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THERMOELASTICITY WHICH USES FRACTIONAL
HEAT CONDUCTION EQUATION

A survey of monlocal generalizations of the Fourier law and heat conduction
equation is presented. More attention is focused on the heat conduction with time
and space fractional derivatives and on the theory of thermal stresses based on this
equation.

1. Essentials of fractional calculus. In this section we recall the main
idea of fractional calculus [5, 7, 23, 37, 38, 45, 51, 54]. It is common knowledge
that integrating by parts m —1 times the calculation of n-fold primitive of a
function f(t) can be reduced to the calculation of a single integral of the
convolution type

1
(n -

t t
n _ _ n-1 _L _ n-1
") = o, {(t 0" (@ dt = 1o {(t 0" f(n)d, (1)

where n is a positive constant, I'(n) is the gamma function.
The Riemann — Liouville fractional integral is introduced as a natural ge-
neralization of the convolution-type form (1):

t
a _ 1 _ o1
1°f(t) = —F(a)g(t ) () dr, o>0. (2)
The Laplace transform rule for the fractional integral (2) reads
1
L{I*f(t)} = o L@y,

where s is the transform variable.
The Riemann — Liouville derivative of the fractional order o is defined

as left-inverse to the fractional integral I%:

n t
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Dy f(t) = D"I""°f(t) = T —o) g
0

n-l<a<mn,
and for its Laplace transform requires the knowledge of the initial values of
the fractional integral I" ®f(t) and its derivatives of the order k=1,2,...,
n-1:

n-1
L{Dg, f()} = s®L{f(t)} - > DFI"*£(0")s"'™*, n-l<a<n.
k=0

An alternative definition of the fractional derivative was proposed by
Caputo [8]:

t
1
a — —
DEf®) = T —a { (t-o)
For its Laplace transform rule the Caputo fractional derivative requires the
knowledge of the initial values of the function f(t) and its integer derivatives

of the order k=1,2,...,n—1:

n
n-o-1 d

d—nf(T)dr, n-l<a<n.
T

L{Dgf(t)}} = s"L{f(t)} - Tf FE 0 )s*F, n-l<a<mn.
k=0
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The Caputo fractional derivative is a regularization in the time origin for
the Riemann — Liouville fractional derivative by incorporating the relevant
initial conditions [25]. The major utility of the Caputo fractional derivative is
caused by the treatment of differential equations of the fractional order for
physical applications, where the initial conditions are usually expressed in
terms of a given function and its derivatives of integer (not fractional order),
even if the governing equation is of fractional order [41, 54]. If care is taken,
the results obtained using the Caputo formulation can be recast to the Rie-
mann — Liouville version and vice versa.

The convolution type form of the Riemann — Liouville fractional integral
(2) can be extended to

/@ = R )j( -0 fQdC,  xz>a, a>0, (3)

and

b
1% f(x) = ﬁi(g — )" F(E) de, x<b a>0. 4)

These integrals are sometimes called the left-sided and right-sided fracti-
onal integrals, respectively. It should be mentioned that replacing t by x we
have changed notation in equations (3) and (4) in comparison with equation (2)
as the following consideration will concern space-fractional differential opera-
tors.

The corresponding left-sided and right-sided Riemann — Liouville fractio-
nal derivatives of order o > 0 are defined by

_ 1 d
I'n -a) g

j(x O™ f(©)d,

x>a mn-l<aoa<mn,

D%L(aﬂf(x)

nb
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_d

F(n o)\ dx
xX
x<b mn-l<a<n.

The left-sided and right-sided Liouville fractional integrals on the real
axis have the form

[f@) = o [ @-07fQde, zeR a0,

I'f@) = 7oy [ -2 f@Qde, =R a0,

while the fractional derivatives corresponding to these integrals are expressed
by

x

a _; d" _ ~yn-a-1
DIf(2) = Fm gy 307 jw (=" f(Q)dg,
x e R, n-l<a<n,
n-o-1
DUf () = s (- L] J(c 2 (e,
xeR, n-l<a<n.

The Fourier transform rules for Liouville fractional integrals and derivatives
are calculated according to the following formulae:

F{IS} () = —— F{f(@)},

F{I®}f(x) =

x)}7 (X,>0,
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F{D%}f(x) = (~i&)* F{f(x)},

d’f(x) _ I+ B) “in (B_nj flax +8) = 2f(x) + f(a = )
dlxlP n 2 cip

d¢, >0,

S — ]

where § is the Fourier transform variable and (+4£)* means

(£4€)* =|&|* exp [i % ioumsgn F;] .

The Riesz form of the fractional derivative is a symmetric operator with
respect to x [22, 42] (we consider this operator for the values 0 < < 2):

dPf@) 1 [ (Bm)p B o
dlzf sm(Bn)[S1 ( jD f(x)”m(ZjD f(x)]
The Fourier transform rule for the Riesz derivative reads
dBf(x)} B
Fq——"2 = F .
{dlxlﬁ el Fif@)

The Riesz-Feller fractional derivative of order 0 <f <2 and skewness

9 with 9 =min{f, 2 - B} modifies the Riesz derivative introducing asym-
metry [52]

. -3 . +39
Dgf(x) =- sintﬁn) { sin [(BT)R] DEf(x) (x) + sin [(B )

and has the following Fourier transform rule

F{D}f(2)} = -|&|"* exp| 1 i97sgn&|F{f(x)}

The one-dimensional Riesz derivative is the first step in the direction of defi-
ning fractional partial operators in higher dimensions. For example, negative
)*5/2

DPf(x )}

powers of the Laplace operator (—-A , B >0, are called the Riesz potentials

(integrals), and their Fourier transforms are defined as [37]

F{(-A) P2 f(x)} = @ F{f(x)}, B>0,

whereas the positive powers (-A)P/2 >0, are called Riesz derivatives
having the Fourier transforms

F{-0)2fx)} = |8 F{f(x)}, B>0, (5)
where § is the transform variables vector.

It is obvious that equation (5) is a fractional generalization of the
standard formula for the Fourier transform of the Laplace operator

F{-Af(x)} = [& F{f(x)}.
It should be noted that the cumbersome aspects of space-fractional diffe-
rential operators disappear when one computes their integral transforms.

2. Physical backgrounds. The classical theory of heat conduction is based
on the Fourier law

q=-kVT (6)
relating the heat flux vector g to the temperature gradient, where k is the
thermal conductivity of a solid. In combination with the law of conservation of

energy, this equation leads to the parabolic heat conduction equation

oT
i = a AT,

where a is the thermal diffusivity coefficient.
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It should be noted that Eq. (6) is a phenomenological law which states the
proportionality of the flux to the gradient of the transported quantity. It is
met in several physical contexts with different names. It is well known that
from mathematical viewpoint, the Fourier law (6) in the theory of heat con-
duction, and the Fick law in the theory of diffusion,

J=-2Vc,

where J is the matter flux, c¢ is the concentration, = is the diffusion conduc-
tivity, are identical. In combination with the balance equation for mass, the
Fick law leads to the classical diffusion equation:

Jc
Fri a, Ac.

Similarly, the classical empirical Darcy law, describing the flow of fluid
through a porous medium, states proportionality between the fluid mass flux

and the gradient of the pore pressurep
J=-CVp

and leads to the parabolic equation for the pressure

In this paper we discuss heat conduction and thermal stresses, but it obvious
that the discussion concerns also diffusion and diffusive stresses as well as the
theory of fluid flow through the porous solid.

Nonclassical theories, in which the Fourier law and the standard heat
conduction equations are replaced by more general equations, constantly at-
tract the attention of the researchers. The time-nonlocal constitutive equation
for the heat flux was considered in [18, 28, 46, 47, 49, 50]

t
q(t) = —kj a(t — t)grad T(t)dr. 7)
0

The corresponding heat conduction equation has the form [47, 48]

t
%—7; - a_[l; a(t — AT(t) dt |

while the corresponding thermoelasticity theory was formulated by Chen and
Gurtin [17].

The Cattaneo [12, 13] and Vernotte [65] generalization of the Fourier law
can be considered as time-nonlocal (7) with «short-tale» exponential kernel
and leads to the telegraph equation for the temperature. On its basis Kaliski
[36] and Lord and Shulman [39] introduced the theory of generalized elastici-
ty. The first book on the generalized elasticity was published by Podstrigach
and Kolyano [2] in 1976.

In the case of constant kernel («full memory») the constitutive equation
proposed by Nigmatullin [47] and Green and Naghdi [27] is obtained. In this
theory the temperature is described by the wave equation (the ballistic heat
conduction):

2
oT _ a AT .
ot
Green and Naghdi [27] also considered the theory of thermal stresses based on
the wave heat conduction equation. Such a theory is called thermoelasticity
without energy dissipation.

For an extensive bibliography on this subject and further generalizations

see [1, 2, 14, 15, 30, 31, 33—35, 64] and references therein.
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3. Fractional thermoelasticity. In this paper we consider the constitutive
equation with the «long-tale» power time-nonlocal kernel (see also [21, 26])

t
mn:_Fﬁygga—rﬁ*gmdﬂndn 0<a<1, (8)
k07
qu)=_F@tjﬁ%£u—nwﬂgdeuyh, l<a<2. 9)

Constitutive equations (8) and (9) can be rewritten in term of fractional
integrals and derivatives

q(t) = - kD;“ grad T(t), O<a<l,

q(t) = — kI*? grad T(t), l<a<2,
and yield the time-fractional heat conduction equation
03
gZ:aAR 0<o<2, (10)
t

with Caputo fractional derivative of order o. Equation (10) describes the
whole spectrum from local heat conduction o =0 through the standard heat
conduction a =1 to the ballistic heat conduction a = 2.

Space-nonlocal constitutive equations for the heat flux were also consi-
dered. In nonlocal thermoelastcity proposed by Eringen [20] (see also [19]), the
«short-tale» exponential kernel was assumed. Another type of space-nonloca-
lity is based on «long-tale» kernels resulting in fractional differential operators
in space coordinates [16, 24, 52, 53].

The general space-time-fractional heat conduction equation in one-di-
mensional case has the form [22, 42, 63]:

o B
0T _o, 0T 0<a<2  0<B<2,
ot® olxlP
or in the case of higher dimensions [29]
o
%%:—a&AﬁﬂR 0<a<2  0<B<2. (11)
t

Space, time and space-time fractional heat (or diffusion) equations are
useful as a mathematical model of many diverse physical phenomena, inclu-
ding amorphous, colloid, glassy and porous materials, fractals, percolation
clusters, random and disordered media, comb structures, dielectrics and semi-
conductors, polymers and biological systems; see [32, 43, 44, 66], among others.

Applications of fractional calculus to various problems of mechanics of
solids are reviewed in [3, 4, 6, 9—11, 40, 62]. A quasi-static theory of thermal
(or diffusive) stresses based on time-fractional equation (10) was proposed by
the author [55], whereas the corresponding theory based on equation (11) was
considered in [57].

In the quasi-static theory a thermoelastic state of a solid is governed by
the equilibrium equation in terms of displacements

pAu+ A +p)VV-u = p.KVT,
the stress-strain-temperature relation
6 =2ue+(Atre—-PB,.KT)I,
the space-time-fractional heat conduction equation
0°T 0%tre
ot” ot*
where u is the displacement vector, ¢ is the stress tensor, e is the linear

= —a(-A)P2T, 0<a<2, 0<p<2, (12)
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strain tensor, T is the temperature, B, is the thermal coefficient of volumet-
ric expansion, A and p are the Lamé constants, K =X +2u/3, I denotes the
unit tensor. The coefficient y describes the effect of deformation on the ther-
mal state of a solid.

In the framework of the proposed theories, several thermoelastic prob-

lems were considered [55, 56, 58, 59, 61] (see also [60]). Because equation (12)
in the case p=2 and 1< a <2 interpolates the heat conduction equation

o =1 and the wave equation o =2, the proposed theory interpolates the
classical thermoelasticity and the thermoelasticity without energy dissipation
introduced by Green and Naghdi [27].
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TEPMOIMPYXHICTb, AKA BUKOPUCTOBY€E POBOBE PIBHAHHA TEMTONPOBIAHOCTI

HagedeHno 02450 HeAOKAALHUX Y3a2anbHeHb 3aKoHYy Dyp’e i pisHAHHA Menaonposionoc-

mi.
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