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РЕШЕНИЕ СТАЦИОНАРНОЙ ЗАДАЧИ ТЕПЛОПРОВОДНОСТИ 
СЛОИСТЫХ АНИЗОТРОПНЫХ НЕОДНОРОДНЫХ  
ПЛАСТИН МЕТОДОМ НАЧАЛЬНЫХ ФУНКЦИЙ 
 

Ñôîðìóëèðîâàíà çàäà÷à ñòàöèîíàðíîé òåïëîïðîâîäíîñòè ñëîèñòûõ ïëàñòèí 
ïîñòîÿííîé è ïåðåìåííîé òîëùèíû â ïðîñòðàíñòâåííîé ïîñòàíîâêå. Ìåòî-
äîì íà÷àëüíûõ ôóíêöèé òðåõìåðíàÿ çàäà÷à ñâåäåíà ê äâóìåðíîé. Äëÿ ïëàñ-
òèí ñî ñëîÿìè ïåðåìåííîé òîëùèíû ïîëó÷åíà ñèñòåìà ðàçðåøàþùèõ óðàâ-
íåíèé ñ ïåðåìåííûìè êîýôôèöèåíòàìè. Ïðîàíàëèçèðîâàíû ïîëó÷àþùèåñÿ 
äâóìåðíûå ãðàíè÷íûå çàäà÷è. Äëÿ ïëàñòèí ñ îäíîðîäíûìè ñëîÿìè ïîñòîÿí-
íîé òîëùèíû ïîñòðîåíî ðåøåíèå â àíàëèòè÷åñêîé ôîðìå. Ïîêàçàíî, ÷òî ýòî 
ðåøåíèå ñîâïàäàåò ñ ðåøåíèåì ïî ìåòîäó ðàçäåëåíèÿ ïåðåìåííûõ. 

 
Â ñîâðåìåííûõ ýíåðãåòè÷åñêèõ óñòàíîâêàõ, èçäåëèÿõ ìàøèíîñòðîåíèÿ 

è â îáúåêòàõ ñòðîéèíäóñòðèè øèðîêî èñïîëüçóþòñÿ òîíêîñòåííûå ýëåìåí-
òû êîíñòðóêöèé òèïà ñëîèñòûõ ïëàñòèí è îáîëî÷åê äëÿ ýôôåêòèâíîé òåï-
ëîçàùèòû èëè àêêóìóëÿöèè è ïåðåäà÷è òåïëà.  

Ïðè ïîñòðîåíèè ìàòåìàòè÷åñêèõ ìåòîäîâ èññëåäîâàíèÿ ïðîñòðàíñòâåí-
íîãî ñòàöèîíàðíîãî ïîëÿ òåìïåðàòóð òîíêîñòåííûõ ýëåìåíòîâ êîíñòðóêöèé 
èññëåäîâàòåëè âñåãäà ïûòàëèñü ñâåñòè ðåøåíèå òðåõìåðíîé çàäà÷è ê ñîâî-
êóïíîñòè ðåøåíèé íåêîòîðûõ áîëåå ïðîñòûõ äâóìåðíûõ è îäíîìåðíûõ çà-
äà÷. Ñïîñîáîâ ïîíèæåíèÿ ðàçìåðíîñòè ðåøàåìûõ çàäà÷ ðàçðàáîòàíî òàêîå 
êîëè÷åñòâî [1, 2], ÷òî èõ äåòàëüíûé àíàëèç äàëåêî âûõîäèò çà ðàìêè íàñòî-
ÿùåãî èññëåäîâàíèÿ. Ïðè ýòîì, ó÷èòûâàÿ ìàëûé ðàçìåð â ïîïåðå÷íîì íà-
ïðàâëåíèè, àâòîðû ðàçíûìè ñïîñîáàìè ñòðåìÿòñÿ èçáàâèòüñÿ îò ïîïåðå÷íîé 
êîîðäèíàòû, ñâîäÿ ïðîáëåìó ê ðåøåíèþ êðàåâûõ çàäà÷ â ïëàíå. Íàëè÷èå 
ìàëîãî ãåîìåòðè÷åñêîãî ïàðàìåòðà ïîçâîëÿåò ðàçûñêèâàòü ðåøåíèå òðåõ-
ìåðíîé çàäà÷è òåïëîïðîâîäíîñòè òîíêîñòåííûõ êîíñòðóêöèé àñèìïòîòè÷åñ-
êèìè ìåòîäàìè [4, 5]. 

Íàñòîÿùåå èññëåäîâàíèå ïîñâÿùåíî ðàçðàáîòêå ìåòîäà ðåøåíèÿ ïðî-
ñòðàíñòâåííîé çàäà÷è ñòàöèîíàðíîé òåïëîïðîâîäíîñòè ñëîèñòûõ àíèçîòðîï-
íûõ ïëàñòèí ïîñòîÿííîé èëè ïåðåìåííîé òîëùèíû. Äëÿ ñâåäåíèÿ òðåõìåð-
íîé çàäà÷è òåïëîïðîâîäíîñòè ñëîèñòûõ ïëàñòèí ê áîëåå ïðîñòûì äâóìåð-
íûì çàäà÷àì âîñïîëüçóåìñÿ ìåòîäîì íà÷àëüíûõ ôóíêöèé, íàøåäøèì øè-
ðîêîå ïðèìåíåíèå â òåîðèè óïðóãîñòè ïðè ðàñ÷åòå òàêèõ ýëåìåíòîâ êîíñò-
ðóêöèé â ïðîñòðàíñòâåííîé ïîñòàíîâêå [3]. 

Ðàññìîòðèì ïëàñòèíó, ñîñòîÿùóþ èç M  àíèçîòðîïíûõ íåîäíîðîäíûõ 
ñëîåâ ïîñòîÿííîé èëè ïåðåìåííîé òîëùèíû. Ñâÿæåì ñ ïëàñòèíîé ïðÿìî-
óãîëüíóþ äåêàðòîâó ñèñòåìó êîîðäèíàò 1 2 3, ,x x x  òàê, ÷òîáû îñü 3Ox  áûëà 

íàïðàâëåíà â ïîïåðå÷íîì íàïðàâëåíèè ïëàñòèíû, à ïëîñêîñòü 1 2x x  îïðåäå-
ëÿëà ïîëîæåíèå òî÷åê ïëàñòèíû â ïëàíå. Ïðîíóìåðóåì âñå ñëîè ïîñëåäîâà-
òåëüíî ñíèçó ââåðõ, ò. å. ïåðâûé ñëîé áóäåò íèæíèì, à M -é ñëîé – âåðõ-
íèì. Íà ãðàíèöàõ ìåæäó ñëîÿìè âûïîëíÿþòñÿ óñëîâèÿ èäåàëüíîãî òåïëîâî-
ãî êîíòàêòà. 

Ïðåäïîëàãàåì, ÷òî îäíà èç ãëàâíûõ òåïëîôèçè÷åñêèõ îñåé àíèçîòðî-
ïèè êàæäîãî ñëîÿ ñîâïàäàåò ñ îñüþ 3Ox  è ìàòåðèàë ñëîÿ îäíîðîäåí â ïîïå-
ðå÷íîì íàïðàâëåíèè, ò. å. 

 ( ) ( ) ( )
13 23

3
0,        0,       , 1,2,3m m m

ij i j
x
∂λ = λ = λ = =

∂
.  (1) 

(Òàêèìè ñâîéñòâàìè áóäóò îáëàäàòü, íàïðèìåð, ñëîè, àðìèðîâàííûå â ïëîñ-
êîñòÿõ, ïàðàëëåëüíûõ ïëîñêîñòè 1 2x x , ïðè îäíîðîäíîì àðìèðîâàíèè ïî íà-

ïðàâëåíèþ 3Ox .) 
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Ââåäåì îáîçíà÷åíèÿ: ( )mT  – òåìïåðàòóðà m -ãî ñëîÿ; ( )mw  – ïëîòíîñòü 

ìîùíîñòè âíóòðåííèõ èñòî÷íèêîâ òåïëà â m -ì ñëîå; ( )m
ijλ  – êîýôôèöèåíòû 

òåïëîïðîâîäíîñòè ìàòåðèàëà m -ãî ñëîÿ (â îáùåì ñëó÷àå, ôóíêöèè ïåðå-

ìåííûõ 1 2,x x ); ( )
nq ±  – çàäàííûé òåïëîâîé ïîòîê ÷åðåç âåðõíþþ (+) è íèæ-

íþþ (–) ëèöåâóþ ïîâåðõíîñòè ïëàñòèíû ñîîòâåòñòâåííî; ( )±α  – êîýôôèöè-
åíòû êîíâåêòèâíîãî òåïëîîáìåíà ñ îêðóæàþùåé ñðåäîé íà âåðõíåé (+) è 

íèæíåé (–) ñòîðîíàõ ïëàñòèíû; ( )T ±
∞  – òåìïåðàòóðà îêðóæàþùåé ñðåäû ñî 

ñòîðîíû âåðõíåé (+) è íèæíåé (–) ëèöåâîé ïîâåðõíîñòè; T∞  – òåìïåðàòóðà 
îêðóæàþùåé ñðåäû ñî ñòîðîíû òîðöåâîé ïîâåðõíîñòè ïëàñòèíû (êðîìêè); 

( )m
nq  – çàäàííûé òåïëîâîé ïîòîê ÷åðåç òîðöåâóþ ïîâåðõíîñòü m -ãî ñëîÿ; 
( )mα  – êîýôôèöèåíò òåïëîîáìåíà ïî çàêîíó Íüþòîíà ìåæäó m -ì ñëîåì è 

îêðóæàþùåé ñðåäîé íà òîðöåâîé ïîâåðõíîñòè; H  – õàðàêòåðíàÿ òîëùèíà 
ïëàñòèíû; a  – õàðàêòåðíûé ðàçìåð ïëàñòèíû â ïëàíå; T∗  – íåêîòîðîå õà-
ðàêòåðíîå çíà÷åíèå òåìïåðàòóðû êîíñòðóêöèè (íàïðèìåð, òåìïåðàòóðà 

åñòåñòâåííîãî ñîñòîÿíèÿ); ∗λ  – õàðàêòåðíîå çíà÷åíèå êîýôôèöèåíòà òåïëî-
ïðîâîäíîñòè ìàòåðèàëîâ ñëîåâ ïëàñòèíû (íàïðèìåð, ìàêñèìàëüíàÿ ïî ñëî-
ÿì âåëè÷èíà íàèáîëüøåãî èç ãëàâíûõ çíà÷åíèé òåíçîðà êîýôôèöèåíòîâ 

òåïëîïðîâîäíîñòè ( )m
ijλ ); ( )m

iq  – êîìïîíåíòû âåêòîðà òåïëîâîãî ïîòîêà ïî 

íàïðàâëåíèÿì ix , 1,2,3i = , â m -ì ñëîå ñîîòâåòñòâåííî. 
Ïåðåéäåì ê áåçðàçìåðíûì ïåðåìåííûì, ôóíêöèÿì è âåëè÷èíàì: 

 ( ) ( ) ( ) ( )
3 3

1 1 1 1,   1,2,   ,   ,    m m m m
k k i ix x k x x q q a T T

a H TT ∗∗ ∗

= = = = =
λ

, 

 
( )

( ) ( ) ( ) 2 ( ) ( )1 1,      , 1, 2,3,       ,      
m

m m m
ij ij

wi j w a T T
TT

± ±
∞ ∞

∗∗ ∗ ∗

λ = λ = = =
λ λ

, 

 
( ) ( )( )

( ) ( ) ( )1,       ,     ,            
m

mn n
n n

q q
q a a T T q a

TT T

± ±
± ±

∞ ∞
∗∗ ∗ ∗ ∗ ∗

α= α = = =
λ λ λ

, 

 
( )

( ) 1,      ,        1
m

m a H m M
a

∗

αα = ε = ≤ ≤
λ

,  (2) 

ãäå ε  – ìàëûé ãåîìåòðè÷åñêèé ïàðàìåòð, òàê êàê ïðåäïîëàãàåòñÿ, ÷òî 

H a . 
Ñòàöèîíàðíàÿ çàäà÷à òåïëîïðîâîäíîñòè ñëîèñòîé ïëàñòèíû ñ ó÷åòîì 

(1), (2) îïèñûâàåòñÿ ñëåäóþùèìè áåçðàçìåðíûìè óðàâíåíèÿìè è ñîîòíîøå-
íèÿìè:  

– óðàâíåíèåì òåïëîïðîâîäíîñòè m -ãî ñëîÿ 

 ( ) ( ) ( ) ( )
1 1 2 2 3 3 ( )m m m mq q q wε∂ + ε∂ + ∂ = ε x , 

 1 2 3, , ,      1x x x m M= ≤ ≤x { } ;  (3) 
– ñîîòíîøåíèÿìè çàêîíà òåïëîïðîâîäíîñòè Ôóðüå 

 ( ) ( ) ( ) ( ) ( ) ( ) 1 ( ) ( )
1 1 2 2 3 33 3,    1,2,    m m m m m m m m

i i iq T T i q T−= −λ ∂ − λ ∂ = = − ε λ ∂ ;  (4) 

– óñëîâèÿìè ñîïðÿæåíèÿ ðåøåíèÿ ïî òåïëîâîìó ïîòîêó è òåìïåðàòóðå 
íà ïîâåðõíîñòÿõ 3 1 2( , ; )mnx f x x= ε  êîíòàêòà m -ãî è ( 1)m + -ãî ñëîåâ 

 
3 3

( ) ( , ) ( ) ( , ) ( ) ( )

1 1

,           ( ) ( )m m n n m n m n
i i i i

i i

q n q n T T
= =

= =∑ ∑ x x , 

 3 1 2 1 2( , ; ),    ( , ) ,      1,    1 1mnx f x x x x G n m m M= ε ∈ = + ≤ ≤ − ;  (5) 
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– ãðàíè÷íûìè óñëîâèÿìè îáùåãî âèäà, çàäàííûìè íà ëèöåâûõ ïîâåðõ-

íîñòÿõ ( )
3 1 2( , ; )x f x x±= ε  ïëàñòèíû, 

 
3

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
3 1 2

1

,     ( , ; )M M
i i n

i

q n q T T x f x x+ + + + + + + +
∞

=
β = γ + δ α − = ε∑ ( ) , 

 
3

( ) (1) ( ) ( ) ( ) ( ) ( ) (1) ( ) ( )
3 1 2

1

,        ( , ; )i i n
i

q n q T T x f x x− − − − − − − −
∞

=
β = γ + δ α − = ε∑ ( ) , 

 1 2( , )x x G∈ ;  (6) 
– ãðàíè÷íûìè óñëîâèÿìè, çàäàííûìè íà òîðöåâîé ïîâåðõíîñòè (êðîì-

êå) ïëàñòèíû, 

 
2

( ) ( ) ( )
1 2

1

,         ( , )m m m
i i n

i

q n q T T x x∞
=

β = γ + δα − ∈ Γ∑ ( ) , 

 1, 3 , 1( ; ) ( ; ),               1m m m mf x f m M− +Γ ε ≤ ≤ Γ ε ≤ ≤ ,  (7) 

ãäå 

 ( , ) ( , )1 2
32 2 2 2

1 2 1 2

( , ; ) 1,    
1 ( ) ( ) 1 ( ) ( )

m n m ni mn
i

mn mn mn mn

f x x
n n

f f f f

∂ ε −= =
+ ∂ + ∂ + ∂ + ∂

, 

 
( ) ( ) ( )

( ) ( )1 2
3( ) 2 ( ) 2 ( ) 2 ( ) 2

1 2 1 2

( , ; )
,      

1 1

i
i

f x x
n n

f f f f

± ± ±
± ±

± ± ± ±

η ∂ ε −η= =
+ ∂ + ∂ + ∂ + ∂( ) ( ) ( ) ( )

, 

 1,2i = , 

 ( ) ( )
0,1 1 2 1 2 , 1 1 2 1 2( , ; ) ( , ; ),           ( , ; ) ( , ; )M Mf x x f x x f x x f x x− +

+ε ≡ ε ε ≡ ε , 

 1( ) ( ),      1,2,3k
k

k
x

∂ ⋅ ≡ ∂ ⋅ =
∂

, (8) 

( )
1 2( , ) 1x x±η = ±  – ôóíêöèÿ ïåðåêëþ÷åíèÿ, ïîçâîëÿþùàÿ çàäàòü âåêòîð 

åäèíè÷íîé âíåøíåé íîðìàëè ê íèæíåé (–) è âåðõíåé (+) ëèöåâûì ïîâåðõ-

íîñòÿì; ( ) ( ) ( ), ,± ± ±β γ δ  – ôóíêöèè ïåðåêëþ÷åíèÿ, ïîçâîëÿþùèå çàäàâàòü òîò 

èëè èíîé òèï ãðàíè÷íûõ óñëîâèé íà ëèöåâûõ ïîâåðõíîñòÿõ; G  – îáëàñòü, 
çàíèìàåìàÿ ïëàñòèíîé â ïëàíå è îãðàíè÷åííàÿ êîíòóðîì Γ ; 1 2,n n  – êîì-

ïîíåíòû âåêòîðà âíåøíåé åäèíè÷íîé íîðìàëè ê Γ , 2 2
1 2 31, 0n n n+ = = ; ( )β Γ , 

( ), ( )γ Γ δ Γ  – ôóíêöèè ïåðåêëþ÷åíèÿ, ïîçâîëÿþùèå çàäàâàòü òîò èëè èíîé 
òèï ãðàíè÷íûõ óñëîâèé íà òîðöåâîé ïîâåðõíîñòè. 

Êàê îáû÷íî, ïðåäïîëàãàåòñÿ, ÷òî òåìïåðàòóðà T  íå ñèëüíî îòëè÷àåòñÿ 

îò çíà÷åíèÿ T∗  (â ïðîòèâíîì ñëó÷àå ïðèøëîñü áû ó÷èòûâàòü òåðìî÷óâñòâè-
òåëüíîñòü ìàòåðèàëîâ ñëîåâ ïëàñòèíû, ÷òî âûõîäèò çà ðàìêè íàñòîÿùåãî 
èññëåäîâàíèÿ). Åñëè ñ÷èòàòü, ÷òî èçìåíåíèþ ìàëîãî ïàðàìåòðà ε  ñîîòâåòñò-

âóåò èçìåíåíèå õàðàêòåðíîãî çíà÷åíèÿ òîëùèíû ïëàñòèíû H  ïðè ôèêñè-
ðîâàííîé ãåîìåòðèè êîíñòðóêöèè â ïëàíå (ïðè ôèêñèðîâàííîì õàðàêòåðíîì 
ðàçìåðå a ), òî îñíîâíûå ôóíêöèè è âåëè÷èíû, ïðèâåäåííûå â (2), èìåþò 
ñëåäóþùèå àñèìïòîòè÷åñêèå ñâîéñòâà: 

 ( ) ( ) ( ) ( )(1),    , 1,2,3,     (1),     (1),    (1)m m
ij O i j w O T O q O± ±

∞λ = = = = = , 

 ( ) ( ) ( )(1),   (1),   (1),   (1)m m
nO T O q O O±

∞α = = = α =  ïðè 0ε → .  (9) 

Äàëåå áóäåì ïðåäïîëàãàòü, ÷òî ïëîòíîñòü ìîùíîñòè âíóòðåííèõ èñòî÷-

íèêîâ òåïëà íå èçìåíÿåòñÿ ïî òîëùèíå êàæäîãî ñëîÿ: ( )
3 0mw∂ = . 

Èç ðàâåíñòâ (3), (4) ñëåäóåò, ÷òî  

 ( ) 2 ( ) ( ) ( ) ( )
3 3( ) ,    ,    1m m m m m

mQ T W T Q m M∂ = εΛ + ε ∂ = − ε ≤ ≤ ,  (10) 



225 

ãäå 

 ( ) ( ) ( ) ( )
3 1 2 1 2( ) ( )

33 33 1 2

1 1( ) ,       ( , ) ( , )
( , )

m m m m
m m

Q q W x x w x x
x x

≡ ≡
λ λ

x ,  

 
2

2 ( ) ( )
1 1 2 2( )

133

1( ) ( ) ( )m m
m i i im

i=
Λ ⋅ ≡ ∂ λ ∂ ⋅ + λ ∂ ⋅

λ
∑ ( ) . (11) 

Â ñèëó ïîñòóëàòà Îíçàãåðà 2 ( )mΛ ⋅  – ýëëèïòè÷åñêèé îïåðàòîð ïî äâóì ïðî-

ñòðàíñòâåííûì ïåðåìåííûì 1 2,x x . 
Ñîãëàñíî èäåå ìåòîäà íà÷àëüíûõ ôóíêöèé [3] â êà÷åñòâå îñíîâíûõ íå-

èçâåñòíûõ ôóíêöèé âûáåðåì ( ) ( ),m mQ T . Ðàçëîæèì ýòè ôóíêöèè â ðÿä Òåé-

ëîðà ïî ïåðåìåííîé 3x  â îêðåñòíîñòè íåêîòîðîé ïëîñêîñòè 
( )

3 3 constmx x= = : 

 ( )
3

( ) ( ) ( ) ( )
0 1 2 3 3 3( ) ( , ) ( ) m

m m m m

x
T T x x x x T= + − ∂ +x ( )  

 ( ) ( )
3 3

2 ( ) ( ) 2 3 ( ) ( ) 3
3 3 3 3 3 3

1 1( ) ( )
2! 3!m m

m m m m

x x
T x x T x x+ ∂ − + ∂ − +( ) ( ) , 

 ( ) ( ) ( )
0 1 2 3( , , )m m mT T x x x≡ , 

 ( )
3

( ) ( ) ( ) ( )
0 1 2 3 3 3( ) ( , ) ( ) m

m m m m

x
Q Q x x x x Q= + − ∂ +x ( )  

 ( ) ( )
3 3

2 ( ) ( ) 2 3 ( ) ( ) 3
3 3 3 3 3 3

1 1( ) ( )
2! 3!m m

m m m m

x x
Q x x Q x x+ ∂ − + ∂ − +( ) ( ) , 

 ( ) ( ) ( )
0 1 2 3( , , ) ,           1m m mQ Q x x x m M≡ ≤ ≤( ) . (12) 

Óìíîæèì (10) íà 2 3
3 3 3, ,∂ ∂ ∂  è ò. ä. è ïðåîáðàçóåì ïîëó÷àþùèåñÿ ðàâåíñòâà ñ 

ó÷åòîì (10), (11): 

 2 ( ) 2 2 ( ) 2 ( ) 2 2 ( ) 2 ( )
3 3,        m m m m m

m mQ Q T T W∂ = − ε Λ ∂ = − ε Λ − ε( ) ( ) , 

 3 ( ) 3 2 2 ( ) 3 2 ( ) 3 ( ) 3 2 ( )
3 3,     m m m m m

m m mQ T W T Q∂ = − ε Λ − ε Λ ∂ = ε Λ( ) ( ) ( ) ( ) , 

 4 ( ) 4 2 2 ( ) 4 ( ) 4 2 2 ( ) 4 2 ( )
3 3,     m m m m m

m m mQ Q T T W∂ = ε Λ ∂ = ε Λ + ε Λ( ) ( ) ( ) ( ) ( ) , 

 5 ( ) 5 2 3 ( ) 5 2 2 ( ) 5 ( ) 5 2 2 ( )
3 3,    m m m m m

m m mQ T W T Q∂ = ε Λ + ε Λ ∂ = − ε Λ( ) ( ) ( ) ( ) ( ) ( ) , 

 6 ( ) 6 2 3 ( ) 6 ( ) 6 2 3 ( ) 6 2 2 ( )
3 3,   m m m m m

m m mQ Q T T W∂ = − ε Λ ∂ = − ε Λ − ε Λ( ) ( ) ( ) ( ) ( ) ( ) , 

 7 ( ) 7 2 4 ( ) 7 2 3 ( )
3

m m m
m mQ T W∂ = − ε Λ − ε Λ( ) ( ) ( ) ( ) , 

 7 ( ) 7 2 3 ( )
3

m m
mT Q∂ = ε Λ( ) ( )  è  ò. ä. (13)  

Ïîäñòàâèâ (13) â ðàçëîæåíèÿ (12) è ñîáðàâ ñëàãàåìûå ïðè ôóíêöèÿõ 
( )
0
mT , ( )

0
mQ , â îïåðàòîðíîé ôîðìå áóäåì èìåòü 

 ( ) ( ) ( ) ( ) ( ) ( ) ( )
3 0 1 2 3 0 1 2 3( ) ( ) ( , ) ( ) ( , ) ( )m m m m m m m

TT TQ TWT L x T x x L x Q x x L x W= ε + ε + εx , 

 ( ) ( ) ( )
3 0 1 2( ) ( ) ( , )m m m

QTQ L x T x x= ε +x  

 ( ) ( ) ( ) ( )
3 0 1 2 3( ) ( , ) ( )m m m m

QQ QWL x Q x x L x W+ ε + ε , (14)  

ãäå ëèíåéíûå îïåðàòîðû ïðè èñïîëüçîâàíèè ñèìâîëè÷åñêîãî ìåòîäà èìåþò 
âèä 

 ( ) ( ) ( )
3 3 3 3( ) ( ) cos ( )m m m

TT QQ mL x L x x xε ≡ ε = ε − Λ =[ ]  

 2 ( ) 2 2
3 3

0

( 1)
( )

(2 )!

k
k m k k

m
k

x x
k

∞

=

−= ε − Λ∑ ( ) , 
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 ( ) ( ) ( )
3 3 3 3

1( ) ( ) sin ( )m m m
TQ QW m

m
L x L x x xε ≡ − ε = − ε − Λ =

Λ
[ ]  

 2 1 ( ) 2 1 2
3 3

0

( 1)
( )

(2 1)!

k
k m k k

m
k

x x
k

∞
+ +

=

−= − ε − Λ
+∑ ( ) , 

 ( ) ( )
3 3 3( ) sin ( )m m

QT m mL x x xε = Λ ε − Λ =[ ]  

 2 1 ( ) 2 1 2 1
3 3

0

( 1)
( )

(2 1)!

k
k m k k

m
k

x x
k

∞
+ + +

=

−= ε − Λ
+∑ ( ) , 

 ( ) ( )
3 3 32

1( ) cos ( ) 1m m
TW m

m

L x x xε = ε − Λ − =
Λ

{ }[ ]  

 2 ( ) 2 2 1
3 3

1

( 1)
( )

(2 )!

k
k m k k

m
k

x x
k

∞
−

=

−= ε − Λ∑ ( ) . (15) 

Èç ïåðâûõ äâóõ ðàâåíñòâ (4) è ïåðâîãî èç ñîîòíîøåíèé (14) ñëåäóåò, ÷òî 

 
2 2 2

( ) ( ) ( ) ( ) ( ) ( ) ( )
0 0

1 1 1

( ) ( ) ( )m m m m m m m
i ij j TT ij j TQ ij j TW

j j j

q L T L Q L W
= = =

= − λ ∂ − λ ∂ − λ ∂∑ ∑ ∑ , 

 1,2,       1i m M= ≤ ≤ . (16) 

Â ñîîòíîøåíèÿõ (15) ïîëîæåíèÿ íà÷àëüíûõ ïëîñêîñòåé ( )
3 3

mx x=  âûáè-
ðàþòñÿ èç óäîáñòâà ðåøåíèÿ êîíêðåòíîé çàäà÷è. 

Äëÿ äàëüíåéøåãî èçëîæåíèÿ â (14), (16) ñ ó÷åòîì (11) ââåäåì ïåðåîáî-
çíà÷åíèÿ: 

 ( ) ( ) ( ) ( ) ( )
1 3 01 1 2 2 3 02 1 2( ) ( ) ( , ) ( ) ( , )m m m m m

i i iF L x F x x L x F x x= ε + ε +x  

 ( ) ( )
3 3 03 1 2( ) ( , )m m

iL x F x x+ ε , 

 
2 2 2

( ) ( ) ( ) ( ) ( ) ( ) ( )
11 01 12 02 13 03

1 1 1

( ) ( ) ( ) ( )m m m m m m m
i ij j ij j ij j

j j j

q L F L F L F
= = =

= − λ ∂ − λ ∂ − λ ∂∑ ∑ ∑x , 

  1,2,       1i m M= ≤ ≤ , (17) 
ãäå 

 ( ) ( ) ( ) ( )
 01 1 2 0 1 2 02 1 2 0 1 2    ( , ) ( , ),   ( , ) ( , )m m m mF x x T x x F x x Q x x≡ ≡ , 

 ( ) ( ) ( ) ( ) ( ) ( )
03 1 2 1 2 1 2( , ) ( , ),      ( ) ( ),     ( ) ( )m m m m m mF x x W x x F T F Q≡ ≡ ≡x x x x , 

 ( ) ( ) ( )
11 3 22 3 3( ) ( ) ( )m m m

TTL x L x L xε ≡ ε ≡ ε , 

 ( ) ( ) ( )
12 3 23 3 3( ) ( ) ( )m m m

TQL x L x L xε ≡ − ε ≡ ε , 

 ( ) ( ) ( ) ( )
13 3 3 21 3 3( ) ( ),     ( ) ( )m m m m

TW QTL x L x L x L xε ≡ ε ε ≡ ε ,  (18) 

ôóíêöèè ( ) ( )
01 02,m mF F  ïîäëåæàò îïðåäåëåíèþ, à ôóíêöèè ( )

03
mF  èçâåñòíû. 

Ïîäñòàâèì âûðàæåíèÿ (17) â ðàâåíñòâà (5), (6) è ó÷òåì (18). Òîãäà ïî-
ëó÷èì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé 

 
3 3

( ) ( ) ( ) ( )
1 1 2 0 1 2 1 1 2 0 1 2

1 1

( , ; ) ( , ) ( , ; ) ( , )m m n n
i mn i i mn i

i i

L f x x F x x L f x x F x x
= =

ε ε = ε ε∑ ∑( ) ( ) , 

 
2 2 3

( , ) ( ) ( ) ( )
1 1 2 0 1 2

1 1 1

( , ; ) ( , )m n m m m
i ij j mn

i j

n L f x x F x x
= = =

− λ ∂ ε ε +∑ ∑ ∑  


( )[ ]  

 
3

( , ) ( ) ( ) ( )
3 33 2 1 2 0 1 2

1

( , ; ) ( , )m n m m m
mnn L f x x F x x

=

+ λ ε ε =∑  


( )  

 
2 2 3

( , ) ( ) ( ) ( )
1 1 2 0 1 2

1 1 1

( , ; ) ( , )m n n n n
i ij j mn

i j

n L f x x F x x
= = =

= − λ ∂ ε ε +∑ ∑ ∑  


( )[ ]  
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3

( , ) ( ) ( ) ( )
3 33 2 1 2 0 1 2

1

( , ; ) ( , )m n n n n
mnn L f x x F x x

=

+ λ ε ε∑  


( ) , 

 1,      1 1n m m M= + ≤ ≤ − ,  (19) 

 
2 2 3

( ) ( ) (1) (1) ( ) (1)
1 1 2 0 1 2

1 1 1

( , ; ) ( , )i ij j
i j

n L f x x F x x− − −

= = =

β − λ ∂ ε ε +


∑ ∑ ∑  


( )[ ]  

 
3

( ) (1) (1) ( ) (1)
3 33 2 1 2 0 1 2

1

( , ; ) ( , )n L f x x F x x− −

=

+ λ ε ε −


∑  


( )  

 
3

( ) ( ) (1) ( ) (1)
1 1 2 0 1 2

1

( , ; ) ( , )L f x x F x x− − −

=

− δ α ε ε =∑  


( )  

 ( ) ( ) ( ) ( ) ( )
1 2 1 2( , ) ( , )nq x x T x x− − − − −

∞= γ − δ α , 

 
2 2 3

( ) ( ) ( ) ( ) ( ) ( )
1 1 2 0 1 2

1 1 1

( , ; ) ( , )M M M
i ij j

i j

n L f x x F x x+ + +

= = =

β − λ ∂ ε ε +


∑ ∑ ∑  


( )[ ]  

 
3

( ) ( ) ( ) ( ) ( )
3 33 2 1 2 0 1 2

1

( , ; ) ( , )M M Mn L f x x F x x+ +

=

+ λ ε ε −


∑  


( )  

 
3

( ) ( ) ( ) ( ) ( )
1 1 2 0 1 2

1

( , ; ) ( , )M ML f x x F x x+ + +

=

− δ α ε ε =∑  


( )  

 ( ) ( ) ( ) ( ) ( )
1 2 1 2 1 2( , ) ( , ),      ( , )nq x x T x x x x G+ + + + +

∞= γ − δ α ∈ . (20) 

Ñèñòåìà (19), (20) ñîñòîèò èç 2M  óðàâíåíèé è çàìêíóòà îòíîñèòåëüíî 

2M  íåèçâåñòíûõ íà÷àëüíûõ ôóíêöèé ( ) ( )
01 02,m mF F , 1 m M≤ ≤ , çàâèñÿùèõ 

òîëüêî îò äâóõ ïðîñòðàíñòâåííûõ ïåðåìåííûõ 1 2,x x . Â òî÷íîé ïîñòàíîâêå 
ñèñòåìà (19), (20) ÿâëÿåòñÿ ñèñòåìîé äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïåðå-
ìåííûìè êîýôôèöèåíòàìè áåñêîíå÷íîãî ïîðÿäêà. 

Çàìå÷àíèå. Òàê êàê ñëîè ïåðåìåííîé òîëùèíû â îáùåì ñëó÷àå ìîãóò 
ðàññìàòðèâàòüñÿ êàê èñêðèâëåííûå ïàíåëè èëè ïîëîãèå îáîëî÷êè, òî ñèñòå-
ìà (19), (20) ìîæåò áûòü èñïîëüçîâàíà íå òîëüêî äëÿ îïðåäåëåíèÿ â ïðîñò-
ðàíñòâåííîé ïîñòàíîâêå òåìïåðàòóðû â ïëàñòèíàõ, íî è â ñëîèñòûõ ïîëîãèõ 
îáîëî÷êàõ èëè èñêðèâëåííûõ ïàíåëÿõ, åñëè äëÿ ìàòåðèàëîâ ñëîåâ ïî-

ïðåæíåìó âûïîëíÿþòñÿ óñëîâèÿ (1) è ( )
3 0mw∂ = . 

×òîáû ïîëó÷èòü ãðàíè÷íûå óñëîâèÿ äëÿ îäíîçíà÷íîãî îïðåäåëåíèÿ 

ôóíêöèé ( ) ( )
01 02,m mF F , íóæíî (17) ïîäñòàâèòü â (7) è äëÿ êàæäîãî ñëîÿ ïðîèí-

òåãðèðîâàòü íåîáõîäèìîå ÷èñëî ðàç ïîëó÷àþùåå ðàâåíñòâî ïî ïåðåìåííîé 

3x  ñ âåñîì ( )
3 3( )m kx x− , ïîñëå ÷åãî áóäåì èìåòü 

 
, 1

1,

2 2 3
( ) 1 ( ) ( ) ( )

3 3 1 3 3 0 1 2
1 1 1

( ) ( ) ( , )
m m

m m

f
m k m k m m

i ij j
i j f

n x x L x dx F x x
+

−

+

= = =

 
− β λ ∂ ε − ε − 

  
∑ ∑ ∑ ∫  


 

 
, 1

1,

3
( ) 1 ( ) ( ) ( )

3 3 1 3 3 0 1 2
1

( ) ( ) ( , )
m m

m m

f
m k m k m m

f

x x L x dx F x x
+

−

+

=

 
− δα ε − ε = 

  
∑ ∫  


 

 
, 1

1,

1 ( ) ( )
3 3 3( )

m m

m m

f
k m k m

n
f

x x q T dx
+

−

+
∞= ε − γ − δα∫ ( ) ,  

 1 2( , ) ,            1x x m M∈ Γ ≤ ≤ , (21) 
ãäå íåîáõîäèìî ó÷åñòü âûðàæåíèÿ äëÿ èíòåãðàëîâ [6] (ñì. (15), (18)) 



228 

 ( ) ( )
3 3 11 3( )m k mx x L dx− =∫  

 

2 2 2 2 11

0 0
2 2 1 2 21 1

0 0

( 1) sin ( 1) cos , 2 ,
(2 2 )! (2 2 1)!!

( 1) sin ( 1) cos , 2 1,
(2 2 1)! (2 2 )!

p s p sp p
s s

s s
p s p sp pk k

s sm

s s

y y
y y k p

p s p sk

y y
y y k p

p s p s

− − −−

= =
− + −+ +

= =

− + − =
− − −

=
ε Λ

− + − = +
− + −







∑ ∑

∑ ∑
 

 ( ) ( )
3 3 12 3( )m k mx x L dx− =∫  

 

2 2 2 2 11

0 0
2 2 1 2 21 2

0 0

( 1) cos ( 1) sin , 2 ,
(2 2 )! (2 2 1)!!

( 1) cos ( 1) sin , 2 1,
(2 2 1)! (2 2 )!

p s p sp p
s s

s s
p s p sp pk k

s sm

s s

y y
y y k p

p s p sk

y y
y y k p

p s p s

− − −−

= =
− + −+ +

= =

− − − =
− − −

=
ε Λ

− − − = +
− + −







∑ ∑

∑ ∑
 

 ( ) ( )
3 3 13 3( )m k mx x L dx− =∫  

 
( ) 1

( ) ( ) 3 3
3 3 11 3 32

( )1 ( ) ( )
( 1)

m k
m k m

m

x x
x x L x dx

k

+ −
= − ε − +Λ  

∫ , 

 ( )
3 3( ) ,      1 ,     , 0,1,2,3m

my x x m M k p≡ ε − Λ ≤ ≤ =  . (22) 

Óäåðæèâàÿ â ðàçëîæåíèÿõ îïåðàòîðîâ ( )m
ijL  ðàçíîå êîëè÷åñòâî ñëàãàå-

ìûõ, áóäåì ïîëó÷àòü ñèñòåìû óðàâíåíèé (19), (20) è ñîîòâåòñòâóþùèå èì 
ãðàíè÷íûå óñëîâèÿ (21) (ñ ó÷åòîì (22)), ïîçâîëÿþùèå îïðåäåëèòü ïîëå òåì-
ïåðàòóð ñ ðàçíîé òî÷íîñòüþ. ×åì áîëüøå áóäåì óäåðæèâàòü ñëàãàåìûõ â 
÷àñòè÷íûõ ñóììàõ (15), òåì òî÷íåå áóäåò ïîñòðîåííîå ðåøåíèå. Ïðè ýòîì ñ 
óâåëè÷åíèåì ÷èñëà óäåðæèâàåìûõ â (15) ñëàãàåìûõ áóäåò âîçðàñòàòü ïîðÿ-
äîê äèôôåðåíöèàëüíûõ îïåðàòîðîâ ðàçðåøàþùåé ñèñòåìû (19), (20), ïðè-
÷åì ñîãëàñíî (15) ñèñòåìà (19), (20) ñîâìåñòíî ñ ãðàíè÷íûìè óñëîâèÿìè îá-
ðàçóåò ãðàíè÷íóþ çàäà÷ó ñ ñèíãóëÿðíûì âîçìóùåíèåì. ×åì áîëüøå ñîõðà-
íÿåòñÿ ñëàãàåìûõ â ðàçëîæåíèÿõ (15), òåì áîëüøå ïîðÿäîê ñèíãóëÿðíîñòè 
ýòîé çàäà÷è è òåì òî÷íåå ìîæíî ðàññ÷èòàòü òåìïåðàòóðíîå ïîëå â ïîãðàí-
ñëîÿõ, âîçíèêàþùèõ â îêðåñòíîñòè êðîìîê ïëàñòèíû 1 2 1,( , ) ,  m mx x f −∈ Γ ≤  

3 , 1m mx f +≤ ≤ . Â èäåàëå ïðè ñîõðàíåíèè âñåõ ñëàãàåìûõ â (15) ïîëó÷èì 

òî÷íîå ðåøåíèå çàäà÷è òåïëîïðîâîäíîñòè. 
Ðàññìîòðèì ÷àñòíûé ñëó÷àé ñëîèñòûõ ïëàñòèí, íàáðàííûõ èç ñëîåâ ïî-

ñòîÿííîé òîëùèíû. Ïëîñêîñòè êîíòàêòà ìåæäó ñëîÿìè è ëèöåâûå ïëîñêîñòè 
ïëàñòèí îïðåäåëÿþòñÿ ïðè ýòîì ðàâåíñòâàìè 

 ( , )
3 3 const,      1,     1 1m nx x n m m M= = = + ≤ ≤ − , 

 ( )
3 3 constx x ±= = . (23) 

Äëÿ óäîáñòâà äàëüíåéøèõ ïðåîáðàçîâàíèé çàäàäèì ( )
3
mx  â (15) â âèäå 

 (1) ( ) ( ) ( 1, )
3 3 3 3,           ,      2m m mx x x x m M− −= = ≤ ≤ ,  (24) 

òîãäà èç (19) ñ ó÷åòîì ( , ) 0m n
in = , ( , )

3 1m nn = , 1 1, 1,2m M i≤ ≤ − = , ïîëó÷èì 

 
3

( ) ( ) ( , ) ( )
01 1 2 1 3 0 1 2

1

( , ) ( ) ( , )n m m n m
j j

j

F x x L x F x x
=

= ε∑ , 

 
( ) 3

( ) ( ) ( , ) ( )33
02 1 2 2 3 0 1 2( )

133

( , ) ( ) ( , )
m

n m m n m
j jn

j

F x x L x F x x
=

λ
= ε

λ
∑ , 

 1,      1 1n m m M= + ≤ ≤ − . (25) 
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Èç (25) ñ ó÷åòîì (18) ñëåäóåò 

 
1 11

( ) ( ) (1) ( ) ( ) ( )
0 1 2 0 1 2 3 1 2

11 1

( , ) ( , ) ( , )
m mm

m k k k

kk k

x x D x x D W x x
− −−

== = +

= + ∑∏ ∏F F D


, 

 ( ) ( ) ( ) ( ) ( )
3 0 1 2 3 3 1 2( ) ( ) ( , ) ( ) ( , )m k m k kL x x x x W x x= ε + εF x F L , 

 1 m M≤ ≤ ,  (26) 
ãäå 

 
( ) ( )
11 3 12 3( )

3 ( ) ( )
21 3 22 3

( ) ( )
( )

( ) ( )

m m
m

m m

L x L x
L x

L x L x

ε ε
ε ≡

ε ε
, 

 
( ) ( )
01 1( ) ( )

0 ( ) ( )
02 2

( )
,                   ( )

( )

m m
m m

m m

F F

F F

      ≡ ≡   
      

x
F F x

x
, 

 

( ) ( , 1) ( ) ( , 1)
11 3 12 3

( ) ( ) ( )
( ) ( , 1) ( ) ( , 1)33 33
21 3 22 3( 1) ( 1)

33 33

( ) ( )

( ) ( )

m k k m k k

k k k
m k k m k k

k k

L x L x

D
L x L x

+ +

+ +
+ +

ε ε

≡ λ λ
ε ε

λ λ

, 

 

( ) ( , 1)
13 3 ( )

13 3( ) ( )( )
3 3 3( ) ( , 1)33 ( )

23 3 23 3( 1)
33

( )
( )

,           ( )
( ) ( )

m k k
m

k kk
m k k m

k

L x
L x

x
L x L x

+

+
+

 ε
  ε    ≡ ε ≡   λ

ε  ε   
λ  

D L .  (27) 

Èç (20) ñ ó÷åòîì (24), (26) è ( ) 0in ± = , 1, 2i = , ( ) ( )
3 3 1n n+ −= − = , ïîëó÷èì 

 ( ) ( ) (1) ( ) (1) (1)
01 1 2 33 02 1 2( , ) ( , )F x x F x x− − −−δ α − β λ =  

 ( ) ( ) ( ) ( ) ( ) ( )
3 3,         nq T x x− − − − − −

∞= γ − δ α = ,  (28) 

 
2 2

( ) ( ) ( ) ( ) (1) ( ) ( ) ( ) ( ) (1)
33 2 3 0 1 2 1 3 0 1 2

1 1

( ) ( , ) ( ) ( , )M M M
j j j j

j j

D x F x x D x F x x+ + + + +

= =

β λ ε − δ α ε =∑ ∑  

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
1 2 1 2 33 2 1 2( , ) ( , ) ( , )M M

nq x x T x x V x x+ + + + + +
∞= γ − δ α − β λ +  

 ( ) ( ) ( )
1 1 2 1 2( , ),              ( , )MV x x x x G+ ++ δ α ∈ ,  (29) 

ãäå ñîãëàñíî (26) ( )M
ijD , ( )M

iV  – êîìïîíåíòû ìàòðèöû è âåêòîðà 

 
( ) ( ) 1
11 12 ( ) ( ) ( )

3( ) ( )
121 22

( )
M M M

M k

M M
k

D D
L x D

D D

−
+

=

≡ ε ∏ , 

 
( )
1 ( ) ( ) ( )

3 3 1 2( )
2

( ) ( , )
m

M M

m

V
x W x x

V

+   ≡ ε + 
  

L  

 
11

( ) ( ) ( )
3 1 2

1 1

( , )
MM

k k

k k

D W x x
−−

= = +

+ ∑ ∏ D


. (30) 

Èç óðàâíåíèÿ (29) çà ñ÷åò (28) ìîæíî èñêëþ÷èòü îäíó èç íåèçâåñòíûõ 

ôóíêöèé (1)
01F  èëè (1)

02F , òîãäà (29) áóäåò äèôôåðåíöèàëüíûì óðàâíåíèåì â 

÷àñòíûõ ïðîèçâîäíûõ ïî ïåðåìåííûì 1 2,x x , çàìêíóòûì îòíîñèòåëüíî äðó-
ãîé íåèçâåñòíîé ôóíêöèè. Â ÷àñòíîñòè, åñëè íà íèæíåé ëèöåâîé ïîâåðõíîñ-

òè çàäàí òåïëîâîé ïîòîê ( ( ) ( ) ( )1, 0− − −β = γ = δ = ), òî èç (28) èìååì (1)
02F =  

( )
1 2 (1)

33

1( , )nq x x−= −
λ

 – èçâåñòíàÿ ôóíêöèÿ, à èç (29) ïîëó÷èì 
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 ( ) ( ) ( ) ( ) (1) ( ) ( ) ( ) ( ) (1)
33 21 3 01 1 2 11 3 01 1 2( ) ( , ) ( ) ( , )M M MD x F x x D x F x x+ + + + +β λ ε − δ α ε =  

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
1 2 1 2 33 2 1 2( , ) ( , ) ( , )M M

nq x x T x x V x x+ + + + + +
∞= γ − δ α − β λ +  

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
1 1 2 33 22 3 (1)

33

1( , ) ( )M M M
nV x x D x q+ + + + −+ δ α + β λ ε −

λ
 

 ( ) ( ) ( ) ( ) ( )
12 3 1 2(1)

33

1( ) ,      ( , )M
nD x q x x G+ + + −− δ α ε ∈

λ
, 

 (1) ( )
02 1 2 (1)

33 1 2

1( , )
( , )

nF q x x
x x

− = − 
 λ

,  (31) 

ãäå (1) (1)
01 0F T≡  – ïîäëåæàùàÿ îïðåäåëåíèþ ôóíêöèÿ.  

Àíàëîãè÷íî, åñëè íà íèæíåé ëèöåâîé ïîâåðõíîñòè çàäàíà òåìïåðàòóðà 

( ( ) ( ) ( ) ( )0, 1− − − −β = γ = δ α = ), òî èç (28) èìååì (1) ( )
01 1 2( , )F T x x−

∞=  – èçâåñòíàÿ 

ôóíêöèÿ, à èç (29) ñëåäóåò 

 ( ) ( ) ( ) ( ) (1) ( ) ( ) ( ) ( ) (1)
33 22 3 02 1 2 12 3 02 1 2( ) ( , ) ( ) ( , )M M MD x F x x D x F x x+ + + + +β λ ε − δ α ε =  

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
1 2 1 2 33 2 1 2( , ) ( , ) ( , )M M

nq x x T x x V x x+ + + + + +
∞= γ − δ α − β λ +  

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
1 1 2 33 21 3 1 2( , ) ( ) ( , )M M MV x x D x T x x+ + + + −

∞+ δ α − β λ ε +  

 ( ) ( ) ( ) ( ) ( )
11 3 1 2 1 2( ) ( , ),      ( , )MD x T x x x x G+ + + −

∞+ δ α ε ∈ , 

 (1) ( )
01 1 2 1 2( , ) ( , )F x x T x x−

∞
 = 
 

,  (32) 

ãäå (1) (1)
02 0F Q≡  – ïîäëåæàùàÿ îïðåäåëåíèþ ôóíêöèÿ. 

Â êà÷åñòâå ÷àñòíîãî ñëó÷àÿ ðàññìîòðèì äâóõñëîéíóþ ïëàñòèíó ( 2M = ). 

Ñîâìåñòèì ïîâåðõíîñòü êîíòàêòà ñëîåâ ñ ïëîñêîñòüþ 1 2x x : (1,2)
3 0x = . Íèæ-

íÿÿ è âåðõíÿÿ ëèöåâûå ïîâåðõíîñòè ïî-ïðåæíåìó îïðåäåëÿþòñÿ óðàâíåíè-

ÿìè ( )
3 3x x ±= , ïðè÷åì â ñèëó ôîðìóë îáåçðàçìåðèâàíèÿ (2), ãäå H  – òîë-

ùèíà ïëàñòèíû, èìååì ( ) ( )
3 3 1x x+ −− =  ( ( )

3 0x − < , ( )
3 0x + > ). Â ýòîì ñëó÷àå â êà-

÷åñòâå íà÷àëüíîé ïëîñêîñòè ïåðâîãî (íèæíåãî) ñëîÿ óäîáíî âûáðàòü (1)
3x =  

( )
3x −= , à âòîðîãî (âåðõíåãî) ñëîÿ – (2) ( )

3 3x x += , òîãäà èç (19), (20) ñ ó÷åòîì 
(18) ïîëó÷èì 

 
2 2

(1) (1) (2) (2) (2) (2) (1) (1)
1 0 1 2 1 0 1 2 13 13

1 1

(0) ( , ) (0) ( , ) (0) (0)i i i i
i i

L F x x L F x x L W L W
= =

− = −∑ ∑ , 

 
2 2

(1) (1) (1) (2) (2) (2) (2) (2) (2) (1) (1) (1)
33 2 0 33 2 0 33 23 33 23

1 1

(0) (0) (0) (0)i i i i
i i

L F L F L W L W
= =

λ − λ = λ − λ∑ ∑ ,  (33) 

 ( ) (1) (1) ( ) ( ) (1) ( ) ( ) ( ) ( ) ( )
33 02 1 2 01 1 2( , ) ( , ) nF x x F x x q T− − − − − − − −

∞− β λ − δ α = γ − δ α , 

 ( ) (2) (2) ( ) ( ) (2) ( ) ( ) ( ) ( ) ( )
33 02 1 2 01 1 2( , ) ( , ) nF x x F x x q T+ + + + + + + +

∞β λ − δ α = γ − δ α .  (34) 

Ñèñòåìà (33), (34) çàìêíóòà îòíîñèòåëüíî ÷åòûðåõ íåèçâåñòíûõ ôóíê-

öèé (1) (1) (2) (2)
01 02 01 02, , ,F F F F . Äâå èç ýòèõ ôóíêöèé ìîæíî âûðàçèòü ÷åðåç äâå îñ-

òàâøèåñÿ çà ñ÷åò ðàâåíñòâ (34) è èñêëþ÷èòü èç ñèñòåìû (33), ïîñëå ÷åãî ïî-
ëó÷èì ðàçðåøàþùóþ ñèñòåìó äâóõ óðàâíåíèé îòíîñèòåëüíî äâóõ íåèçâåñò-
íûõ ôóíêöèé. 

Ïóñòü íà îáåèõ ëèöåâûõ ïîâåðõíîñòÿõ ( )
3x ±  çàäàíû ãðàíè÷íûå óñëîâèÿ 

âòîðîãî ðîäà ( ( ) ( ) 1± ±β = γ = , ( ) 0±δ = ), òîãäà èç (34) ïîëó÷èì 
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 (1) ( ) (2) ( )
02 02(1) (2)

33 33

1 1,          n nF q F q− += − =
λ λ

.  (35) 

Ïîäñòàâèâ (35) â (33), ïîëó÷èì ñèñòåìó 

 (1) (1) (2) (2) (2) (2) (1) (1) (2) ( )
11 01 11 01 13 13 12 (2)

33

1(0) (0) (0) (0) (0) nL F L F L W L W L q +− = − + +
λ

 

 (1) ( ) (1) (1) (1) (2) (2) (2)
12 33 21 01 33 21 01(1)

33

1(0) , (0) (0)nL q L F L F−+ λ − λ =
λ

 

 (2) (2) (2) (1) (1) (1) (2) (2) ( )
33 23 33 23 33 22 (2)

33

1(0) (0) (0) nL W L W L q += λ − λ + λ +
λ

 

 (1) (1) ( )
33 22 1 2(1)

33

1(0) ,        ( , )nL q x x G−+ λ ∈
λ

. (36) 

Ýòà ñèñòåìà îïðåäåëÿåò äâå íåèçâåñòíûå ôóíêöèè ( ) ( )
01 0
m mF T= , 1,2m = , – 

òåìïåðàòóðû íà ëèöåâûõ ïîâåðõíîñòÿõ. 

Îòáðîñèì â ðàçëîæåíèÿõ îïåðàòîðîâ ( ) ( )
11 21,m mL L  (ñì. (15), (18)) ñëàãàå-

ìûå ïîðÿäêà 3( )O ε , ò. å. 

 ( ) 2 ( ) 2 2 4
11 3 31 0.5 ( ) ( )m m

mL x x O= − ε − Λ + ε ,  

 ( ) ( ) 2 3
21 3 3( ) ( )m m

mL x x O= ε − Λ + ε . (37) 

Ïîñëå ïîäñòàíîâêè (37) â (36) ïîëó÷èì 

 2 ( )2 2 (2) 2 ( )2 2 (1) (2) (1) (2) (2)
3 2 0 3 1 0 0 0 130.5 ( ) 0.5 ( ) (0)x T x T T T L W+ −ε Λ − ε Λ − + = −  

 (1) (1) (2) ( ) (1) ( )
13 12 12(2) (1)

33 33

1 1(0) (0) (0)n nL W L q L q+ −− + +
λ λ

, 

 (2) ( ) 2 (2) (1) ( ) 2 (1) (2) (2) (2) (1) (1) (1)
33 3 1 0 33 3 1 0 33 23 33 23( ) ( ) (0) (0)x T x T L W L W+ −ελ Λ − ελ Λ = λ − λ +  

 (2) (2) ( ) (1) (1) ( )
33 22 33 22 1 2(2) (1)

33 33

1 1(0) (0) ,      ( , )n nL q L q x x G+ −+ λ + λ ∈
λ λ

,  (38) 

ãäå ïðàâûå ÷àñòè èçâåñòíû. 
Õàðàêòåðèñòè÷åñêîå óðàâíåíèå ñèñòåìû (38) ñ ó÷åòîì (11) èìååò âèä 

 
( ) 2 ( ) ( ) 22

( ) ( ) (1) ( ) (2) ( ) 11 1 12 1 2 22 2
3 3 33 3 33 3 ( )

1 33

2
0

m m m

m
m

x x x x− + + −

=

λ ϕ + λ ϕ ϕ + λ ϕ
λ − λ =

λ
∏[ ] , (39) 

ãäå 1 2,ϕ ϕ  – ïàðàìåòðû, çàäàþùèå õàðàêòåðèñòè÷åñêîå íàïðàâëåíèå ( 2
1ϕ +  

2
2 1+ ϕ = ). Òàê êàê ( )

33 0mλ > , ( )
3 0x − < , ( )

3 0x + > , òî êâàäðàòíàÿ ñêîáêà â (39) 
âñåãäà îòðèöàòåëüíà è â ñèëó ïîñòóëàòà Îíçàãåðà èç (39) ñëåäóåò, ÷òî ñèñ-
òåìà (38) ÿâëÿåòñÿ ñèñòåìîé ÷åòâåðòîãî ïîðÿäêà ýëëèïòè÷åñêîãî òèïà ñ 
ñèíãóëÿðíûì âîçìóùåíèåì. 

Äëÿ îäíîçíà÷íîãî èíòåãðèðîâàíèÿ ñèñòåìû (38) â êàæäîé òî÷êå êîíòó-
ðà Γ  (íà êðîìêå) äîëæíû áûòü çàäàíû äâà ãðàíè÷íûõ óñëîâèÿ, êîòîðûå 
ïîëó÷èì èç (21) ïðè 0k = , 1,2m = : 

 
( )

02 2
(1) (1) (1)

11 3 3 0
1 1

( )i ij j
i j x

n L x dx T
−= =

 − β λ ∂ ε ε − 
 ∑ ∑ ∫  

 
( ) ( )

0 0
(1) (1) (1) (1)

11 3 3 0 3( ) n

x x

L x dx T q T dx
− −

∞
 − δα ε ε = ε γ − δα + 
 ∫ ∫ ( )  

 
( )

02 2 3
(1) (1) (1)

1 3 3 0
1 1 2

( )i ij j
i j x

n L x dx F
−= = =

 + β λ ∂ ε ε + 
 ∑ ∑ ∑ ∫  


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( )

03
(1) (1) (1)

1 3 3 0
2

( ) ,
x

L x dx F
−=

 +δα ε ε 
 ∑ ∫  


 

 

( )
2 2

(2) (2) (2)
11 3 3 0

1 1 0

( )
x

i ij j
i j

n L x dx T

+

= =

 − β λ ∂ ε ε − 
 ∑ ∑ ∫  

 

( ) ( )

(2) (2) (2) (2)
11 3 3 0 3

0 0

( ) ( )
x x

nL x dx T q T dx

+ +

∞
 −δα ε ε = ε γ − δα + 
 ∫ ∫  

 

( )
2 2 3

(2) (2) (2)
1 3 3 0

1 1 2 0

( )
x

i ij j
i j

n L x dx F

+

= = =

 + β λ ∂ ε ε + 
 ∑ ∑ ∑ ∫  


 

 

( )
3

(2) (2) (2)
1 3 3 0 1 2

2 0

( ) ,        ,
x

L x dx F x x

+

=

 + δα ε ε ∈ Γ 
 ∑ ∫  


, (40) 

ãäå ïðàâûå ÷àñòè – èçâåñòíûå íà êîíòóðå Γ  ôóíêöèè. 
Èñïîëüçóÿ ïåðâîå èç ðàâåíñòâ (37), âû÷èñëèì èíòåãðàëû â ëåâûõ ÷àñ-

òÿõ (40) è ïî-ïðåæíåìó îòáðîñèì ñëàãàåìûå ïîðÿäêà 3( )O ε , òîãäà ïîëó÷èì 
ãðàíè÷íûå óñëîâèÿ íà êðîìêå 

 
( )

02 2
( ) (1) (1) ( ) (1) (1) (1)
3 0 3 0 3

1 1

( )i ij j n
i j x

x n T x T q T dx
−

− −
∞

= =

β λ ∂ + δα = γ − δα +∑ ∑ ∫  

 
( )

02 2 3
(1) (1) (1)

1 3 3 0
1 1 2

( )i ij j
i j x

n L x dx F
−= = =

 + β λ ∂ ε + 
 ∑ ∑ ∑ ∫  


 

 
( )

03
(1) (1) (1)

1 3 3 0
2

( )
x

L x dx F
−=

 + δα ε 
 ∑ ∫  


, 

 

( )
2 2

( ) (2) (2) ( ) (2) (2) (2)
3 0 3 0 3

1 1 0

( )
x

i ij j n
i j

x n T x T q T dx

+

+ +
∞

= =

− β λ ∂ − δα = γ − δα +∑ ∑ ∫  

 

( )
2 2 3

(2) (2) (2)
1 3 3 0

1 1 2 0

( )
x

i ij j
i j

n L x dx F

+

= = =

 + β λ ∂ ε + 
 ∑ ∑ ∑ ∫  


 

 

( )
3

(2) (2) (2)
1 3 3 0 1 2

2 0

( ) ,        ,
x

L x dx F x x

+

=

 + δα ε ∈ Γ 
 ∑ ∫  


.  (41) 

Êîíòóðíûå ãðàíè÷íûå óñëîâèÿ (41) ïî ñòðóêòóðå èäåíòè÷íû ãðàíè÷íûì 
óñëîâèÿì ïëîñêîé çàäà÷è ñòàöèîíàðíîé òåïëîïðîâîäíîñòè. 

Óðàâíåíèÿ (38) è ãðàíè÷íûå óñëîâèÿ (41) îáðàçóþò ãðàíè÷íóþ çàäà÷ó 

äëÿ îïðåäåëåíèÿ â ïåðâîì ïðèáëèæåíèè ôóíêöèé (1) (2)
0 0,T T  ïðè çàäàíèè íà 

ëèöåâûõ ïîâåðõíîñòÿõ äâóõñëîéíîé ïëàñòèíû ãðàíè÷íûõ óñëîâèé âòîðîãî 
ðîäà. Ïðè ýòîì åñëè ïëîòíîñòü ìîùíîñòè âíóòðåííèõ èñòî÷íèêîâ òåïëà ïî-

ñòîÿííà ( ( ) constmW = ) è íà îáåèõ ëèöåâûõ ïîâåðõíîñòÿõ çàäàíû óñëîâèÿ 

òåðìîèçîëÿöèè ( ( ) 0nq ± = ) èëè ( ) constnq ± =  (èëè â îáùåì ñëó÷àå, êîãäà 
2 ( )
1 0nq −Λ = , 2 ( )

2 0nq +Λ = , 2 ( ) 0m
mWΛ = ), òî ñîãëàñíî (17) ñ ó÷åòîì (37) òåìïåðà-

òóðà ïî òîëùèíå ñëîåâ áóäåò ðàñïðåäåëåíà ïî êâàäðàòè÷íîìó çàêîíó (èëè 
ïî êóñî÷íî-êâàäðàòè÷íîìó çàêîíó äëÿ âñåãî ïàêåòà â öåëîì). 

×òîáû ïîëó÷èòü áîëåå òî÷íîå, ÷åì èç ãðàíè÷íîé çàäà÷è (38), (41), ðàñ-

ïðåäåëåíèå òåìïåðàòóð (1) (2)
0 0,T T  íà ëèöåâûõ ïîâåðõíîñòÿõ ïëàñòèíû, îò-
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áðîñèì â ðàçëîæåíèÿõ îïåðàòîðîâ ( ) ( )
11 21,m mL L  (ñì. (15), (18)) ñëàãàåìûå ïî-

ðÿäêà 5( )O ε , ò. å. 

 ( ) 2 ( ) 2 2 4 ( ) 4 4 6
11 3 3 3 3

1 11 ( ) ( ) ( )
2 24

m m m
m mL x x x x O= − ε − Λ + ε − Λ + ε , 

 ( ) ( ) 2 3 ( ) 3 4 5
21 3 3 3 3

1( ) ( ) ( )
6

m m m
m mL x x x x O= ε − Λ − ε − Λ + ε .  (42) 

Ïîñëå ïîäñòàíîâêè (42) â (36) ïîëó÷èì 

 2 ( )2 2 4 ( )4 4 (1) 2 ( )2 2 4 ( )4 4 (2)
3 1 3 1 0 3 2 3 2 0

1 1 1 11 1
2 24 2 24

x x T x x T− − + +   − ε Λ + ε Λ − − ε Λ + ε Λ =      
 

 (2) (2) (1) (1) (2) ( ) (1) ( )
13 13 12 12(2) (1)

33 33

1 1(0) (0) (0) (0)n nL W L W L q L q+ −= − + +
λ λ

, 

 (1) ( ) 2 3 ( )3 4 (1) (2) ( ) 2 3 ( )3 4 (2)
33 3 1 3 1 0 33 3 2 3 2 0

1 1
6 6

x x T x x T− − + +   λ − ε Λ + ε Λ − λ − ε Λ + ε Λ =      
 

 (2) (2) (2) (1) (1) (1) (2) (2) ( )
33 23 33 23 33 22 (2)

33

1(0) (0) (0) nL W L W L q += λ − λ + λ +
λ

 

 (1) (1) ( )
33 22 1 2(1)

33

1(0) ,                  ,nL q x x G−+ λ ∈
λ

.  (43) 

Õàðàêòåðèñòè÷åñêîå óðàâíåíèå ñèñòåìû (43) ñ ó÷åòîì (11) èìååò âèä 

 
( ) 2 ( ) ( ) 2 22

( ) ( ) 3 (1) ( ) (2) ( ) 11 1 12 1 2 22 2
3 3 33 3 33 3 ( ) 2

1 33

2
( ) 0

m m m

m
m

x x x x− + + −

=

λ ϕ + λ ϕ ϕ + λ ϕ
λ − λ =

λ
∏[ ] ( )

( )
.  (44) 

Êâàäðàòíàÿ ñêîáêà â (44), êàê è â (39), âñåãäà îòðèöàòåëüíà, ïîýòîìó â 
ñèëó ïîñòóëàòà Îíçàãåðà èç (44) ñëåäóåò, ÷òî ñèñòåìà (43) ÿâëÿåòñÿ ñèñòå-
ìîé âîñüìîãî ïîðÿäêà ýëëèïòè÷åñêîãî òèïà ñ ñèíãóëÿðíûì âîçìóùåíèåì. 

Äëÿ îäíîçíà÷íîãî èíòåãðèðîâàíèÿ ñèñòåìû (43) â êàæäîé òî÷êå êîíòó-
ðà Γ  äîëæíû áûòü çàäàíû ÷åòûðå ãðàíè÷íûõ óñëîâèÿ, êîòîðûå ïîëó÷èì èç 
(21) ïðè 0,1k = , 1,2m = . Ïðè 0k =  èç (21) ñëåäóþò ðàâåíñòâà (40), à ïðè 

1k =  èìååì 

 
( )

02 2
(1) 2 ( ) (1) (1)

3 3 11 3 3 0
1 1

( ) ( )i ij j
i j x

n x x L x dx T
−

−

= =

 − β λ ∂ ε − ε − 
 ∑ ∑ ∫  

 
( )

0
(1) 2 ( ) (1) (1)

3 3 11 3 3 0( ) ( )
x

x x L x dx T
−

− − δα ε − ε = 
 ∫  

 
( )

0
2 ( ) (1)

3 3 3( )( )n

x

x x q T dx
−

−
∞= ε − γ − δα +∫  

 
( )

02 2 3
(1) 2 ( ) (1) (1)

3 3 1 3 3 0
1 1 2

( ) ( )i ij j
i j x

n x x L x dx F
−

−

= = =

 + β λ ∂ ε − ε + 
 ∑ ∑ ∑ ∫  


 

 
( )

03
(1) 2 ( ) (1) (1)

3 3 1 3 3 0
2

( ) ( )
x

x x L x dx F
−

−

=

 + δα ε − ε 
 ∑ ∫  


, 

 

( )
2 2

(2) 2 ( ) (2) (2)
3 3 11 3 3 0

1 1 0

( ) ( )
x

i ij j
i j

n x x L x dx T

+

+

= =

 − β λ ∂ ε − ε − 
 ∑ ∑ ∫  

 

( )

(2) 2 ( ) (2) (2)
3 3 11 3 3 0

0

( ) ( )
x

x x L x dx T

+

+ − δα ε − ε = 
 ∫  
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( )

2 ( ) (2)
3 3 3

0

( )( )
x

nx x q T dx

+

+
∞= ε − γ − δα +∫  

 

( )
2 2 3

(2) 2 ( ) (2) (2)
3 3 1 3 3 0

1 1 2 0

( ) ( )
x

i ij j
i j

n x x L x dx F

+

+

= = =

 + β λ ∂ ε − ε + 
 ∑ ∑ ∑ ∫  


 

 

( )
3

(2) 2 ( ) (2) (2)
3 3 1 3 3 0 1 2

2 0

( ) ( ) ,   ,
x

x x L x dx F x x

+

+

=

 + δα ε − ε ∈ Γ 
 ∑ ∫  


, (45) 

ãäå ïðàâûå ÷àñòè – èçâåñòíûå íà êîíòóðå Γ  ôóíêöèè. 
Èñïîëüçóÿ ïåðâîå èç ðàâåíñòâ (42), âû÷èñëèì èíòåãðàëû â ëåâûõ ÷àñ-

òÿõ (40), (45) è ïî-ïðåæíåìó îòáðîñèì ñëàãàåìûå ïîðÿäêà 5( )O ε , òîãäà ïî-
ëó÷èì ñëåäóþùèå ãðàíè÷íûå óñëîâèÿ íà êðîìêå: 

 
2 2

( ) (1) 2 ( ) 2 2 (1) ( ) (1)
3 3 1 0 3

1 1

11 1
6i ij j

i j

x n x T x− − −

= =

  β λ ∂ − ε Λ + δα −    ∑ ∑ ( )  

 
( )

0
2 ( ) 2 2 (1) (1)

3 1 0 3
1 ( )
6 n

x

x T q T dx
−

−
∞

− ε Λ = γ − δα + ∫( )  

 
( )

02 2 3
(1) (1) (1)

1 3 3 0
1 1 2

( )i ij j
i j x

n L x dx F
−= = =

 + β λ ∂ ε + 
 ∑ ∑ ∑ ∫  


 

 
( )

03
(1) (1) (1)

1 3 3 0
2

( )
x

L x dx F
−=

 + δα ε 
 ∑ ∫  


, 

 
2 2

( ) (2) 2 ( ) 2 2 (2) ( ) (2)
3 3 2 0 3

1 1

11 1
6i ij j

i j

x n x T x+ + +

= =

  − β λ ∂ − ε Λ − δα −    ∑ ∑ ( )  

 

( )

2 ( ) 2 2 (2) (2)
3 2 0 3

0

1 ( )
6

x

nx T q T dx

+

+
∞

− ε Λ = γ − δα + ∫( )  

 

( )
2 2 3

(2) (2) (2)
1 3 3 0

1 1 2 0

( )
x

i ij j
i j

n L x dx F

+

= = =

 + β λ ∂ ε + 
 ∑ ∑ ∑ ∫  


 

 

( )
3

(2) (2) (2)
1 3 3 0 1 2

2 0

( ) ,       ,
x

L x dx F x x

+

=

 + δα ε ∈ Γ 
 ∑ ∫  


, 

 
( ) 2 ( ) 22 2

(1) 2 ( ) 2 2 (1) (1)3 3
3 1 0

1 1

11 1
2 4 2i ij j

i j

x x
n x T

− −
−

= =

β   − λ ∂ − ε Λ − δα −    ∑ ∑
( ) ( )

( )  

 
( )

0
2 ( ) 2 2 (1) ( ) (1)

3 1 0 3 3 3
1 ( )( )
4 n

x

x T x x q T dx
−

− −
∞

− ε Λ = − γ − δα + ∫( )  

 
( )

03
(1) ( ) (1) (1)

3 3 1 3 3 0
2

( ) ( )
x

x x L x dx F
−

−

=

 + δα − ε + 
 ∑ ∫  


 

 
( )

02 2 3
(1) ( ) (1) (1)

3 3 1 3 3 0
1 1 2

( ) ( )i ij j
i j x

n x x L x dx F
−

−

= = =

 + β λ ∂ − ε 
 ∑ ∑ ∑ ∫  


, 

 
( ) 2 ( ) 22 2

(2) 2 ( ) 2 2 (2) (2)3 3
3 2 0

1 1

11 1
2 4 2i ij j

i j

x x
n x T

+ +
+

= =

β   λ ∂ − ε Λ + δα −    ∑ ∑
( ) ( )

( )  

 

( )

2 ( ) 2 2 (2) ( ) (2)
3 2 0 3 3 3

0

1 ( )( )
4

x

nx T x x q T dx

+

+ +
∞

− ε Λ = − γ − δα + ∫( )  
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( )
3

(2) ( ) (2) (2)
3 3 1 3 3 0

2 0

( ) ( )
x

x x L x dx F

+

+

=

 + δα − ε + 
 ∑ ∫  


 

 

( )
2 2 3

(2) ( ) (2) (2)
3 3 1 3 3 0

1 1 2 0

( ) ( )
x

i ij j
i j

n x x L x dx F

+

+

= = =

 + β λ ∂ − ε 
 ∑ ∑ ∑ ∫  


, 

 1 2,x x ∈ Γ . (46) 
Â îòëè÷èå îò (41) êîíòóðíûå ãðàíè÷íûå óñëîâèÿ (46) ñîäåðæàò òðåòüè 

ïðîèçâîäíûå îò íåèçâåñòíûõ ôóíêöèé ïðè 1β = . Îäíàêî ñîîòíîøåíèÿ (46) 
ìîæíî ïðåîáðàçîâàòü òàê, ÷òî ñòðóêòóðà ëåâûõ ÷àñòåé â äâóõ ðàâåíñòâàõ 
áóäåò ñîâïàäàòü ñ (41) (â ýòèõ ðàâåíñòâàõ áóäóò îòñóòñòâîâàòü ïðîèçâîäíûå 

òðåòüåãî ïîðÿäêà îò (1)
0T , (2)

0T ), à â äâóõ îñòàâøèõñÿ ðàâåíñòâàõ ïî-ïðåæ-

íåìó áóäóò ñîäåðæàòüñÿ òðåòüè ïðîèçâîäíûå îò íåèçâåñòíûõ ôóíêöèé. 
Óðàâíåíèÿ (43) è ãðàíè÷íûå óñëîâèÿ (46) îáðàçóþò ãðàíè÷íóþ çàäà÷ó 

äëÿ îïðåäåëåíèÿ âî âòîðîì ïðèáëèæåíèè ôóíêöèé (1) (2)
0 0,T T  ïðè çàäàíèè íà 

ëèöåâûõ ïîâåðõíîñòÿõ äâóõñëîéíîé ïëàñòèíû ãðàíè÷íûõ óñëîâèé âòîðîãî 
ðîäà. Ïðè ýòîì åñëè ïëîòíîñòü ìîùíîñòè âíóòðåííèõ èñòî÷íèêîâ òåïëà ïî-

ñòîÿííà ( ( ) constmW = ) è íà îáåèõ ëèöåâûõ ïîâåðõíîñòÿõ çàäàíû óñëîâèÿ 

òåðìîèçîëÿöèè ( ( ) 0nq ± = ) èëè ( ) constnq ± =  (èëè â îáùåì ñëó÷àå, êîãäà 
2 ( )
1 0nq −Λ = , 2 ( )

2 0nq +Λ = , 2 ( ) 0m
mWΛ = ), òî ñîãëàñíî (17) ñ ó÷åòîì (42) òåìïåðà-

òóðà ïî òîëùèíå ñëîåâ áóäåò ðàñïðåäåëåíà ïî ïîëèíîìèàëüíîìó çàêîíó 
÷åòâåðòîãî ïîðÿäêà. 

Ñðàâíåíèå ãðàíè÷íûõ çàäà÷ (38), (41) è (43), (46) ïîêàçûâàåò, ÷òî ñèñòå-
ìà (43) èìååò âäâîå áîëüøèé ïîðÿäîê, ÷åì (38) (àíàëîãè÷íî, è ãðàíè÷íûå 
óñëîâèÿ (46) èìåþò áîëüøèé ïîðÿäîê ïî ñðàâíåíèþ ñ (41)) êàê ïî ïîðÿäêó 
ñòàðøèõ ïðîèçâîäíûõ, òàê è ïî ïîðÿäêó ñòåïåíè ñèíãóëÿðíîãî âîçìóùåíèÿ, 
ò. å. çà óòî÷íåíèå ðåøåíèÿ çàäà÷è òåïëîïðîâîäíîñòè ïðèõîäèòñÿ ðàñïëà÷è-
âàòüñÿ óñëîæíåíèåì äâóìåðíûõ (ïî ïåðåìåííûì 1 2,x x ) ãðàíè÷íûõ çàäà÷. 

×òîáû ïîëó÷èòü áîëåå òî÷íîå, ÷åì èç ãðàíè÷íîé çàäà÷è (43), (46), ðàñ-

ïðåäåëåíèå òåìïåðàòóð (1) (2)
0 0,T T  íà ëèöåâûõ ïîâåðõíîñòÿõ ïëàñòèíû, ñëå-

äóåò â ðàçëîæåíèÿõ îïåðàòîðîâ ( ) ( )
11 21,m mL L  (ñì. (15), (18)) óäåðæàòü áîëüøåå 

÷åì â (42) êîëè÷åñòâî ñëàãàåìûõ. Îäíàêî ýòî ïðèâåäåò ê åùå áîëüøåìó óñ-
ëîæíåíèþ äâóìåðíîé ãðàíè÷íîé çàäà÷è ïî ñðàâíåíèþ ñ (38), (41) è (43), (46). 

Êà÷åñòâåííî àíàëîãè÷íûå (35)–(46) ðåçóëüòàòû ïîëó÷àþòñÿ è ïðè çà-
äàíèè íà ëèöåâûõ ïîâåðõíîñòÿõ äâóõñëîéíîé ïëàñòèíû ãðàíè÷íûõ óñëîâèé 
ïåðâîãî è òðåòüåãî ðîäà. 

Ïðè íåêîòîðûõ ãðàíè÷íûõ óñëîâèÿõ (7), çàäàííûõ íà òîðöåâîé ïîâåðõ-
íîñòè ïëàñòèíû ñî ñëîÿìè ïîñòîÿííîé òîëùèíû ðåøåíèå çàäà÷è òåïëîïðî-
âîäíîñòè ìîæíî ïîëó÷èòü ìåòîäîì íà÷àëüíûõ ôóíêöèé â çàìêíóòîé àíàëè-
òè÷åñêîé ôîðìå. Ñ ýòîé öåëüþ ðàññìîòðèì ïðÿìîóãîëüíûå â ïëàíå ïëàñòè-
íû äëèíîé 1a =  è øèðèíîé 1b ≤ . Ìàòåðèàëû ñëîåâ ïðåäïîëàãàþòñÿ îäíî-

ðîäíûìè ( ( ) constm
ijλ = ), à ãëàâíûå îñè ôèçè÷åñêîé àíèçîòðîïèè ñîâïàäàþò 

ñ íàïðàâëåíèÿìè ix  ( ( ) ( ) ( )
12 23 13 0m m mλ = λ = λ = ). Â ýòîì ñëó÷àå èç (11) ñëåäóåò 

 2 ( ) 2 ( ) 2
11 1 22 2( )

33

1( ) ( ) ( ) ,         1m m
m m

m MΛ ⋅ = λ ∂ ⋅ + λ ∂ ⋅ ≤ ≤
λ

( ) .  (47) 

Ïóñòü âñå òîðöåâûå ïëîñêîñòè ïðÿìîóãîëüíîé ïëàñòèíû òåðìîèçîëèðî-

âàíû ( 1β = , 1γ = , 0nq = , 0δ =  â (7)), òîãäà, çàäàâàÿ â (15) ( )
3 0mx = , 

1 m M≤ ≤ , ïîëó÷èì äëÿ ôóíêöèé ( ) ( )
1 2,m mF F  â (17) ïðåäñòàâëåíèå 



236 

 ( ) ( )
, 3 1 2

0 0

( ) ( )cos ( )cos ( ),        1,2m m
i i k k

k

F F x x x i
∞ ∞

= =

= ε λ =∑ ∑x  


æ , (48) 

 1 2
1 1,       ,      0 ,      0k k x a x b
a b

= π λ = π ≤ ≤ ≤ ≤ æ .  

Ðàçëîæèì íà÷àëüíûå ôóíêöèè ( ) ( )
01 02,m mF F  è ( ) ( )

03
m mF W≡  â ðÿäû Ôóðüå, 

àíàëîãè÷íûå (48), 

 ( ) ( )
0 0 , 1 2

0 0

( ) cos ( )cos ( ),             1,2,3m m
i i k k

k

F F x x i
∞ ∞

= =

= λ =∑ ∑x  


æ ,  (49) 

ãäå ( )
03,
m
kF   – èçâåñòíûå êîýôôèöèåíòû ðàçëîæåíèÿ ôóíêöèè ( )mW ; ( )

01,
m
kF  , 

( )
02,
m
kF   – êîýôôèöèåíòû ðàçëîæåíèÿ, ïîäëåæàùèå îïðåäåëåíèþ; â ñëó÷àå 

(31) (èëè (32)) êîýôôèöèåíòû ( )
02,
m
kF   (èëè ( )

01,
m
kF  ) èçâåñòíû. 

Ïðè èñïîëüçîâàíèè ðàçëîæåíèé (48), (49) ãðàíè÷íûå óñëîâèÿ íà òåðìî-
èçîëèðîâàííûõ òîðöåâûõ ïëîñêîñòÿõ âûïîëíÿþòñÿ òîæäåñòâåííî. 

Ïîäñòàâèì ðàçëîæåíèÿ (49) â (17), òîãäà ñ ó÷åòîì (18), (15) èç ñðàâíå-

íèÿ ñ (48) ïîëó÷èì, ÷òî â (48) ôóíêöèè (1)
1,kF  , (1)

2,kF   èìåþò âèä 

 ( ) ( ) ( ) ( ) ( )
1, 3 01, 3 02, 3( )

1( ) ch ( ) sh ( )m m m m m
k k k k km

k

F x F x F xε = εγ − εγ −
γ    



 

 ( ) ( )
03, 3( ) 2

1 (ch ( ) 1)m m
k km

k

F x− εγ −
γ( ) 



, 

 ( ) ( ) ( ) ( )
2, 3 01, 3( ) sh ( )m m m m

k k k kF x F xε = − γ εγ +     

 ( ) ( ) ( ) ( )
02, 3 03, 3( )

1ch( ) sh ( )m m m m
k k k km

k

F x F x+ εγ + εγ
γ   



,  (50) 

ãäå 

 
( ) 2 ( ) 2

( ) 11 22
( )
33

,        1 ,     , 0,1,2,3
m m

m k
kl m

m M k
λ + λ λ

γ = ≤ ≤ =
λ

 
æ

.  (51) 

Èç óñëîâèé ñîïðÿæåíèÿ ðåøåíèÿ (5) ñ ó÷åòîì (48), (50) ïîëó÷àåì öå-
ïî÷êè ðàâåíñòâ 

 ( ) ( ) ( ) ( ) ( ) ( )
01, 3 02, 3 01, 3( )

1ch( ) sh ( ) ch ( )m m m m n n
k k k k k km

k

F x F x F xεγ − εγ − εγ +
γ     



 

 ( ) ( ) ( ) ( )
02, 3 03, 3( ) ( ) 2

1 1sh( ) (ch ( ) 1)n n m m
k k k kn m

k k

F x F x+ εγ = εγ − −
γ γ( )   

 

 

 ( ) ( )
03, 3 ( ) 2

1(ch ( ) 1)n n
k k n

k

F x− εγ −
γ( ) 



, 

 ( ) ( ) ( ) ( ) ( ) ( ) ( )
33 3 01, 33 3 02,sh( ) ch ( )m m m m m m m

k k k k kx F x F− λ γ εγ + λ εγ +      

 ( ) ( ) ( ) ( ) ( ) ( ) ( )
33 3 01, 33 3 02,sh( ) ch ( )n n n n n n n

k k k k kx F x F+ λ γ εγ − λ εγ =      

 ( ) ( ) ( ) ( )
03, 3 03, 3( ) ( )

1 1sh( ) sh( )m m n n
k k k km n

k k

F x F x= − εγ + εγ
γ γ   

 

, 

 ( , )
3 3 ,      1,      1 1m nx x n m m M= = + ≤ ≤ − .  (52) 

Èç ãðàíè÷íûõ óñëîâèé (6), çàäàííûõ íà ëèöåâûõ ïëîñêîñòÿõ ïëàñòèíû, 
ñ ó÷åòîì (48), (50) ñëåäóþò åùå äâà ðàâåíñòâà 
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 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
33 3 01, 33 3 02,sh( ) ch ( )M M M M M M M

k k k k kx F x F+β −λ γ εγ + λ εγ −[ ]      

 ( ) ( ) ( ) ( ) ( ) 1 ( ) ( )
3 01, 3 02,ch( ) ( ) sh ( )M M M M M

k k k k kx F x F+ + −− δ α εγ − γ εγ =[ ]      

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 1 ( ) ( )
, , 33 3 03,( ) sh ( )M M M M

n k k k k kq T x F+ + + + + + −
∞= γ − δ α − β λ γ εγ −      

 ( ) ( ) ( ) 2 ( ) ( ) ( )
3 03, 3 3( ) (ch( ) 1) ,M M M

k k kx F x x+ + − +− δ α γ εγ − =   , 

 ( ) (1) (1) (1) (1) (1) (1) (1)
33 3 01, 33 3 02,sh( ) ch ( )k k k k kx F x F−− β −λ γ εγ + λ εγ −[ ]      

 ( ) ( ) (1) (1) (1) 1 (1) (1)
3 01, 3 02,ch( ) ( ) sh ( )k k k k kx F x F− − −− δ α εγ − γ εγ =[ ]      

 ( ) ( ) ( ) ( ) ( ) ( ) (1) (1) 1 (1) (1)
, , 33 3 03,( ) sh ( )n k k k k kq T x F− − − − − − −

∞= γ − δ α + β λ γ εγ −      

 ( ) ( ) (1) 2 (1) (1) ( )
3 03, 3 3( ) ch ( ) 1 ,       k k kx F x x− − − −− δ α γ εγ − =( )   ,  (53) 

ãäå ( ) ( )
, ,,n k kq T± ±

∞   – èçâåñòíûå êîýôôèöèåíòû ðàçëîæåíèÿ çàäàííûõ ôóíêöèé 

 ( ) ( )
1 2 , 1 2

0 0

( , ) cos ( )cos ( )n n k k
k

q x x q x x
∞ ∞

± ±

= =

= λ∑ ∑  


æ , 

 ( ) ( )
1 2 , 1 2

0 0

( , ) cos ( )cos ( )k k
k

T x x T x x
∞ ∞

± ±
∞ ∞

= =

= λ∑ ∑  


æ .  (54) 

Ïðàâûå ÷àñòè ñèñòåìû (52), (53) èçâåñòíû. Ïðè ôèêñèðîâàííûõ çíà÷å-
íèÿõ k ,  , ñèñòåìà ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé (52), (53) çàìêíóòà 

îòíîñèòåëüíî íåèçâåñòíûõ êîýôôèöèåíòîâ ( )
01,
m
kF  , 

( )
02,
m
kF  , 1 m M≤ ≤ . Ðàçðå-

øèâ ýòó ñèñòåìó ïðè âñåõ , 0k ≥ , ïîëó÷èì òî÷íîå ðåøåíèå (48), (50), (51) 
çàäà÷è òåïëîïðîâîäíîñòè äëÿ ñëîèñòîé ïëàñòèíû ïðè òåðìîèçîëèðîâàííûõ 
òîðöåâûõ ïîâåðõíîñòÿõ. 

Àíàëîãè÷íîå ðåøåíèå ìîæíî ïîëó÷èòü, åñëè íà òîðöåâûõ ïîâåðõíîñòÿõ 
çàäàíà òåìïåðàòóðà, èçìåíÿþùàÿñÿ ïî ëèíåéíîìó çàêîíó 

 ( )
3 1 2 01 1 02 2 00( , ) ( , )mT x T x x T x T x T∗Γ = = + + , 

 0 1 2const,       0,1,2,       ,iT i x x= = ∈ Γ .  (55) 

Â ýòîì ñëó÷àå òåìïåðàòóðó ñëåäóåò ïðåäñòàâèòü â âèäå (ñì. (17), (18)) 

 ( ) ( ) ( ) ( )
1 2 1 2( ) ( , ) ( ), ( ) ( ),       1m m m mT T x x F Q F m M∗= + ≡ ≤ ≤x x x x ,  (56) 

ãäå ( ) ( )
1 2,m mF F  îïðåäåëÿþòñÿ ïî ñõåìå (48)–(54), ãäå ñëåäóåò êîñèíóñû çàìå-

íèòü íà ñèíóñû. Àíàëîãè÷íî îïðåäåëÿþòñÿ ïîëÿ òåìïåðàòóð, êîãäà íà äâóõ 
ïðîòèâîïîëîæíûõ òîðöåâûõ ïëîñêîñòÿõ (íàïðèìåð, 1 10,x x a= = ) çàäàíà 

òåìïåðàòóðà (íàïðèìåð, (55) ïðè 02 0T = ), à íà äðóãèõ òîðöåâûõ ïëîñêîñòÿõ 

(íàïðèìåð, 2 20,x x b= = ) – òåðìîèçîëÿöèÿ (òîãäà ðåøåíèå ðàçûñêèâàåòñÿ 

â âèäå (56) ñ ó÷åòîì (55) ïðè 02 0T = , à â (48), (49), (54) ñëåäóåò 1cos ( )kxæ  

çàìåíèòü íà 1sin ( )kxæ ). 

Îòìåòèì, ÷òî ðåøåíèå (47)–(54) ìîæíî ïîëó÷èòü èíà÷å, à èìåííî, ìå-
òîäîì ðàçäåëåíèÿ ïåðåìåííûõ, ÷òî ñâèäåòåëüñòâóåò î êîððåêòíîñòè ðàçðà-
áîòàííîãî â íàñòîÿùåì èññëåäîâàíèè ìåòîäà íà÷àëüíûõ ôóíêöèé. 

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ïðåçèäèóìà ÑÎ ÐÀÍ (Ïîñòàíîâ-
ëåíèå ¹ 54 îò 09.02.06, íîìåð ïðîåêòà 2.2). 
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РОЗВ’ЯЗАННЯ СТАЦІОНАРНОЇ ЗАДАЧІ ТЕПЛОПРОВІДНОСТІ 
ШАРУВАТИХ АНІЗОТРОПНИХ НЕОДНОРІДНИХ  
ПЛАСТИН МЕТОДОМ ПОЧАТКОВИХ ФУНКЦІЙ 
 
Ñôîðìóëüîâàíî çàäà÷ó ñòàö³îíàðíî¿ òåïëîïðîâ³äíîñò³ øàðóâàòèõ ïëàñòèí ñòà-
ëî¿ ³ çì³ííî¿ òîâùèíè â ïðîñòîðîâ³é ïîñòàíîâö³. Ìåòîäîì ïî÷àòêîâèõ ôóíêö³é 
òðèâèì³ðíó çàäà÷ó çâåäåíî äî äâîâèì³ðíî¿. Äëÿ ïëàñòèí ç øàðàìè çì³ííî¿ òîâùè-
íè îòðèìàíî ñèñòåìó ðîçâ’ÿçóâàëüíèõ ð³âíÿíü ç³ çì³ííèìè êîåô³ö³ºíòàìè. Ïðî-
àíàë³çîâàíî îòðèìàí³ äâîâèì³ðí³ êðàéîâ³ çàäà÷³. Äëÿ ïëàñòèí ç îäíîð³äíèìè øà-
ðàìè ñòàëî¿ òîâùèíè ïîáóäîâàíî ðîçâ’ÿçîê â àíàë³òè÷í³é ôîðì³. Ïîêàçàíî, ùî 
öåé ðîçâ’ÿçîê ñï³âïàäàº ç ðîçâ’ÿçêîì, îòðèìàíèì çà äîïîìîãîþ ìåòîäó â³äîêðåì-
ëåííÿ çì³ííèõ. 
 
SOLUTION OF STATIONARY PROBLEM OF THERMAL CONDUCTIVITY OF LAYERED 
ANISOTROPIC INHOMOGENEOUS PLATES BY METHOD OF INITIAL FUNCTIONS 
 
The problem of stationary thermal conductivity of layered plates of a constant and va-
riable thickness in the space statement is formulated. The three-dimensional problem is 
reduced by a method of initial functions to the two-dimensional one. For plates with 
layers of variable thickness the system of clearing equations with floating factors is 
obtained. The obtained two-dimensional boundary problems are analyzed. For plates 
with homogeneous layers of constant thickness the solution in an analytic form is built. 
It is shown, that this solution coincides with the solution obtained by the method of 
separation of variables. 
 
Èí-ò òåîðåò. è ïðèêë. ìåõàíèêè  Ïîëó÷åíî 
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