ) ( )m mS f x r f x−  â îêîë³ òî÷êè íåïåðåðâíîñò³ 

ôóíêö³¿ ( )( )mf x . Äëÿ äîâ³ëüíîãî 0ε >  âèáåðåìî 1( , , ) n
n +δ = δ δ ∈   òàê, 

ùîá òî÷êè x ± δ  íàëåæàëè îêîëó òî÷êè íåïåðåðâíîñò³ ôóíêö³¿ ( )( )mf x , 

j jr < δ , ³ ( ) ( )( ) ( )m mf x r f x+ ξ − < ε . Çðîáèâøè â ³íòåãðàë³ (11) çàì³íó 
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Òîä³ äëÿ ( ) ( )( ; ; ) ( )m mS f x r f x−  âèêîíóºòüñÿ îö³íêà 

 ( ) ( ) ( ) ( )( ; ; ) ( ) 2 ( ) ( ) ( )m m n m mS f x r f x f x r g d f x−

∆
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Òåîðåìó äîâåäåíî. ◊ 
4. Îö³íêè çá³æíîñò³ ðÿä³â ôóíêö³¿ 1( ) ( )nf x L Q∈ . Ïîçíà÷èìî [4] ÷åðåç 

( )nH Qα  ïðîñò³ð 2π -ïåð³îäè÷íèõ íåïåðåðâíèõ ôóíêö³é ( ) ( )nf x H Qα∈ , ÿê³ 

çàäîâîëüíÿþòü íåð³âí³ñòü 
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j
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f x t f x h t
α

=

+ − ≤ ∑ , (12) 

äå 1 1( , , ),  0 1,  1, , ,  ( , , ) n
n j nj n t t tα = α α < α ≤ = = ∈    . 

Ðîçãëÿíåìî íàáëèæåííÿ ôóíêö³¿ ( )f x  ïîñë³äîâí³ñòþ òðèãîíîìåòðè÷íèõ 
ïîë³íîì³â âèãëÿäó 

 ( ; ; ) ( )
N

ikx
N k

k N

S f x r kr c e
=−

= ϕ∑ ,  (13) 

äå kc  – êîåô³ö³ºíòè Ôóð’º ôóíêö³¿ ( )f x , 10,  ( , , ) n
nr N N N≠ = ∈  . 
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Â³äõèëåííÿ ôóíêö³¿ ( )f x  â³ä ïîë³íîìà ( ; ; )NS f x r  ïîçíà÷èìî ÷åðåç 

 ( , ) max ( ; ; ) ( )
n

N N
x Q

f r S f x r f x
∈

ε = −  

³ ïåðåòâîðèìî éîãî òàê: 
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∈
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 max ( ; ; ) ( ) max ( ; ; ) ( ; ; )
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N
x Q x Q

S f x r f x S f x r S f x r
∈ ∈

≤ − + − . (14) 

Â³äõèëåííÿ (14) çàëåæèòü â³ä äâîõ ïàðàìåòð³â: r  òà N , ³ çã³äíî ç òåî-
ðåìàìè 1 ³ 2, 

0
lim lim ( , ) 0N
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f r
→ →∞

ε = . Ïðè öüîìó çì³íà ïîðÿäêó ãðàíè÷íèõ ïå-

ðåõîä³â íå äîïóñêàºòüñÿ. ²ñíóþòü êðèâ³ ( ),  ( ) 0r r N r N= > , ç àñèìïòîòîþ 

0r = , ùî lim ( , ( )) 0N
N

f r N
→∞

ε = . Çàïèøåìî ð³âíÿííÿ öèõ êðèâèõ ó âèãëÿä³ [5] 

 0

j

j
j

j

r
r

N
γ= ,  (15) 

äå 0 ,j jr γ  – ñòàë³ âåëè÷èíè, ÿê³ íå çàëåæàòü â³ä jN . 

Òåîðåìà 3. Íåõàé ( ) ( )nf x H Qα∈ . Òîä³ ñïðàâäæóºòüñÿ îö³íêà 
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,                0 ,
1

( , ( ))
,      ,

1 1

j j

j j
j j

n
j j

j
jj j

n
j j jN

jn
jj j

j
j

A p

pN

A p pf r N B
p pN N

α γ
=

α γ
α γ=

=

α +
< γ ≤ α + +

 α + α +ε ≤ 
+ < γ < α + + +




∑

∑
∏

 

äå , constjA B = . 

Ä î â å ä å í í ÿ. Îö³íèìî ïåðøèé äîäàíîê âèðàçó (14) ïðè ( )j j jr r N=  

ç óðàõóâàííÿì ôîðìóëè (10): 

 ; ; ( ) ( ) 2 ( ) ( ) ( )nS f x r N f x f x r N t g t dt f x−

∆

− = + − =∫( ) ( )  

 2 ( ) ( ) ( )n f x r N t f x g t−

∆

= + − ≤∫ ( )[ ]  

 2 ( ) ( ) ( )n f x r N t f x g t dt−

∆

≤ + − ≤∫ ( )  

 
1

2 ( ) ( )j
n

n
j j j

j

h r N t z g t dtα−

=∆

≤ =∑∫  

 
1

1 11

2 ( ) ( ) ( )j jj
n n

n
j j j j j j j j j

j j

h r N g t t dt a r N
α αα−

= =−

= = =∑ ∑∫  

 0

1 1

,            , const
j

j j j j

n n
j j

j j j
j jj j

r A
a a A

N N

α

α γ α γ
= =

= = =∑ ∑ . 

Çíàéäåìî îö³íêó äëÿ äðóãîãî äîäàíêà (14) ç óðàõóâàííÿì íåð³âíîñò³ (4), 
ÿêó çàïèøåìî ó âèãëÿä³ 

 
1

( )
( )

j
j j p

j j

A
k r

k r +ϕ ≤ ,  (16) 

òà íåð³âíîñò³ 
1

1
j

n

k
j j

c b
k

α
=

≤ ∏ , äå 1j jk r  , , constjA b = : 
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 ; ; ( ) ; ; ( ) ( ( )) ikx
N k

k N

S f x r N S f x r N kr N c e
≥

− = ϕ ≤∑( ) ( )  

 1
1

( ( ))1( ( ))
j j

n
ikx

k N j k Nj j

kr N
b kr N e B

k k
α α

≥ = ≥

ϕ
≤ ϕ < ≤∑ ∏ ∑  

 2 3 ( 1) 11
1

1 1 1

( ) j j j
j j

n

p pp
k N k Njj j j j j

B B
k r N k N k

∞

α − γ + + +α+
≥ ≥=

≤ ≤ <∑ ∑∏
( )

 

 
( 1)

1

1
j j

n

p p
j j

B
N

α + −γ +
=

< ∏ , 

äå , const,  1,2,3B B = =  . 
Îòæå, îñòàòî÷íó îö³íêó äëÿ â³äõèëåííÿ îäåðæèìî ó âèãëÿä³ 

 
( 1)

1 1

1( , ( ))
j j j j

n n
j

N p p
j jj j

A
f r N B

N N
α γ α + −γ +

= =

ε ≤ +∑ ∏ . (17) 

Çíàéäåìî ïîðÿäîê íàáëèæåííÿ ôóíêö³¿ ( )f x  ïîë³íîìîì ; ; ( )NS f x r N( )  

ïðè N → ∞  íà îñíîâíèõ íàïðÿìàõ jN . Â³äïîâ³äí³ äîäàíêè (17) º íåñê³í÷åí-

íî ìàëèìè âåëè÷èíàìè çà óìîâè 0
1
j

j

p

p

+ α
< γ <

+
. Íàéá³ëüøèé ïîðÿäîê ìà-

ëîñò³ âåëè÷èíè ( , ( ))N f r Nε  íà öèõ íàïðÿìàõ äîñÿãàºòüñÿ çà óìîâè 0
j jα γ =  

0 ( 1)j jp p= α + − γ + , çâ³äñè îòðèìóºìî 

 0

1
j

j
j

p

p

α +
γ =

α + +
.  (18) 

Ëåãêî ïåðåêîíàòèñÿ, ùî ïåðøèé äîäàíîê ó (17) äëÿ çíà÷åíü 00 j j< γ ≤ γ  

º íåñê³í÷åííî ìàëîþ íàéíèæ÷îãî ïîðÿäêó íà áóäü-ÿêèõ íàïðÿìàõ, òîìó 

 
1

( , ( )) ,            const
j j

n
j

N j
j j

A
f r N A

N
α γ

=

ε ≤ =∑ . 

Äëÿ çíà÷åíü ïàðàìåòð³â jγ , êîëè 0

1
j

j j

p

p

α +
γ < γ <

+
, íåñê³í÷åííî ìàëîþ 

íàéíèæ÷îãî ïîðÿäêó ìîæå áóòè ÿê ïåðøèé, òàê ³ äðóãèé äîäàíêè (çàëåæíî 
â³ä íàïðÿìêó). 

Îòæå, íåð³âí³ñòü (17) íàáóäå âèãëÿäó 

 
1

1

1

,                 0 ,
1

( , ( ))
,      .

1 1

j j

j j
j j

n
j j

j
jj j

n
j j jN

jn
jj j

j
j

A p

pN

A p pf r N B
p pN N

α γ
=

α γ
α γ=

=

α +
< γ ≤ α + +

 α + α +ε ≤ 
+ < γ < α + + +




∑

∑
∏

 

Òåîðåìó äîâåäåíî. ◊ 
Ïîçíà÷èìî â³äõèëåííÿ ôóíêö³¿ ( )f x  â³ä ïîë³íîìà (13) â îáëàñò³ D∗ , 

ñòðîãî âíóòð³øí³é äî îáëàñò³ nD Q⊂ , ÷åðåç ( , )N f r∗ε  ³ çàïèøåìî àíàëîã³÷íó 

äî (14) íåð³âí³ñòü 

 ( , ) max ( ; ; ) ( ) max ( ; ; ) ( ; ; )N N
x D x D

f r S f x r f x S f x r S f x r
∗ ∗

∗

∈ ∈
ε ≤ − + − .  (19) 
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Òåîðåìà 4. Íåõàé 1( ) ( )nf x L Q∈  ³ ( ) ( ),  nf x H D D Qα∈ ⊂ . Òîä³ â îáëàñò³ 

D∗ , ñòðîãî âíóòð³øí³é äî îáëàñò³ D , ñïðàâäæóºòüñÿ îö³íêà 

 
1

1

1

,                0 ,
1

( , ( ))
,     ,

1 1

j j

j j
j j

n
j

j
jj j

n
j jN

jn
jj j

j
j

A p
pN

A pf r N pB
p pN N

α γ
=

∗

α γ
α γ=

=


< γ ≤ α + +

 α +ε ≤ 
+ < γ < α + + +




∑

∑
∏

 

äå , constjA B = . 

Ä î â å ä å í í ÿ. Àíàëîã³÷íî, ÿê ó òåîðåì³ 3, äëÿ ïåðøîãî äîäàíêà â 
(19) îäåðæèìî òàêó îö³íêó: 

 
1

; ; ( ) ( ) ,             const
j j

n
j

j
j j

A
S f x r N f x A

N
α γ

=

− ≤ = < ∞∑( ) . 

Âðàõîâóþ÷è íåð³âí³ñòü kc A≤ < ∞  (ç îãëÿäó íà òå, ùî 1( ) ( )nf x L Q∈ ) 

òà íåð³âí³ñòü (16), çíàéäåìî îö³íêó äðóãîãî äîäàíêà âèðàçó (19): 

 ; ; ( ) ; ; ( ) ( ( )) ikx
N k

k N

S f x r N S f x r N kr N c e
≥

− = ϕ ≤∑( ) ( )  

 1 2 1
1

1( ( ))
( )

n
ikx

p
k N j k N j j

B kr N e B
k r +

≥ = ≥

≤ ϕ ≤ ≤∑ ∏ ∑  

 3 ( 1) 1 ( 1)
1 1

1 1 1 ,  , const
j j

j j

n n

p p p p
j k N jjj j

B B B B
kN N

− γ + + −γ +
= ≥ =

≤ < =∏ ∑ ∏  . 

Îñòàòî÷íî äëÿ â³äõèëåííÿ ( , )N f r∗ε  îäåðæèìî òàêó îö³íêó: 

 
( 1)

1 1

1( , ( ))
j j j

n n
j

N p p
j jj j

A
f r N B

N N

∗
α γ −γ +

= =

ε ≤ +∑ ∏ , (20) 

äå , constjA B = . 

Îáèäâà äîäàíêè â (20) º íåñê³í÷åííî ìàëèìè âåëè÷èíàìè çà óìîâè 0 <  

1j
p

p
< γ <

+
. Íàéá³ëüøèé ïîðÿäîê ìàëîñò³ âåëè÷èíè ( , ( ))N f r N∗ε  íà îñíîâíèõ 

íàïðÿìêàõ jN  äîñÿãàºòüñÿ çà óìîâè, êîëè 0 0 ( 1)j j jp pα γ = − γ + . Çâ³äñè 

 0

1j
j

p
p

γ =
α + +

.  (21) 

Ïåðøèé äîäàíîê ó âèðàç³ (20) äëÿ çíà÷åíü 00 j j< γ ≤ γ  º íåñê³í÷åííî 

ìàëîþ íàéíèæ÷îãî ïîðÿäêó íà áóäü-ÿêèõ íàïðÿìêàõ, òîìó 

 
1

( , ( )) ,            const
j j

n
j

N j
j j

A
f r N A

N

∗
α γ

=

ε < =∑ . 

Äëÿ âèïàäêó 0

1j j
p

p
γ < γ <

+
 íåñê³í÷åííî ìàëîþ íàéíèæ÷îãî ïîðÿäêó 

(çàëåæíî â³ä íàïðÿìó) ìîæå áóòè ÿê ïåðøèé, òàê ³ äðóãèé äîäàíêè, òîìó 
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1

1

1

,                 0 ,
1

( , ( ))
,      .

1 1

j j

j j
j j

n
j

j
jj j

n
jN

jn
jj j

j
j

A p
pN

Af r N p pB
p pN N

α γ
=

∗

α γ
α γ=

=


< γ ≤ α + +

ε ≤ 
+ < γ < α + + +




∑

∑
∏

 

Òåîðåìó äîâåäåíî. ◊ 

Òåîðåìà 5. Íåõàé 2π -ïåð³îäè÷íà ôóíêö³ÿ ( )f x  ìàº â îáëàñò³ nQ  îá-

ìåæåíó ïîõ³äíó m -ãî ïîðÿäêó ( 1)m ≥ ,  

 
1 1

1

( )
,       

n

m m

nm mm
n

f x f
m m m

x x x

∂ ∂= = + +
∂ ∂ ∂




. 

Òîä³ ñïðàâäæóºòüñÿ îö³íêà 

 
1

1

1

,             0 ,
2

( , ( ))
,      ,

2 1

j

j
j

n
j j

j
j j
n

j j jN
jn

j j
j

j

A m p

pN

A m p m pf r N B
p pN N

γ
=

γ
γ=

=

+
< γ ≤ +

 + +ε ≤ 
+ < γ < + +




∑

∑
∏

 

äå , constjA B = . 

Ä î â å ä å í í ÿ. Îö³íèìî ïåðøèé äîäàíîê âèðàçó (14) ïðè ( )j j jr r N=  

ç óðàõóâàííÿì ôîðìóëè (11): 

 ( ; ; ) ( ) 2 ( ) ( ) ( )nS f x r f x f x rt f x g t dt−

∆

− ≤ + − ⋅ ≤∫  

 
1

2 ( )
n

n
j j

j

A r t g t dt−

=∆

≤ ⋅ ⋅ ≤∑∫  

 
1

1 11

2 ( ) ,       , , const
j

n n
jn

j j j j
j j j

A
B r g t dt A B A

N

−
γ

= =−

≤ ⋅ ≤ =∑ ∑∫ . 

Çíàéäåìî îö³íêó äðóãîãî äîäàíêà âèðàçó (14). Âðàõîâóþ÷è îö³íêó (16) 

òà îö³íêó 
1

1 ,  const
j

n

k m
j j

c b b
k=

≤ = < ∞∏ , äëÿ êîåô³ö³ºíò³â Ôóð’º ôóíêö³¿ ( )f x , 

îäåðæèìî 

 ; ; ( ) ; ; ( ) ( ) ikx
N k

k N

S f x r N S f x r N kr N c e
≥

− = ϕ ≤∑( ) ( ) ( )  

 1 1
1 1

1 1( ( ))
( ( ))j j

j j

n n
ikx

m mp
k N j j k Nj j j j

b kr N e B
k k r N k+

≥ = = ≥

≤ ϕ ≤ ≤∑ ∏ ∏ ∑  

 2 ( 1) 1 ( 1)
1 1

1 1 1
j j j j

j j

n n

p p m m p p
j k N jj j j

B B
N k N

− γ + + + + −γ +
= ≥ =

≤ <∏ ∑ ∏ , 

 ,  constB B = . 
Îòæå, 

 
( 1)

1 1

1( , ( ))
j j j

n n
j

N m p p
j jj j

A
f r N B

N N
γ + −γ +

= =

ε ≤ +∑ ∏ . (22) 
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Îáèäâà äîäàíêè â (22) º íåñê³í÷åííî ìàëèìè âåëè÷èíàìè çà óìîâè 0 <  

1
j

j

m p

p

+
< γ <

+
. Íàéá³ëüøèé ïîðÿäîê ìàëîñò³ âåëè÷èíè ( , ( ))N f r Nε  íà îñíîâ-

íèõ íàïðÿìêàõ jN  äîñÿãàºòüñÿ çà óìîâè 0 0 ( 1)j j jm p pγ = + − γ + . Çâ³äñè 

 0

2
j

j

m p

p

+
γ =

+
.  

Ëåãêî ïåðåêîíàòèñÿ, ùî ïåðøèé äîäàíîê â (22) äëÿ çíà÷åíü 00 j j< γ ≤ γ  

º íåñê³í÷åííî ìàëîþ íàéíèæ÷îãî ïîðÿäêó íà áóäü-ÿêèõ íàïðÿìêàõ, òîìó 

 
1

( , ( )) ,           const
j

n
j

N j
j j

A
f r N A

N
γ

=

ε < =∑ . 

Äëÿ âèïàäêó 0

1
j

j j

m p

p

+
γ < γ <

+
 íåñê³í÷åííî ìàëîþ íàéíèæ÷îãî ïîðÿäêó 

(çàëåæíî â³ä íàïðÿìêó) ìîæå áóòè ÿê ïåðøèé, òàê ³ äðóãèé äîäàíêè. 
Îòæå, 
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1

,              0 ,
2

( , ( ))
,      .

2 1

j

j
j

n
j j

j
j j
n

j j jN
jn

j j
j

j

A m p

pN

A m p m pf r N B
p pN N

γ
=

γ
γ=

=

+
< γ ≤ +

 + +ε ≤ 
+ < γ < + +




∑

∑
∏

 

Òåîðåìó äîâåäåíî. ◊ 

Çàóâàæåííÿ. ßêùî â òåîðåì³ 5 ïðèéìåìî 1m = , òî äëÿ ôóíêö³¿ ( )f x  

ñïðàâäæóºòüñÿ îö³íêà ( ) ( ) ,  constf x t f x ht h+ − ≤ = < ∞ , ÿêà çá³ãàºòüñÿ ç 

óìîâîþ (12) ïðè 1α = . Òîìó çà ö³º¿ óìîâè òâåðäæåííÿ òåîðåì 3, 5 ñï³âïà-
äàþòü. 

Çàïèøåìî âèðàç äëÿ â³äõèëåííÿ ôóíêö³¿ ( )( )mf x  â³ä ïîë³íîìà 
( ) ( ; ; )m
NS f x r  â îáëàñò³ D∗ , ñòðîãî âíóòð³øí³é äî îáëàñò³ nD Q⊂ : 

 ( ) ( )( )
, max ( ; ; ) ( )

m
m m

N m
x D

f x
r S f x r f x

x ∗

∗

∈

∂ ε ≤ − + 
 ∂

 

 ( ) ( )max ( ; ; ) ( ; ; )m m
N

x D
S f x r S f x r

∗∈
+ − .  (23) 

Òåîðåìà 6. Íåõàé 2π -ïåð³îäè÷íà ôóíêö³ÿ ( )f x , 1( ) ( )nf x L Q∈ , â îáëàñ-

ò³ D∗ , ñòðîãî âíóòð³øí³é äî îáëàñò³ nD Q⊂ , ìàº íåïåðåðâíó ïîõ³äíó 

m -ãî ïîðÿäêó ( 1)m ≥ , 
( )m

m

f x

x

∂
∂

, òà îáìåæåíó ïîõ³äíó ( 1)m + -ãî ïîðÿäêó. 

Òîä³ ñïðàâäæóºòüñÿ îö³íêà 
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1

1

,             0 ,
2

( )
, ( )

,      ,
2 1

j

j
j

n
j j

j
j jm
n

j j jN m
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j j
j

j

A p m

pN
f x

A p m p mr N Bx
p pN N

γ
=

∗

γ
γ=

=

−
< γ ≤ +

∂   − −ε ≤  
  + < γ <∂  + +




∑

∑
∏

 

äå , constjA B = . 
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Ä î â å ä å í í ÿ. Îö³íèìî ïåðøèé äîäàíîê âèðàçó (23) ïðè ( )j j jr r N=  

â îáëàñò³ D∗ . Âèêîðèñòîâóþ÷è ôîðìóëè äëÿ ( ) ( ; ; )mS f x r  ç òåîðåìè 2, îäåð-
æèìî âèðàç 

 ( ) ( ) ( )( )
( ; ; ) ( ) 2 ( ) ( )

m
m m n m

m

f x r
S f x r f x g d f x

x
−

∆

∂ + ξ− = ξ ξ − ≤
∂∫  

 
1

( ) ( )
2 ( )

nm m
n

jm m
j

f x r f x
g d

x x
−

=∆

∂ + ξ ∂≤ − ξ ξ <
∂ ∂

∏∫  

 
1 1

2 ( ) ,         const
j

n n
jn

j j j
j j j

A
r t g t dt A

N

−
γ

= =∆

< < =∑ ∑∫ . 

Âðàõîâóþ÷è íåð³âíîñò³ (16) ³ íåð³âí³ñòü kc A≤ < ∞ , 1( ) ( )nf x L Q∈ , 

îòðèìóºìî îö³íêó äðóãîãî äîäàíêà âèðàçó (23): 

 ( ) ( ); ; ( ) ; ; ( ) ( ) ( ( ))
N

m m m ikx
k

k N

S f x r N S f x r N ik kr N c e
≥

− = ϕ ≤∑( ) ( )  

 1 2 ( 1) 1
1 1

1 1( ( ))j

j
j j

n n
m ikx
j p p m

k N j j k Nj j

B k kr N e B
r k

+ + −
≥ = = ≥

≤ ϕ ≤ <∑ ∏ ∏ ∑  

 3 ( 1) 1 ( 1)
1 1

1 1 1
j j j j

j j

n n

p p m p m p
k Nj jj j j

B B
N k N

− γ + + − − − γ +
≥= =

< <∑∏ ∏ , 

äå , constB B = . 
Îòæå, 

 
( 1)

1 1

( ) 1, ( )
j j j

n nm
j

N m p m p
j jj j

Af x
r N B

x N N

∗
γ − − γ +

= =

∂ ε ≤ + 
 ∂

∑ ∏ , (24) 

äå , constjA B = < ∞ . 

Çíàéäåìî ïîðÿäîê íàáëèæåííÿ íà îñíîâíèõ íàïðÿìêàõ jN  ôóíêö³¿ 

( )( )mf x  ïîë³íîìàìè ( ) ; ; ( )m
NS f x r N( ) . Â³äïîâ³äí³ äîäàíêè (24) º íåñê³í÷åííî 

ìàëèìè âåëè÷èíàìè çà óìîâè 0
1

j
j

p m

p

−
< γ <

+
 . Íàéá³ëüøèé ïîðÿäîê ìàëîñ-

ò³ âåëè÷èíè 
( )

, ( )
m

N m

f x
r N

x
∗ ∂ ε  

 ∂
 íà öèõ íàïðÿìêàõ äîñÿãàºòüñÿ çà óìîâè 

0 0 ( 1)j j jp m pγ = − − γ + . Çâ³äñè 

 0

2
j

j

p m

p

−
γ =

+
.  (25) 

Ëåãêî ïåðåêîíàòèñÿ, ùî ïåðøèé äîäàíîê â (24) äëÿ çíà÷åíü 00 j j< γ ≤ γ  

º íåñê³í÷åííî ìàëîþ âåëè÷èíîþ íàéíèæ÷îãî ïîðÿäêó íà áóäü-ÿêèõ íàïðÿì-
êàõ, òîìó 
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, ( ) ,           const
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x N

∗
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=

∂ ε < = < ∞ 
 ∂

∑ . 

Êîëè ïàðàìåòð jγ  â (24) íàáóâàº çíà÷åíü ç ³íòåðâàëó 0

1
j

j j

p m

p

−
γ < γ <

+
, 

íåñê³í÷åííî ìàëîþ íàéíèæ÷îãî ïîðÿäêó (çàëåæíî â³ä íàïðÿìêó) ìîæå áóòè 
ÿê ïåðøèé, òàê ³ äðóãèé äîäàíêè. 
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Òàêèì ÷èíîì, íåð³âí³ñòü (24) íàáóäå âèãëÿäó 
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


∑

∑
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äå , constjA B = . Òåîðåìó äîâåäåíî. ◊ 

5. Âèñíîâêè. Ñôîðìóëüîâàí³ òåîðåìè ðîçøèðþþòü ìåæ³ çàñòîñîâíîñò³ 
ìàòåìàòè÷íîãî àïàðàòó ìåòîäó Ôóð’º ç âèêîðèñòàííÿì ñèñòåì òðèãîíîìåò-
ðè÷íèõ ôóíêö³é äëÿ ðîçâ’ÿçóâàííÿ çàäà÷ ìàòåìàòè÷íîãî àíàë³çó òà ìàòå-
ìàòè÷íî¿ ô³çèêè, çîêðåìà, äëÿ ïîáóäîâè ñèíãóëÿðíèõ ðîçâ’ÿçê³â ð³âíÿíü ç 
÷àñòèííèìè ïîõ³äíèìè. 

Çîáðàæåííÿ ñèíãóëÿðíèõ ôóíêö³é ó âèãëÿä³ çá³æíèõ ïîñë³äîâíîñòåé 
óçàãàëüíåíèõ ÷àñòèííèõ ñóì ðÿä³â äîçâîëÿº âèêîðèñòîâóâàòè ¿õ äëÿ çâå-
äåííÿ êðàéîâèõ çàäà÷ äî ³íòåãðàëüíèõ ð³âíÿíü ³ ôîðìóëþâàííÿ åôåêòèâíèõ 
÷èñëîâèõ ìåòîä³â ¿õ ðîçâ’ÿçóâàííÿ. 
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СУММИРОВАНИЕ КРАТНЫХ ТРИГОНОМЕТРИЧЕСКИХ РЯДОВ 
ОБОБЩЕННЫМИ МЕТОДАМИ, СФОРМУЛИРОВАННЫМИ 
С ИСПОЛЬЗОВАНИЕМ δ -ПОДОБНЫХ ФИНИТНЫХ ФУНКЦИЙ 
 
Ðàññìàòðèâàþòñÿ îáîáùåííûå ñóììû êðàòíûõ òðèãîíîìåòðè÷åñêèõ ðÿäîâ. Èñ-
ñëåäîâàíû äîñòàòî÷íûå óñëîâèÿ ñõîäèìîñòè ðÿäîâ, ïîëó÷åííûõ ïî÷ëåííûì äèô-
ôåðåíöèðîâàíèåì ðÿäîâ äëÿ ôóíêöèé, èíòåãðèðóåìûõ ïî Ëåáåãó, à òàêæå èññëå-
äîâàíû ïîãðåøíîñòè ïðèáëèæåíèÿ ôóíêöèé ïîñëåäîâàòåëüíîñòÿìè îáîáùåííûõ 
÷àñòè÷íûõ ñóìì ðÿäîâ. 
 
SUMMATION OF MULTIPLE TRIGONOMETRIC 
SERIES BY GENERALIZED METHODS FORMULATED 
BY USING δ -LIKE FINITE FUNCTIONS 
 
The generalized sums of multiple trigonometric series are studied. Sufficient conditions 
of series convergence obtained by term-wise differentiation of the series for the Lebes-
gue integrable functions are investigated. The errors of approximation of the functions 
by the sequences of generalized partial sums of series are also considered. 
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