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МАТЕМАТИЧНЕ МОДЕЛЮВАННЯ ФІЛЬТРАЦІЙНОЇ КОНСОЛІДАЦІЇ 
ЗРОСТАЮЧОГО ШАРУ ҐРУНТУ ЗА НАЯВНОСТІ СОЛЕПЕРЕНОСУ В 
НЕІЗОТЕРМІЧНИХ УМОВАХ 
 

Ñôîðìóëüîâàíî ìàòåìàòè÷íó ìîäåëü îäíîâèì³ðíî¿ çàäà÷³ ô³ëüòðàö³éíî¿ êîí-
ñîë³äàö³¿ çðîñòàþ÷îãî â ÷àñ³ ´ðóíòîâîãî ìàñèâó ç óðàõóâàííÿì ìàñîïåðåíîñó 
ñîëåé â íå³çîòåðì³÷íîìó ðåæèì³ òà îòðèìàíî ¿¿ ÷èñëîâèé ðîçâ’ÿçîê ç âèêî-
ðèñòàííÿì ñòàá³ë³çàö³éíèõ ñõåì ìåòîäó ñê³í÷åííèõ åëåìåíò³â. Íà îñíîâ³ 
ïðîâåäåíèõ ÷èñëîâèõ åêñïåðèìåíò³â ïîêàçàíî âïëèâ ìàñîïåðåíîñó ñîëåé, íå³çî-
òåðì³÷íèõ óìîâ ³ ïîñòóïîâî¿ çì³íè âèñîòè ìàñèâó ´ðóíòó íà ïðîõîäæåííÿ 
ïðîöåñó éîãî ô³ëüòðàö³éíî¿ êîíñîë³äàö³¿. 

 
 Âñòóï. Çðîñòàþ÷èé òåõíîãåííèé âïëèâ ëþäñüêî¿ ä³ÿëüíîñò³ íà íàâêî-
ëèøíº ñåðåäîâèùå âèìàãàº íîâèõ ï³äõîä³â òà ïîãëÿä³â íà ìàòåìàòè÷íå ìî-
äåëþâàííÿ ïîâåä³íêè ïðèðîäíèõ ñèñòåì. ¥ðóíò º ñèñòåìîþ, ÿêà âêëþ÷àº 
òâåðä³ ÷àñòèíêè (ñêåëåò ´ðóíòó), ïîðîâó ð³äèíó (â íàéïðîñò³øîìó âèïàäêó 
– âîäà) òà ãàçîâó ñêëàäîâó. Çì³íè âíàñë³äîê òåõíîãåííîãî âïëèâó â áóäü-
ÿê³é ôàç³ ´ðóíòó áóäóòü âïëèâàòè íà ïîÿâó çì³í â ³íøèõ ôàçàõ ïîðèñòîãî 
ñåðåäîâèùà. Íåâðàõóâàííÿ òàêèõ âçàºìîçâ’ÿçê³â ìîæå ñïîòâîðèòè êàðòèíó 
ïðîãíîçóâàííÿ ïîâåä³íêè ´ðóíòîâîãî ñåðåäîâèùà òà ïðèçâåñòè äî íåïåðåä-
áà÷óâàíèõ íåãàòèâíèõ íàñë³äê³â. Òîìó ïîñòàº àêòóàëüíà çàäà÷à âðàõóâàííÿ 
³ äîñë³äæåííÿ âçàºìîâïëèâó çì³í ó ôàçàõ ´ðóíòó ïðè ìàòåìàòè÷íîìó ìîäå-
ëþâàíí³ éîãî ïîâåä³íêè ÿê ïîðèñòîãî ñåðåäîâèùà. 

Äîíåäàâíà ïðè äîñë³äæåíí³ ïðîöåñ³â êîíñîë³äàö³¿ ´ðóíò³â ÿê ïîðîâó ð³-
äèíó ðîçãëÿäàëè ÷èñòó âîäó [8, 9, 11, 16]. Îäíàê íàòóðí³ åêñïåðèìåíòè ñâ³ä-
÷àòü ïðî òå, ùî ïàðàìåòðè ´ðóíò³â (çîêðåìà, êîåô³ö³ºíò ô³ëüòðàö³¿) çíà÷íî 
çàëåæàòü â³ä êîíöåíòðàö³¿ ñîëåé ó ïîðîâ³é âîä³ [4, 13]. ßê ïîêàçàíî â ðîáîò³ 
[5], íåâðàõóâàííÿ âïëèâó ïåðåíîñó ñîëåé íà ïðîöåñ êîíñîë³äàö³¿ ´ðóíòó ìî-
æå çíà÷íî ñïîòâîðèòè êàðòèíó äèíàì³êè ðîçñ³þâàííÿ íàäëèøêîâèõ íàïîð³â. 

Îäíèì ³ç òåõíîãåííèõ ôàêòîð³â âïëèâó òàêîæ º çì³íà òåìïåðàòóðíîãî 
ðåæèìó íàâêîëèøíüîãî ñåðåäîâèùà òà çâåäåíèõ áóä³âåëü, ùî ïîçíà÷àºòüñÿ 
íà òåìïåðàòóð³ ñàìîãî ´ðóíòó. Íàïðèêëàä, íåâðàõóâàííÿ öüîãî ôàêòîðó ïðè 
áóä³âíèöòâ³ àòîìíèõ åëåêòðîñòàíö³é íà ãëèíèñòèõ ´ðóíòàõ ìîæå ïðèçâåñòè 
äî íåð³âíîì³ðíèõ îñ³äàíü ôóíäàìåíò³â ñïîðóä [1] ³ âèíèêíåííÿ, âíàñë³äîê 
öüîãî, êðèòè÷íèõ ñèòóàö³é. 

Âïëèâ íå³çîòåðì³÷íîãî ðåæèìó íà ïðîöåñè ô³ëüòðàö³éíî¿ êîíñîë³äàö³¿ 
äîñë³äæåíî â ðîáîòàõ [6, 7]. Çîêðåìà, âðàõîâàíî ÿâèùà òåðìîäèôóç³¿, òåð-
ìîîñìîñó, à òàêîæ çàëåæí³ñòü êîåô³ö³ºíòà ô³ëüòðàö³¿ â³ä òåìïåðàòóðè. 

Ïðè áóä³âíèöòâ³ ´ðóíòîâà ñïîðóäà çâîäèòüñÿ íå â³äðàçó, à ïîñòóïîâî, 
øàðàìè. Êîæåí øàð ìîæå ìàòè âëàñí³ âëàñòèâîñò³, ÿê³ ñóòòºâî â³äð³çíÿ-
þòüñÿ â³ä âëàñòèâîñòåé ³íøèõ øàð³â. Ó ïîïåðåäí³õ ðîáîòàõ àâòîð³â ïðè äî-
ñë³äæåíí³ ïðîöåñ³â êîíñîë³äàö³¿ öåé ôàêò íå âðàõîâóâàâñÿ. Â³äîìî áàãàòî 
íàóêîâèõ ðîá³ò ç äîñë³äæåííÿ êîíñîë³äàö³¿ çðîñòàþ÷îãî øàðó ´ðóíòó [8, 9, 
16]. Îäíàê ó íèõ ÷èñòó âîäó ðîçãëÿäàëè ÿê ïîðîâó ð³äèíó ³ íå âðàõîâóâàëè 
âïëèâó òåïëîâîãî ðåæèìó. Òîìó º àêòóàëüíîþ çàäà÷à ïîáóäîâè ìàòåìàòè÷-
íî¿ ìîäåë³ êîíñîë³äàö³¿ çðîñòàþ÷îãî øàðó ´ðóíòó ç óðàõóâàííÿì âïëèâó 
ïåðåíîñó ñîëåé â íå³çîòåðì³÷íèõ óìîâàõ, çíàõîäæåííÿ ÷èñëîâîãî ðîçâ’ÿçêó 
â³äïîâ³äíî¿ êðàéîâî¿ çàäà÷³ òà äîñë³äæåííÿ âïëèâó çì³ííèõ õàðàêòåðèñòèê 
´ðóíòó íà ïðîöåñ éîãî ô³ëüòðàö³éíî¿ êîíñîë³äàö³¿. 
 Ìàòåìàòè÷íà ìîäåëü çàäà÷³. Ðîçãëÿíåìî îäíîâèì³ðíó çàäà÷ó óù³ëü-
íåííÿ çðîñòàþ÷îãî øàðó äâîôàçíîãî ´ðóíòó, ÿêèé ðîçì³ùåíèé íà íåïðîíèê-
í³é îñíîâ³ (ðèñ. 1). Ïðèïóñòèìî, ùî çðîñòàííÿ â³äáóâàºòüñÿ äèñêðåòíî â ÷àñ³ 
îêðåìèìè øàðàìè. Ïðè öüîìó êîæåí øàð ´ðóíòó ìîæå ìàòè ñâî¿ âëàñí³ õà-
ðàêòåðèñòèêè, â³äì³íí³ â³ä õàðàêòåðèñòèê ³íøèõ øàð³â.  
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Ìàòåìàòè÷íà ìîäåëü ñôîð-
ìóëüîâàíî¿ çàäà÷³ ô³ëüòðàö³éíî¿ 
êîíñîë³äàö³¿ çðîñòàþ÷îãî øàðó 
´ðóíòó ç óðàõóâàííÿì âïëèâó 
ïåðåíîñó ñîëåé â íå³çîòåðì³÷íî-
ìó ðåæèì³ òà çì³ííîñò³ õàðàêòå-
ðèñòèê ´ðóíòó (çîêðåìà, êîåô³ö³-
ºíòà ïîðèñòîñò³ ç ÷àñîì) íà ï³ä-
ñòàâ³ ðåçóëüòàò³â ðîá³ò [5–7, 10, 
15] îïèñóºòüñÿ òàêîþ êðàéîâîþ 
çàäà÷åþ: 
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 0 0 0( ,0) ( ),      ( , 0) ( ),      ( , 0) ( )h x h x c x c x T x T x= = = , (11) 

äå x ∈ Ω , i
i

Ω = Ω , 1, , 1( ; )i i i i i− +Ω =   , 1, ,i m=  ; 0(0, ]t t∈ ; 
def

01 0= , 

def

, 1m m+ =  ; 0 ( )h x , 0 ( )c x , 0 ( )T x , 1( )T t  – çàäàí³ ôóíêö³¿. Òóò âèêîðèñòàíî 

òàê³ ïîçíà÷åííÿ: ( , ) ( , )h x t p x t= γ/  – íàäëèøêîâèé íàï³ð; ( , )p x t  – íàäëèø-

êîâèé òèñê; γ  – ïèòîìà âàãà ñîëüîâîãî ðîç÷èíó; ( , )c x t  – êîíöåíòðàö³ÿ ïî-

ðîâîãî ñîëüîâîãî ðîç÷èíó; ( , )T x t  – òåìïåðàòóðà ´ðóíòîâîãî ñåðåäîâèùà; 

( , , )k c T ε , ( )cν , ( )D c , TD , Tk , λ  – êîåô³ö³ºíòè â³äïîâ³äíî ô³ëüòðàö³¿, õ³ì³÷-
íîãî îñìîñó, êîíâåêòèâíî¿ äèôóç³¿, òåðìîäèôóç³¿, òåðìîîñìîñó òà åôåêòèâ-
íî¿ òåïëîïðîâ³äíîñò³ âîëîãîãî ´ðóíòó; u  – øâèäê³ñòü ô³ëüòðàö³¿ ñîëüîâîãî 
ðîç÷èíó; ρ , cρ  – ãóñòèíà òà ïèòîìà òåïëîºìí³ñòü ïîðîâîãî ðîç÷èíó; Tc  – 

îá’ºìíà òåïëîºìí³ñòü ´ðóíòó; v  – øâèäê³ñòü ðóõó òâåðäèõ ÷àñòèíîê ´ðóíòó; 
t  – ÷àñ; ε , ε  – êîåô³ö³ºíò ïîðèñòîñò³ òà éîãî îñåðåäíåíå çíà÷åííÿ; n  – ïî-
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ðèñò³ñòü ´ðóíòó; a  – êîåô³ö³ºíò ñòèñëèâîñò³ ´ðóíòó; 1γ  – êîíñòàíòà øâèä-

êîñò³ ìàñîîáì³íó; mC∗  – êîíöåíòðàö³ÿ ãðàíè÷íîãî íàñè÷åííÿ; ∗Θ , h∗  – ñóìà 

ãîëîâíèõ íàïðóæåíü â ñêåëåò³ ´ðóíòó òà íàäëèøêîâèé íàï³ð â ñòàí³ ïîâíî¿ 
ñòàá³ë³çàö³¿; 

0 0

( ) ( )( , ) ( , ),  ( , ) , ( , ) ( , ),  ( , )   i i
i it th x t h x t x t Q c x t c x t x t Q= ∈ = ∈{ } { } , 

0

( )( , ) ( , ),  ( , ) ,     ( , , ) ( , , ),  i
ii i i itT x t T x t x t Q k c T k c T x= ∈ ε = ε ∈ Ω{ } { } , 

( ) ( ),  ,      ( ) ( ),  i i i i i iD c D c x c c x= ∈ Ω ν = ν ∈ Ω{ } { } , 

( ) ,  ,    ( ) ,  ,    ,  T T i i T T i i i ik k x D D x x= ∈ Ω = ∈ Ω λ = λ ∈ Ω{ } { } { } , 

,  ,      ( ) ,  i i T T i ia a x c c x= ∈ Ω = ∈ Ω{ } { } , 
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,       ,     
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i i i ix x x
f f f f f f f

+ + +

+ − + −
= = + = −

= − = =[ ]
  

, 

00

( )
0 0(0, ],      1, , ,      (0, ]i

i ttQ t i m Q t= Ω × = = Ω × . 

 Ââàæàºòüñÿ, ùî âåðõíÿ ìåæà ìàñèâó ´ðóíòó äðåíîâàíà, à íèæíÿ – 
íåïðîíèêíà. Ïðè÷îìó íåïðîíèêí³ñòü çóìîâëþºòüñÿ çàëÿãàííÿì ïëàñòà ñîë³. 
Ìåæà x =   ïðè ïîñòóïîâîìó çðîñòàíí³ øàðó ´ðóíòó ïîñë³äîâíî ïðîá³ãàº 
âñ³ 1,i i− , 2, ,i m=  . Òîâùèíè øàð³â ìîæóòü â³äð³çíÿòèñü îäíà â³ä îäíî¿. 

 Íà ìåæàõ êîíòàêòó ì³æ ´ðóíòîâèìè øàðàìè çàäàþòüñÿ óìîâè ñïðÿ-
æåííÿ ³äåàëüíîãî êîíòàêòó (8), (9) [10, 15]. 
 Ð³âíÿííÿ (1) îïèñóº äèíàì³êó çì³íè íàäëèøêîâèõ íàïîð³â ó ÷àñ³ ³ âèâî-
äèòüñÿ íà îñíîâ³ îñíîâíî¿ ðîçðàõóíêîâî¿ ìîäåë³ Â. À. Ôëîð³íà [16] ïðè 
ïðèéíÿòò³ çàêîíó ô³ëüòðàö³¿ ó âèãëÿä³ (4) [6]. Ð³âíÿííÿ (2), (3) îïèñóþòü 
ñîëüîâèé ³ òåìïåðàòóðíèé ðåæèìè ìàñèâó ´ðóíòó, ÿêèé êîíñîë³äóºòüñÿ. 
Â³äïîâ³äíî øóêàíèìè º ôóíêö³¿ ðîçïîä³ëó ïîëÿ íàäëèøêîâèõ íàïîð³â 

),( txh , êîíöåíòðàö³¿ ñîëåé ó ïîðîâ³é âîä³ ),( txc  ³ òåìïåðàòóðè ),( txT . 

 ×èñåëüíå ðîçâ’ÿçàííÿ êðàéîâî¿ çàäà÷³ (1)–(11) ìåòîäîì ñê³í÷åííèõ 
åëåìåíò³â. Àíàëîã³÷íî, ÿê ó [10, 15], ïîçíà÷èìî ÷åðåç 0H  ìíîæèíó âåêòîð-

ôóíêö³é 1 2 3( ) ( ), ( ), ( )x s x s x s x=s ( ) , êîæíà ³ç êîìïîíåíò ÿêèõ ó êîæí³é ³ç 

îáëàñòåé iΩ  íàëåæèòü ïðîñòîðó Ñîáîëºâà 1
2 ( )iW Ω , 1, ,i m=  , ³ ïðèéìàº 

íóëüîâ³ çíà÷åííÿ íà òèõ ê³íöÿõ â³äð³çêà 0, [ ] , äå â³äïîâ³äíî äëÿ ôóíêö³é 

( , )h x t , ( , )c x t  ³ ( , )T x t  çàäàíî ãðàíè÷í³ óìîâè ïåðøîãî ðîäó. Ïðè öüîìó 

êîæíà ç ôóíêö³é ( )js x , 1, 2, 3j = , çàäîâîëüíÿº â³äïîâ³äí³ ãîëîâí³ óìîâè 

ñïðÿæåííÿ (8). 
 Íåõàé H  – ïðîñò³ð âåêòîð-ôóíêö³é 1 2 3( , ) ( , ), ( , ), ( , )x t f x t f x t f x t=f ( ) , 

êîæíà ç êîìïîíåíò ( , )if x t  ÿêèõ ³íòåãðîâíà ç êâàäðàòîì ðàçîì ç³ ñâî¿ìè 

ïåðøèìè ÷àñòèííèìè ïîõ³äíèìè if
t

∂
∂

, if
x

∂
∂

 ó êîæí³é ³ç îáëàñòåé jΩ  t∀ ∈ 

0(0, ]t∈ , 1, 2, 3i = , 1, ,j m=  , ïðè÷îìó 1( , )f x t , 2 ( , )f x t , 3 ( , )f x t  çàäîâîëüíÿ-

þòü ãðàíè÷í³ óìîâè ïåðøîãî ðîäó òà óìîâè ñïðÿæåííÿ (8) ò³, ùî é ôóíêö³¿ 
( , )h x t , ( , )c x t , ( , )T x t  â³äïîâ³äíî. 

 Âèêîðèñòàâøè ñòàíäàðòíó ïðîöåäóðó: äîìíîæèâøè ð³âíîñò³ (1), (2), (3) 
òà êîæíó ç ïî÷àòêîâèõ óìîâ (11) â³äïîâ³äíî íà ôóíêö³¿ 1( )s x , 2( )s x , 3 ( )s x  

òàê³, ùî 1 2 3 0( ), ( ), ( )s x s x s x H∈( ) , ³íòåãðóþ÷è ¿õ ïî îáëàñò³ Ω , çàñòîñîâóþ÷è 

³íòåãðóâàííÿ ÷àñòèíàìè òà âèêîðèñòîâóþ÷è äëÿ ð³âíÿíü (2), (3) çáóðåí³ âà-
ð³àö³éí³ ð³âíîñò³ çã³äíî ç ïðîòèïîòîêîâîþ ñõåìîþ Ïåòðîâà – Ãàëüîðê³íà [17], 
îòðèìàºìî 
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dsh h c Ts dx k c T c k dx
t a x x x dx

∂ + ε ∂ ∂ ∂ + ε − ν − = ∂ γ ∂ ∂ ∂ ∫ ∫
 

 

 1 0
0

1        (0, ]h s dx t t
t t

∗ ∗∂Θ ∂ = + ∀ ∈ ∂ γ ∂ ∫


, (12) 

 2
2 2 1 2

0 0 0 0
T

dsc c T cn s dx D D dx u s dx cs dx
t x x dx x

∂ ∂ ∂ ∂ + + + + γ + ∂ ∂ ∂ ∂ ∫ ∫ ∫ ∫
   

 

 
e

( )
e

0

c
T

c c T cn D D u
t x x x x xΩ

∂ ∂ ∂ ∂ ∂ ∂   + τ − − + +    ∂ ∂ ∂ ∂ ∂ ∂    ∑ ∫


 

 2
1 1 2 0

0

( )       (0, ]m m

ds
c C u dx C s dx t t

dx
∗ + γ − = γ ∀ ∈ ∫



, (13) 

 
e

( )3
3 3 e

0 0 0 0

T
T T

dsT T T Tc s dx dx c u s dx c
t x dx x xρ

Ω

∂ ∂ ∂ ∂+ λ + ρ + τ −∂ ∂ ∂ ∂∑∫ ∫ ∫ ∫
   

 

 3
00   (0, ]

dsT Tc u c u dx t t
x x x dxρ ρ
∂ ∂ ∂  − λ + ρ ρ = ∀ ∈  ∂ ∂ ∂  

, (14) 

 1 0 1 2 0 2
0 0 0 0

( ,0) ( ) ,      ( , 0) ( )h x s dx h x s dx c x s dx c x s dx= =∫ ∫ ∫ ∫
   

,  

 3 0 3
0 0

( ,0) ( )T x s dx T x s dx=∫ ∫
 

 (15) 

1 2 3 0 ( ), ( ), ( )s x s x s x H∀ ∈( ) , 

 ( , ), ( , ), ( , )h x t c x t T x t H∀ ∈( ) , 

eΩ = Ω , eΩ  – ñê³í÷åíí³ åëåìåíòè; ( )
e
cτ , ( )

e
Tτ  – ïàðàìåòðè ðåãóëÿðèçàö³¿. 

 Íàáëèæåíèé ðîçâ’ÿçîê çàäà÷³ (1)–(11) øóêàºìî ó âèãëÿä³ 

 
1

(1)

1

   
( , , ), ( , , ), ( , , ) ( ) ( ),

n

i i
i

h x y t c x y t T x y t a t N x
=

= 
 ∑( )  

 
2 3

(2) (3)
2 3

1 1

( ) ( ) ( , ),   ( ) ( ) ( , )
n n

j j s s
j s

b t N x W x t r t N x W x t
= =

+ + 
∑ ∑ , (16) 

äå (1) , 0, 0i iN=N ( ) , 11, ,i n=  , 
1

(2)0, , 0j j nN −=N ( ) , 1 1 21, ,j n n n= + + , 

1 2

(3)0, 0,s s n nN − −=N ( ) , 1 2 1 2 31, ,s n n n n n= + + + + , – áàçèñí³ âåêòîð-ôóíêö³¿ 

ñê³í÷åííîâèì³ðíîãî ï³äïðîñòîðó 0 0M H⊂ ; 2 ( , )W x t , 3 ( , )W x t  – â³äîì³ ôóíê-

ö³¿ òàê³, ùî 2 (0, ) mW t C∗= , 3 1( , ) ( )W t T t= . 

 Ç ð³âíîñòåé (12)–(15) ïðè 1 2 3 0( ), ( ), ( )s x s x s x M∈( ) , âðàõîâóþ÷è (16), 

îòðèìóºìî çàäà÷ó Êîø³ äëÿ ñèñòåìè íåë³í³éíèõ äèôåðåíö³àëüíèõ ð³âíÿíü 
â³äíîñíî âåêòîðà íåâ³äîìèõ ( ) ( ( ), ( ), ( ))t t t t=U A B R : 

 (3) (3) (3)( , , )d
dt

⋅ + ⋅ =RM L A B R R F , (17) 

 (2) (2) (2) (2)( , , ) ( ) ( )d t t
dt

⋅ + ⋅ = ⋅ +BM L A B R B G R F , (18) 

 (1) (1) (1) (1) (1)( , ) ( ) ( ) ( )d t t t
dt

′⋅ + ⋅ = ⋅ + ⋅ +AM L B R A G B G R F , (19) 
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 (1) (0) (1) (2) (0) (2) (3) (0) (3),    ,     ⋅ = ⋅ = ⋅ =M A F M B F M R F      , (20) 

äå 
1 1 2 2(0) (0)
1 1 1 1( ( )) ,     ( (0)) ,     ( ( )) ,     ( (0))n n n n

i i i i i i i ia t a b t b= = = == = = =A A B B ,  

3 3 3 3(0) (3) (3) (3) (3)
1 1 , 1 , 1  ( ( )) ,     ( (0)) ,     ( ) ,  ( ) n n n n

i i i i ij i j ij i jr t r m l= = = == = = =R R M L , 

3 1 3 3(3) (3) (1) (1) (3) (3) (3) (3)
, 1 , 1 1 1( ) ,  ( ) , ( ) ,    ( )     n n n n

ij i j ij i j i i i im m f f= = = == = = =M M F F    , 

2 2 2(2) (2) (2) (2) (2) (2)
, 1 , 1 , 1( ) ,     ( ) ,    ( )n n n

ij i j ij i j ij i jm m l= = == = =M M L  ,  

2 3 2 2,(2) (2) (2) (2) (2) (2)
1, 1 1 1( ) ,   ( ) ,       ( ) n n n n

ij i j i i i ig f f= = = == = =G F F  , 

1 1 1 2,(1) (1) (1) (1) (1) (1)
  , 1 , 1 1, 1 ( ) ,    ( ) ,      ( )n n n n

ij i j ij i j ij i jm l g= = = == = =M L G , 

1 3 1 1,(1) (1) (1) (1) (1) (1)
  1, 1 1 1 ( ) , ( ) ,       ( )n n n n

ij i j i i i ig f f= = = =
′ ′= = =G F F  ,  

 (3) (3) (3) (2) (2) (2)

0 0

,       ij i j ij i jm N N dx m N N dx= =∫ ∫ 
 

,  

 
e e

(3)
(3) (3) (3) ( ) (3)

e
0

T i
ij T i j j

dN
m c N N dx c N u dx

dxρ
Ω Ω

 = + τ ρ 
 ∑∫ ∫



,  

 (3) (3) (3)
0 3

0 0

( ,0)i i if T N dx W x N dx= −∫ ∫
 

,  

 λ
(3) (3)(3)

(3) (3)

0

j ji
ij i

dN dNdN
l c N u dx

dx dx dxρ
 = + ρ + 
 ∫



 

 λ
e e

(3) (3) (3)
( )
e

j jT i
dN dN dN

c c u u dx
x dx dx dxρ ρ

Ω Ω

∂   + τ ρ − + ρ  ∂  ∑ ∫ , 

 λ
(3)

(3) (3) (3)3 3 3

0

i
i T i i

W W dN W
f c N c uN dx

t x dx xρ
∂ ∂ ∂ = − + + ρ − ∂ ∂ ∂ ∫



 

 λ
e e

(3)
( ) 3 3 3
e
T i

T

W W W dN
c c c u u dx

t x x x dxρ ρ
Ω Ω

∂ ∂ ∂∂   − τ ρ − + ρ   ∂ ∂ ∂ ∂  ∑ ∫ , 

 
e e

(2)
(2) (2) (2) ( ) (2)

e
0

c i
ij i j j

dN
m n N N dx uN dx

dxΩ Ω

 = + τ 
 ∑∫ ∫



,  

 (2) (2) (2)
0 2

0 0

( ,0)i i if c N dx W x N dx= −∫ ∫
 

, 

 
e e

(3) (3)(2) (2)
(2) ( )

e
0

j jci i
ij T T

dN dNdN dN
g D dx D u dx

dx dx x dx dxΩ Ω

∂  = − − τ  ∂  ∑∫ ∫


, 

 
(2) (2)(2)

(2) (2) (2) (2)
1

0

j ji
ij i i j

dN dNdN
l D uN N N dx

dx dx dx
 = + + γ + 
 ∫



 

 
e

(2) (2) (2)
( ) (2)
e 1

e

j jc i
j

dN dN dN
D u N u dx

x dx dx dxΩ Ω

∂   + τ − + + γ  ∂  ∑ ∫ , 
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 (1) (1) (1) 1

0 0

1 1
2i i i

Whf N dx N
t t a t

∗ ∗ ∂∂ ∂θ + ε  = + + − −  ∂ γ ∂ γ ∂  ∫ ∫
 

 

 ν x

(1) (1) (1)
1 2 3i i i

T

W dN W dN W dN
k k dx

x dx dx x dx
∂ ∂ ∂ − + + ∂ ∂ ∂ 

, 

 
(2) (2)

(2) (2)2 2 3

0

i i
i i T

W W dN W dN
f n N D D

t x dx x dx
∂ ∂ ∂= − + + − ∂ ∂ ∂∫



 

 
e e

(2) ( ) 2 2
1 2 e( ) c

i m

W W
N C W dx n D

t x x
∗

Ω Ω

∂ ∂∂  − γ − − τ − −   ∂ ∂ ∂  ∑ ∫  

 
(2)

3 2
1 2( ) i

T m

W W dN
D u W C u dx

x x x dx
∗∂ ∂∂   − + + γ −  ∂ ∂ ∂  

, 

 (1) (1) (1) (1) (1) (1)
0 1

0 0 0

,      ( , 0)ij i j i i im N N dx f h N dx W x N dx= = −∫ ∫ ∫
  

, 

 
(1) (2)(1) (1)

(1) (1)

0 0

1 1,        j ji i
ij ij

dN dNdN dN
l k dx g dx

a dx dx a dx dx
+ ε + ε= = ν
γ γ∫ ∫

 

, 

 
(3) (1)

(1)

0

1 j i
ij T

dN dN
g k dx

a dx dx
+ ε′ = −
γ ∫



. 

Ïàðàìåòðè ðåãóëÿðèçàö³¿ ( )
e
Tτ , ( )

e
cτ  ó ñï³ââ³äíîøåííÿõ (13), (14) çã³äíî ç 

[3, 14] âèáèðàºìî òàêèì ÷èíîì: ( ) e
e

,e

( )T
T

h

a cρ ∞

τ = γ
ρ u

Pe , ( ) e
e

,e

( )c
c

h
a ∞

τ = γ
u

Pe , 

äå 3a = , 
, 0 1,

( )
1, 1 .

z z
z

z

≤ ≤
γ = 

≤ < ∞
 

 Äëÿ çíàõîäæåííÿ ÷èñëîâîãî ðîçâ’ÿçêó çàäà÷³ Êîø³ (17)–(20) ïîä³ëèìî 

÷àñîâèé â³äð³çîê 00, t[ ]  íà M  îäíàêîâèõ ÷àñòèí ç êðîêîì 0t

M
τ = . Ïîçíà÷èìî 

÷åðåç ( ) ( ) ( ) ( ), ,j j j j=U A B R( )  íàáëèæåí³ ðîçâ’ÿçêè çàäà÷³ Êîø³ (17)–(20) ïðè 

t j= τ . Òàêîæ ââåäåìî òàê³ ïîçíà÷åííÿ:  

( 1/2) ( 1) ( ) ( 1/2) ( 1) ( )1 1,  
2 2

      j j j j j j+ + + += + = +R R R A A A( ) ( ) , 

( 1/2) ( 1) ( )1
2

j j j+ += +B B B( ) . 

 Íàáëèæåíèé ðîçâ’ÿçîê ñèñòåìè íåë³í³éíèõ äèôåðåíö³àëüíèõ ð³âíÿíü 
(17)–(19) ìîæíà çíàéòè çà äîïîìîãîþ ñõåìè Êðàíêà – Í³êîëñîíà [10, 15]. 
Îäíàê öÿ ñõåìà âèìàãàº íà êîæíîìó ÷àñîâîìó øàð³ ðîçâ’ÿçàííÿ ñèñòåì íå-
ë³í³éíèõ ð³âíÿíü. Ùîá óíèêíóòè öüîãî, äëÿ çíàõîäæåííÿ íàáëèæåíèõ ðîç-
â’ÿçê³â çàäà÷³ Êîø³ ìîæíà âèêîðèñòàòè ñõåìó ïðåäèêòîð-êîðåêòîð [15]. 

 Ðåçóëüòàòè ÷èñëîâèõ åêñïåðèìåíò³â. Ç’ÿñóâàííÿ âïëèâó ìàñîïåðåíîñó 
ñîëåé òà íå³çîòåðì³÷íîãî ðåæèìó íà ïðîöåñ ô³ëüòðàö³éíî¿ êîíñîë³äàö³¿ 
çðîñòàþ÷îãî øàðó ´ðóíòó ïðîâåäåíî íà òåñòîâîìó ïðèêëàä³. Ó çâ’ÿçêó ç 
öèì ðîçãëÿíóòî îäíîâèì³ðíó çàäà÷ó ô³ëüòðàö³éíî¿ êîíñîë³äàö³¿ ìàñèâó 
´ðóíòó çàãàëüíîþ òîâùèíîþ 24= ì ç òàêèìè âèõ³äíèìè äàíèìè: 

5( ) 2.8 10c −ν = ⋅ ì5/(êã ⋅ äîáà), 0 0.62ε = , 0.002D = ì2/äîáà, 

0.002TD = êã ⋅ ì2/(ãðàä ⋅ äîáà ⋅ ë), ( , , )k k c T= ε , 0(0, 20, ) 0.001k ε = ì/äîáà, 

62.8 10Tk −= ⋅ ì2/(ãðàä ⋅ äîáà), 1
1 0 äîáà−γ = , 1100ρ = êã/ì3, 
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108λ = êÄæ/(ì ⋅ ãðàä ⋅ äîáà), 4.2ñρ = êÄæ/(êã ⋅ ãðàä), 350mC∗ = ã/ë,  

2137Tñ = êÄæ/(ì3 ⋅ ãðàä), 1 17 13 cos
180

tT π= + , 0 ( ) 8c x = ã/ë, 0 30 CT = ° . 

Ó ïî÷àòêîâèé ìîìåíò ÷àñó 12 2= =  ì ³ 0 ( ) ( ) nH x x
γ − γ

= − ⋅
γ

 , äå 

42.16 10nγ = ⋅ Í/ì3 – ïèòîìà âàãà ´ðóíòó, 41.1 10γ = ⋅ Í/ì3 – ïèòîìà âàãà 

ïîðîâîãî ðîç÷èíó. 

Ó ð³âíÿíí³ (1) 0h
t

∗∂ =
∂

 îñê³ëüêè îñòàòî÷íèé ðîçïîä³ë íàäëèøêîâèõ 

íàïîð³â ó ñòàá³ë³çîâàíîìó ñòàí³ º íåçì³ííèì ó ÷àñ³. Ïðè ð³âíîì³ðíîìó 

äèñêðåòíîìó çðîñòàíí³ âèñîòè øàðó ´ðóíòó 1
t n

∗
∗∂Θ = Θ

∂
, äå n  – ê³ëüê³ñòü 

ïðîì³æê³â ÷àñó, ïðîòÿãîì ÿêèõ â³äáóâàºòüñÿ çá³ëüøåííÿ òîâùèíè ìàñèâó 
´ðóíòó. Òàêîæ ó çàêîí³ (4) çíåõòóâàíî øâèäê³ñòþ ðóõó òâåðäèõ ÷àñòèíîê 
´ðóíòó. Ôóíêö³ÿ 1T  âèçíà÷àºòüñÿ ç óìîâè ñåçîííèõ êîëèâàíü òåìïåðàòóðè, 

ïðè÷îìó max 30 CT = ° , min 4 CT = ° . 
 Çàëåæí³ñòü êîåô³ö³ºíòà ô³ëüòðàö³¿ â³ä êîíöåíòðàö³¿ ñîëüîâîãî ðîç÷èíó 

( )k k c=  âèáðàëè òàêîþ [5]: 

 5 4 3 2
5 4 3 2 1 0( )k c a c a c a c a c a c a= + + + + + , 

äå 2
5 5.9404 10a −= ⋅ , 1

4 1.6703 10a −= − ⋅ , 1
3 1.7051 10a −= ⋅ , 2

2 7.4311 10a −= − ⋅ , 
2

1 1.0563 10a −= ⋅ , 3
0 1.0054 10a −= ⋅ , [0,1]c ∈  – îáåçðîçì³ðåíà âåëè÷èíà.  

 Çàëåæí³ñòü êîåô³ö³ºíòà ô³ëüòðàö³¿ â³ä òåìïåðàòóðè âèçíà÷àëè, àïðîê-
ñèìóþ÷è çà äîïîìîãîþ ìåòîäó íàéìåíøèõ êâàäðàò³â ðåçóëüòàòè åêñïåðè-
ìåíò³â, íàâåäåí³ â [2]: 

 5 4 3 2
5 4 3 2 1 0( )k T b T b T b T b T b T b= + + + + + , 

äå 2
5 1.4154 10b −= ⋅ , 2

4 2.6097 10b −= − ⋅ , 2
3 1.0819 10b −= ⋅ , 4

2 1.2844 10b −= ⋅ , 
2

1 1.0404 10b −= ⋅ , 3
0 3.0925 10b −= ⋅ , [0,1]T ∈  – îáåçðîçì³ðåíà âåëè÷èíà. 

Çàëåæí³ñòü êîåô³ö³ºíòà ô³ëüòðàö³¿ â³ä ïîðèñòîñò³ ´ðóíòó âèáðàíî, ÿê ó 
ðîáîò³ [9] 

 ( )k Aeβεε = , 

äå 0 ln (1 )c bε = ε − + Θ , ( )n nx hΘ = γ − − γ , 75.87 10A −= ⋅ ì/äîáà, 12β = , 
362 10ñ −= ⋅ , 66.5 10b −= ⋅ ì2/Í.  

Òîä³ êîåô³ö³ºíò ñòèñëèâîñò³ ´ðóíòó âèçíà÷èòüñÿ ÿê 

 
1

cba
b

=
+ Θ

, 

i 

 
2
0

1( , , ) ( ) ( ) ( )k c T k c k T k
k

ε = ⋅ ⋅ ε , 

äå 0k  – êîåô³ö³ºíò ô³ëüòðàö³¿ äëÿ ÷èñòî¿ âîäè ïðè òåìïåðàòóð³ 20° Ñ òà 

0ε = ε . 

Îá÷èñëåííÿ ïðîâåäåíî íà ð³âíîì³ðí³é ñ³òö³ ïðè ë³í³éíèõ ³ êâàäðàòè÷íèõ 
ðîçðèâíèõ ïîë³íîì³àëüíèõ áàçèñíèõ ôóíêö³ÿõ [10, 15]. Ïîïåðåäíüî ìàòåìà-
òè÷íà ìîäåëü (1)–(11) çâåäåíà äî îáåçðîçì³ðåíîãî âèãëÿäó. Äëÿ äèñêðåòèçà-
ö³¿ â ÷àñ³ âèêîðèñòàíî ñõåìó ïðåäèêòîð-êîðåêòîð ³ç ð³âíîì³ðíèì êðîêîì çà 
÷àñîì. Âåëè÷èíà êðîêó çà ÷àñîì â îáåçðîçì³ðåí³é ìîäåë³ 0.00125τ = , ùî 
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â³äïîâ³äàº êðîêó â ðåàëüíîìó ÷àñ³ 30 äiáτ = . ²íòåãðàëè äëÿ â³äøóêàííÿ 
åëåìåíò³â â³äïîâ³äíèõ ìàòðèöü ó çàäà÷³ Êîø³ (17)–(20) îá÷èñëåíî ç âèêî-
ðèñòàííÿì êâàäðàòóðíèõ ôîðìóë ¥àóññà [12]. 

Íà ðèñ. 2 íàâåäåíî ãðàô³êè ðîçïîä³ëó ïîëÿ íàäëèøêîâèõ íàïîð³â ó ìà-
ñèâ³ ´ðóíòó äëÿ ð³çíèõ çíà÷åíü ÷àñó â³ä ïî÷àòêó ïðîöåñó ô³ëüòðàö³éíî¿ 
êîíñîë³äàö³¿ áåç óðàõóâàííÿ (øòðèõîâ³ 
êðèâ³) òà ç óðàõóâàííÿì ïîñòóïîâîãî 
çðîñòàííÿ øàðó ´ðóíòó – ç óðàõóâàí-
íÿì âïëèâó îñìîòè÷íèõ ÿâèù ³ çàëåæ-
íîñò³ ( , , )k k c T= ε  (ñóö³ëüí³ êðèâ³). ßê 
áà÷èìî íà ðèñ. 2, çà ïðèïóùåííÿ ìèò-
òºâîãî çâåäåííÿ øàðó ´ðóíòó íàäëèø-
êîâ³ íàïîðè º ìåíøèìè, í³æ ïðè ïî-
ñòóïîâîìó çâåäåíí³ øàðó ´ðóíòó. Ïðè-
÷èíà öüîãî ÿâèùà ïîëÿãàº â òîìó, ùî 
çà ÷àñ çðîñòàííÿ øàðó ´ðóíòó, êîëè 
íàäëèøêîâ³ íàïîðè çà ðàõóíîê ïðè-
êëàäåíîãî íàâàíòàæåííÿ çá³ëüøó-
þòüñÿ, ó ìèòòºâî çâåäåíîìó ìàñèâ³ ´ðóíòó íàïîðè íà ïåâíèé ð³âåíü ðîç-
ñ³þþòüñÿ. 

Íà ðèñ. 3–5 íàâåäåíî ãðàô³êè ðîçïîä³ëó íàäëèøêîâèõ íàïîð³â, êîíöåí-
òðàö³¿ ñîëåé òà òåìïåðàòóðè â çðîñòàþ÷îìó øàð³ ´ðóíòó. Ïðè óðàõóâàíí³ 
âïëèâó îñìîòè÷íèõ ÿâèù, çàëåæíîñò³ ( , , )k k c T= ε  ³ çì³ííèõ õàðàêòåðèñòèê 
´ðóíòó (ñóö³ëüí³ êðèâ³) íàäëèøêîâ³ íàïîðè ðîçñ³þþòüñÿ ïîâ³ëüí³øå, í³æ ó 
âèïàäêó íåâðàõóâàííÿ âïëèâó òåìïåðàòóðè, êîíöåíòðàö³¿ ñîëåé ³ çì³ííèõ 
õàðàêòåðèñòèê ´ðóíòó (øòðèõîâ³ êðèâ³). Öå ïîÿñíþºòüñÿ òèì, ùî ïðè c >  

60> ã/ë (äèâ. ðèñ. 4) ³ ïðè çìåíøåíí³ êîåô³ö³ºíòà ïîðèñòîñò³ á³ëÿ íèæíüî¿ 
íåïðîíèêíî¿ îñíîâè çíà÷íî çìåíøóºòüñÿ êîåô³ö³ºíò ô³ëüòðàö³¿, ùî ïðèçâî-
äèòü äî óïîâ³ëüíåíîãî ðîçñ³þâàííÿ íàäëèøêîâèõ íàïîð³â. Óïîâ³ëüíåííþ 
ðîçñ³þâàííÿ íàïîð³â â îêîë³ íèæíüî¿ ìåæ³ òàêîæ ñïðèÿº óðàõóâàííÿ íîð-
ìàëüíî¿ îñìîòè÷íî¿ ô³ëüòðàö³¿. 
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 Рис. 3 Рис. 4 

Òåìïåðàòóðà ïðàêòè÷íî íå âïëè-
âàº íà ðîçïîä³ë íàäëèøêîâèõ íàïîð³â 
ïîáëèçó íèæíüî¿ ìåæ³, îñê³ëüêè, ÿê 
áà÷èìî íà ðèñ. 5, òåìïåðàòóðíå ïîëå â 
îêîë³ ö³º¿ ìåæ³ ïðàêòè÷íî íå çì³íþ-
ºòüñÿ. Îäíàê òàêèé âïëèâ ïðîñë³äêî-
âóºòüñÿ â îêîë³ âåðõíüî¿ ìåæ³. 

Îòæå, óðàõóâàííÿ ïîñòóïîâîãî 
çðîñòàííÿ øàðó ´ðóíòó ïðèçâîäèòü äî 
â³äì³ííîñòåé â ðîçïîä³ë³ ïîë³â íàä-
ëèøêîâèõ íàïîð³â ïîð³âíÿíî ç ìèòòº-
âèì çâåäåííÿì øàðó ´ðóíòó. Óðàõó-
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âàííÿ çì³ííèõ õàðàêòåðèñòèê ´ðóíòó, òåìïåðàòóðè òà íàÿâí³ñòü êîíöåíòðà-
ö³¿ ñîëåé ó ïîðîâ³é âîä³ ïîðóøóº î÷³êóâàíå ñï³ââ³äíîøåííÿ íàïîð³â â ìàñèâ³ 
´ðóíòó. 
 Âèñíîâêè. Îòæå, íà ï³äñòàâ³ ðåçóëüòàò³â ðîá³ò [5, 6, 10, 15] ñôîðìóëüî-
âàíî ìàòåìàòè÷íó ìîäåëü îäíîâèì³ðíî¿ çàäà÷³ ô³ëüòðàö³éíî¿ êîíñîë³äàö³¿ 
çðîñòàþ÷îãî øàðó ´ðóíòó ç óðàõóâàííÿì âïëèâó ïåðåíîñó ñîëåé ³ òåìïåðà-
òóðè. ×èñëîâèé ðîçâ’ÿçîê â³äïîâ³äíî¿ êðàéîâî¿ çàäà÷³ çíàéäåíî ìåòîäîì 
ñê³í÷åííèõ åëåìåíò³â. ßê ïðèêëàä íàâåäåíî ðåçóëüòàòè ÷èñëîâèõ åêñïåðè-
ìåíò³â ç äîñë³äæåííÿ ô³ëüòðàö³éíî¿ êîíñîë³äàö³¿ ìàñèâó ´ðóíòó îáìåæåíî¿ 
òîâùèíè.  
 Ó ðîçãëÿíóò³é ñòàòò³ ïèòàííÿ îá´ðóíòóâàííÿ ñò³éêîñò³ òà îö³íêè çá³æ-
íîñò³ îòðèìàíèõ ÷èñëîâèõ ðîçâ’ÿçê³â êðàéîâî¿ çàäà÷³ ïðè ð³çíèõ ñê³í÷åí-
íîåëåìåíòíèõ ïîä³ëàõ îáëàñò³ òà ÷àñîâèõ ïðîì³æêàõ íå îáãîâîðþâàëîñü. Ö³ 
ïèòàííÿ ïëàíóþòüñÿ ÿê îêðåìå òåîðåòè÷íå äîñë³äæåííÿ íàñòóïíîãî åòàïó 
ïîäàëüøèõ ðîá³ò àâòîð³â ó öüîìó íàïðÿìêó.  
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МАТЕМАТИЧЕСКОЕ МОДЕЛИРОВАНИЕ ФИЛЬТРАЦИОННОЙ 
КОНСОЛИДАЦИИ РАСТУЩЕГО СЛОЯ ГРУНТА С УЧЕТОМ СОЛЕПЕРЕНОСА 
В НЕИЗОТЕРМИЧЕСКИХ УСЛОВИЯХ 
 
Ñôîðìóëèðîâàíà ìàòåìàòè÷åñêàÿ ìîäåëü îäíîìåðíîé çàäà÷è ôèëüòðàöèîííîé 
êîíñîëèäàöèè ðàñòóùåãî ñëîÿ ãðóíòà ñ ó÷¸òîì ìàññîïåðåíîñà ñîëåé â íåèçîòåð-
ìè÷åñêîì ðåæèìå è ïîëó÷åíî å¸ ÷èñëåííîå ðåøåíèå ñ èñïîëüçîâàíèåì ñòàáèëèçèðî-
âàííûõ ñõåì ìåòîäà êîíå÷íûõ ýëåìåíòîâ. Íà îñíîâàíèè ïðîâåäåííûõ ÷èñëîâûõ 
ýêñïåðèìåíòîâ ïîêàçàíî âëèÿíèå ìàññîïåðåíîñà ñîëåé, íåèçîòåðìè÷åñêèõ óñëîâèé 
è ïîñòåïåííîãî óâåëè÷åíèÿ òîëùèíû ìàññèâà ãðóíòà íà ïðîöåññ åãî ôèëüòðàöè-
îííîé êîíñîëèäàöèè. 
 
MATHEMATICAL MODELING OF FILTRATION CONSOLIDATION  
PROBLEM FOR INCREASING SOIL LAYER TAKING INTO ACCOUNT SALT  
TRANSFER UNDER NON-ISOTHERMAL CONDITIONS  
 
A mathematical model of filtration consolidation problem for increasing soil layer, 
taking into account non-isothermal salt transfer, has been formulated. The numerical 
solution of the corresponding one-dimensional boundary-value problem has been found 
by the stabilized finite element method. The influence of mass transfer of salt, non-
isothermal conditions and progressive change of soil layer height on the filtration 
consolidation process has been numerically investigated. 
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