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ON STRESS INTENSITY FACTORS FOR TRANSIENT THERMAL
LOADING IN ORTHOTROPIC THIN PLATE WITH CRACK

The paper deals with the transient thermal stress problem in an orthotropic plate,
containing Griffith crack, perpendicular to the surfaces of the plate. It is assumed
that transient thermal stress is caused by application of heat flow to the crack
faces and the heat flow due to convection from the plate surfaces. The problem is
formulated in terms of displacement potentials and the analytical solution is found
for the stress intensity factor. Numerical results illustrate the dependence of stress
intensity factor on thermal and elastic constants of orthotropic material.

Introduction. To obtain the stress intensity factors for the transient state
is a very significant problem. When the crack surfaces are subjected to a
transient thermal loading, the stress intensity factor will increase with
passage of time and, sooner or later, it will exceed the critical stress intensity
factor of the material. Then, the crack extends, suddenly. Thus the analysis of
the stress intensity factor under transient thermal loading estimates when the
crack extends and, further, the life of the materials. In this study, we assume
that the Griffith crack in a thin plate is subjected to known heat flux, which
is dependent on time and position.

N. Sumi [11, 12], A. Y. Akdz and T. R. Tauchert [1], C. Atkinson and
D. L. Clement [2], D. L. Clements [3], Y. M. Tsai [14] and the author [9] have
solved various problems for an anisotropic thermoelastic solid with cracks.
The radiation boundary conditions have been considered by G. M. L. Gladwell,
J. R. Barber and Z. Olesiak [4], T. Koizumi and H. Niwa [6], V. C. Ting and
H. R. Jacobs [13], R. Ishida [5], N. Noda and Y. Matsunaga [7].

Analysis. We shall suppose that the crack, situated in an infinite ortho-
tropic thin plate of thickness 2h is opened by the application of heat flux de-

pending on time and position to its flat surfaces and the heat exchange by
convection on the upper and lower surface of the plate. The crack is assumed

to occupy the region |x|<a in the plate at y =0 in a rectangular co-ordi-

nate system, as shown in Fig. 1.

Fig. 1

The heat conduction equation governing an unsteady-state temperature
field in orthotropic thin plate with heat dissipation at both plane surfaces is

*T T Y,_ 0T
My o + gy oy hT =P (1)

where vy is the heat transfer coefficient on the plane surfaces, ¢ is the speci-

fic heat, p is the density and A,;, A,, are the thermal conductivities in the
x - and y -directions, respectively. If the thermal and mechanical conditions
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on the upper surface of the crack are identical with those on the lower sur-
face, one is able to reduce the problem under consideration to a problem for
the semi-infinite thin plate y > 0. Therefore the initial and boundary condi-

tions for the temperature field are

T =0, t=0, (2)
oT _
Loy oy q,9(t)f(x)H(a - | x|), y=0, (3)

where q; is the heat flux per unit area per unit time and H(-) denotes Hea-

viside’s step function. Applying both the Laplace transform with respect to
the time t and the cosine-Fourier transform with respect to the variable x,
and using the convolution theorem for inverse Laplace transform, one can
find the solution of (1), which satisfies (2) and (3), in the form

00

t
T= jg(t - T)|: 42 qu jf(s)cos(sx) dsj cos (py)e” K(m+s?42%p po dt =
0 n 0

= J [J 0(s, p, t) cos (py) dp} cos(sx)ds,
oLo

where
0(s,p, 1) = — % - q“" f(s )jg(t—r)e‘w s g (5)
T Ao
a
7 Y My 2 _ Mgy
(s) = | f(x)cos(sx)dxe, m?=——, =—= A" === (6)
)= k' LT ep oy

Next, we consider the stress and displacement fields. The stress-strain
equations for an orthotropic medium under plane stress state are

Oz = C11€pr T C12€yy — BIT
Oy = Cra€rr T C22€yy — B,T
Oy = 2Gexy , (7

where e;; are the strain components, G, are the stress components, c;; are

the moduli of elasticity of the material, G is the shear modulus, B, = c¢;;0; +
+C150y, By =c50, +Cy0, and oy, a, are the thermal expansion coefficients
along x- and y -directions, respectively. The strain components are
aux 6uy _ 1 ( aux 8uyj

= 5y ox )

em = A y eyy = —ay , exy = D)

where u, and u, are the displacement components along the axis. The equ-

ations of equilibrium for the plane stressed state in the absence of the body
forces are

oG 96, oo oG

xx — xy vy —
ox oy 0, ox * oy 0. ©)
From (7), (8) and (9), it follows that
o*u 62u 62u
Cnﬁ-‘rc 6y L+ (¢ +G)—=— aray Bl 6x’
o*u 62u o*u
Yy 8T
—_— 1
G o + Cyg — 6y + (¢ +G) 6x6y [32 (10)
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The general solution of the equilibrium equations (10) may be obtained as
the superposition of two fields. The first one corresponds to the solution of the
homogeneous equation (10), for which [8]:

u, = 2 (ko +0y), 4y = %0 ko), ()
az
Cpr =~ G(k + 1)@(@1 + (Pz)’
62
Cyy =~ Gk +1)$((P1 +0,),
62
Oy = Gll + 1505 (01 + 02), (12)
2 2
aq;w%-a(’;":o, i=1,2, (13)
ox* s; Oy
where
Gczzs;1 - (011022 — 0122 — 2012G) s? +Gey, =0, 1=12,
2
_ Cys) — G
k= e (14)

The second may be obtained in terms of the thermoelastic displacement
potential function y(x,y,t) defined as follows:

_ oy _ 0¥

ux—ax, uy—éay. (15)

Equations (10) are satisfied if

Py Ly o*y

¢ ——+G—=+L(c; +G)— =B, T,

11 ax2 ayz 12 ayz Bl

%y %y o*y

Gl—% +cyol —= + (¢} +G)—= =B,T . (16)
ox? 22 6y2 12 ox? 2

The suitable expression for y defined by (16) for the temperature
distribution in (4) is

y = I[ j C(s, p,t)cos (py)dp }cos(sx) ds. (17
oL o

This satisfies both the equations (16) providing
C(35 p; t) [C1132 + sz + £p2(012 + G)] = - Ble(37 pv t) ’

C(s,p,t) [E(czzp2 +Gs*) + sz(c12 + G)] =—B,0(s,p, ), (18)
ie.
[3132(c12 +G)-B, (01132 +p°G)
B,p2(cpy + G) = By(coyp® + 8°G)

sz2(012 +G) - Bl(czzpz + SZG) .
(c,,8% + Gp*)(cyyp® + Gs*) = (c;y + G)*p°s®

l(s,p) =

C(s,p,t) = 0(s, p, t) (19)

111



The solutions of Eqs (13) appropriate to our problem are

<P1(30,y) =

_ So T -1 —818Y
—G(k D)5, = 5,) !s A(s)e cos(sx)ds,

51 7 -1 —S9SY
= B 2 ds.
0y (2, Y) Gl DG, —5y) J{; s B(s)e cos(sx)ds
Using the obtained potentials, we find:

0

1

ux(x,y,t)=mo

- J‘{ IsC(s, p,t)cos (py)dp } sin(sx)ds,
oLo

Gk +1)(s; — s,

u, (x,y,t) = % I [A(s)e™Y — kB(s)e **¥ | cos (sx) ds —
0

o0

- J[ [ pC(s. p,t)(s, p) sin (py) dp } cos (sx) ds,
oL o0

0
5159

o, (2, y,t) = s[s,A(s)e”™™ — s,B(s)e”"*¥ | cos (sx) ds —

s, —s
17 %2

00

+ GJ[ j pZC(s, p,t)[L(s, p) + 1]cos (py)dp } cos(sx)ds,
oLo

1 0

-s
17 %2

G,y (X,Y,t) = . s[s,A(s)e™ 1™ — 5 B(s)] e cos (sx)ds +

+ GJ-[ ISZC(S, P, t)[4(s, p) + 1] cos (py) dp }cos (sx)ds,
olo

5159

Gy (%,Y,1) = = Is [A(s)e™*Y — B(s)e ***¥|sin (sx) ds +
0

S = Sy
+ GJ{ jpsC(s, p,t)[{(s,p) + 1]sin (py) dp }sin (sx)ds.
olLo

The mechanical boundary conditions on the plane y =0 are

Guy =0,

G,y =0, x| <a, u, =0, |x|>a.

(20)

) “IcszA(s)e_slsy — 8,B(s)e” 2% |sin (sx) ds —

(21)

(22)

(23)

(24)

Applying (22)3 to the boundary condition (23) we obtain A = B. Substitu-
ting (21)9 and (22)y into the boundary conditions (24), we obtain the following

dual integral equations for A(s):
JsA(s)cos(sx) ds = F(x), |x|<a,
0

17 B
GcllA(s)cos(sx)ds—O, |x|>a,

112

(25)



where
F(x) = Gj j s*C(s, p, t)[{(s, p) + 1]cos (sx) ds dp,
00

C, =(k+1Dk-1"(s;" —s7t). (26)
The solution to the dual integral equations of the form (25) is [6]

Als) = %JBJO(SB){ [ 7o(aB)G(q) dg } dp, (27)
0 0

where J;(-) is a Bessel function of the first kind and zeroth order and

G(g) = G[ ¢°C(g, p,1)[¢ (g, p) + 1] dp. (28)
0

We obtain the complete solution of the problem by substituting (27), (26)
into (21), (22).
Note that

GC(s,p,t)[l(s,p) +1] =

G(ey ¢y — C%Q)((X1p2 + 0‘232)

- 4 2 2 2
Gey 8™ +s°p [c11c22 —Cjy — 2Gc12] + Gceyyp

7 6(s,p,0) =

2 2
a,p + AyS

= - 4 +(2 4 ) 92 9 + 4 e(s7p7t)7 (29)
S90S S12 T Sg6)S D+ 81D
C 1 c 1
_ 22 _ _ 11 _
where 811_—2_E_’ Sgg = ———5 = %,
C11€22 ~ Cy2 1 C11€22 ~ Cp2 2
S = — C12 __Vip - 1
12 — 2 E.’ 66 G
C11C22 ~ Cp2 2

are the elastic compliances of the material in the x- and y -directions, res-

pectively, and E;, E, are the longitudinal elastic moduli, and v,, is Poisson’s

ratio. The transient thermal stress Cyy has a singularity of order 1/ Vr at the
crack tips, where r is the distance from the tip.

Therefore, the stress intensity factor K; of the mode I is defined as
K, =lim 2(x-a)o,,| . (30)
r—>a Yly=0

The stress intensity factor K, is calculated from (30) and we get the

formula
2Va |
K, = J,(as)G(s)ds =
N .([ 0
_o8Va AT g T a;p? + o,s”
= @[ — 1
TN 2 0 S998" + (28)5 + Sg6)S D™ + 8,D

t

x Jg(t - r)e”‘(mZJrs2”‘2pz)T dtdpds. (31)
0
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For isotropic material the stress intensity factor (31) assumes the form

K}sot —
Ea % .- « i
=T 8;/; A af32f(3)Jo(a3)f 21 zjgr(t—T)e"“’"z”zﬂ’z)T dpdtds. (32)
s ‘/; }\’isot 0 o P87y

Numerical results. In calculating the temperature and transient stress
intensity factors the following dimensionless quantities are introduce

2
Y r_ Xt 2 2 2 _ Yya 2 My
E.>=£7 n=-—, t=_7 M*® =a"m =75 1 7\‘ =35
a a a? b Ay
) E:ﬂ _ 2819 + 866 %ZTKZZ
o’ E,’ 2s;; gea ’
— KI}\‘ZZ — ny ?\‘22

= G, = .
' ’
a,Eaqyva W oE aq,

Numerical calculations were carried out for two types of a heat supply q,

case 1: q = qy9(t)f(x) =qq;

case 2: q = qu9(t)f(x) = gye

where t' is the Fourier number.

Fig. 2 shows the effects of A% (A% =
=0.25,1,2,4) on the temperature at

—t
’

n =0 for the case 1 (at q = q, M?* =1, s q=q,
. )
t'=1). The temperature at n =0 increa- Mt,:l
ses with rise of the ratio of thermal con- -10
ductivity.
Figs 3 and 4 show variation of the . 0.25
normal stress 6, at nm=0 with & for
various values of the effects of A* (fig. 3) 5 ¢
and o (fig. 4) for the case 1 (at q = q,, Fig. 2
M? =1, t' =1) of thermal loading.
Eyylnzn
05 t21=q0
04 M2 =
03 L A =1
L E=1
0.2 T p=1
0.1 C
0 -
L 0.25
01 1 1 ! 1 -01 ! 1 T T
1 1.5 2 25 3 é 1.5 2 25 3 a
Fig. 3 Fig. 4

Figs 5—8 show the effects of the anisotropy of the material constants on

the stress intensity factor for case 1 and case 2, when only one among the
material constants such as k2, o, E, 1 indicates various anisotropies and the
other material constants are kept equal to those of isotropic conditions.
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Fig. 7 Fig. 8

These figures show that effects of the anisotropy of A% o, E and L on

the stress intensity factor are large.
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MPO KOE®ILIEHTU IHTEHCUBHOCTI HAIMPYXEHb MPU HEYCTAIIEHOMY TEMJ/IOBOMY
HABAHTAXEHHI B TOHKIM OPTOTPOIMHIN MIACTUHLI 3 TPILLMHOIO

Poszasdaemoves 3a0aua npo HeycmaneHi menaosi HANPYHeHHS 8 OPMOMPONHIU nadac-
munyi 3 mpiwunoto I'pipghimeca, nepnenduxyaiproro 00 nogeprons naacmunxu. Ipu-
NYCKAEMDBCA, WO MEeNnN08i HANPYHCEHHA 3YMOBALHT NOMOKOM Mmenaa Ha bepezaxr mpiuju-
HU Ma NOMOKOM Menad 8HACAIO0K KOHBeKUIl HA NOBEPILHAX naacmuHKu. 3adaua op-
MYAIOEMDBC Y MEPMIHAL NOMEHYIANI8 Nepemiuenns, 04 Koediyienmie THMeHCUBHOCTT
HANPYHEHD OMPUMAHO aHAATMUUHUL DO036’a30k. Hucaoel pe3yabmamu LAOCMPYOMb
3anexcHicms Koediyienma THMeHCUBHOCTT HANPYKHCeHdb 810 Menaosux i NPYICHUX napa-
Mempié OPMOMPONHO20 MAMEPIALY.

0 KO3PDPULIMEHTAX UHTEHCUBHOCTU HAMPSXXEHWUM NPU HEYCTAHOBUBLLENCA
TENNOBOW HAMPY3KE B TOHKOM OPTOTPOMHOW MNNACTUHKE C TPELLIMHOWN

Pacemampusaemces 3a0aua 0 HeYycmaHOBUSULUXCS MENA0BBLL HANPAHCEHUAX 8 O0PMOo-
mponxol naacmunke ¢ mpewunou I'pugpdumca, nepneHOUKYAAPHOU K NOBEPLHOCMU
naacmunku. IIpednosazaemcs, 4mo menaosbie HANPANEHUSL O00YCAOBAEHBL NOMOKOM
menaa Ha Gepezaxr MPewuHsl U NOMOKOM Menid 8ciedcmeue KoOH8eKYUU HA NO8ePILHOC-
msax naacmunku. 3adaua GopMysupyemcs 8 mepMUHAL NOMEHYUAL08 Nepemeu,eHUs,
Onsi Koagppuyuenma UHMeHCUBHOCMU HANPANCEHUL NOAYUEHO aHarumutecKoe peueHue.
Jucaennovle Ppe3ysbmamsl UALOCPUPYIOM 3ABUCUMOCTD KOIPPHUYUSHMA UHMEHCUB-
HOCTMU HANPANCEHUT OM Meniosulr U YNPYauxr napamempos opmomponHoz0 mame-
puaaa.
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