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ОБЕРНЕНА ЗАДАЧА ДЛЯ ПАРАБОЛІЧНОГО РІВНЯННЯ 
В ОБЛАСТІ З ВІЛЬНОЮ МЕЖЕЮ 
 

Âñòàíîâëåíî óìîâè ³ñíóâàííÿ ³ ºäèíîñò³ ðîçâ’ÿçêó îáåðíåíî¿ çàäà÷³ âèçíà÷åí-
íÿ íåâ³äîìîãî ñòàðøîãî êîåô³ö³ºíòà, ùî çàëåæèòü â³ä ÷àñó, â ïàðàáîë³÷íîìó 
ð³âíÿíí³ â îáëàñò³ ç â³ëüíîþ ìåæåþ. 

 
Çàäà÷³ ç â³ëüíîþ ìåæåþ ïîÿâëÿþòüñÿ ïðè äîñë³äæåíí³ òàêèõ ô³çè÷íèõ 

ÿâèù, ÿê òàíåííÿ ëüîäó, ïëàâëåííÿ òâåðäèõ ò³ë. Ïðèêëàäîì çàäà÷³ ç â³ëü-
íîþ ìåæåþ º çàäà÷à Ñòåôàíà [5]. Îñîáëèâ³ñòþ öèõ çàäà÷ º òå, ùî ìåæà îá-
ëàñò³ íåâ³äîìà. Äëÿ ¿¿ â³äøóêàííÿ çàäàþòü äåÿê³ äîäàòêîâ³ óìîâè. Òàêó 
çàäà÷ó ìîæíà ðîçãëÿäàòè ÿê îáåðíåíó ³ äî ¿¿ äîñë³äæåííÿ çàñòîñóâàòè ìå-
òîäèêó äîñë³äæåííÿ îáåðíåíèõ çàäà÷. Ó ðîáîò³ [4] ðîçãëÿíóòî îáåðíåí³ 
çàäà÷³ äëÿ ð³âíÿííÿ òåïëîïðîâ³äíîñò³ â îáëàñò³ ç â³äîìîþ ðóõîìîþ ìåæåþ. 
Ìîæíà ïîºäíàòè â îäí³é çàäà÷³ âèçíà÷åííÿ íåâ³äîìî¿ ìåæ³ òà çíàõîäæåííÿ 
íåâ³äîìîãî êîåô³ö³ºíòà ïàðàáîë³÷íîãî ð³âíÿííÿ ³ äîñë³äæóâàòè ¿¿ ÿê îáåðíå-
íó çàäà÷ó ç äâîìà íåâ³äîìèìè ïàðàìåòðàìè. Óìîâè ³ñíóâàííÿ òà ºäèíîñò³ 
ðîçâ’ÿçêó îáåðíåíî¿ çàäà÷³ ç â³ëüíîþ ìåæåþ äëÿ ð³âíÿííÿ òåïëîïðîâ³äíîñò³ 
áóëî âñòàíîâëåíî â [1]. Ó ïðàö³ [7] ðîçãëÿíóòî îáåðíåíó çàäà÷ó âèçíà÷åííÿ 
íåâ³äîìî¿ ìåæ³ òà ÿäðà, çàëåæíîãî â³ä ÷àñó, äëÿ ïàðàáîë³÷íîãî ð³âíÿííÿ ç 
³íòåãðàëüíèì äîäàíêîì. Ó ïðîïîíîâàí³é ðîáîò³ âñòàíîâëåíî óìîâè ³ñíóâàííÿ 
³ ºäèíîñò³ ðîçâ’ÿçêó îáåðíåíî¿ çàäà÷³ âèçíà÷åííÿ íåâ³äîìî¿ ìåæ³ òà íåâ³äî-
ìîãî ñòàðøîãî êîåô³ö³ºíòà ð³âíÿííÿ ïàðàáîë³÷íîãî òèïó. Íà â³äì³íó â³ä çà-
äà÷³ Ñòåôàíà, óìîâà íà íåâ³äîì³é ìåæ³ çàì³íåíà ³íòåãðàëüíîþ óìîâîþ. 

1. Ôîðìóëþâàííÿ çàäà÷³. Ðîçãëÿíåìî îáåðíåíó çàäà÷ó âèçíà÷åííÿ íå-
â³äîìîãî êîåô³ö³ºíòà ( )a t  ð³âíÿííÿ  

 ( ) ( , ) ( , ) ( , )t xx xu a t u b x t u c x t u f x t= + + +  (1) 

â îáëàñò³ ( , ) : 0 ( ),  0T x t x h t t TΩ = < < < < < ∞{ }  ç íåâ³äîìîþ ìåæåþ ( )x h t= , 
ïî÷àòêîâîþ óìîâîþ  

 ( ,0) ( ),          0, (0)u x x x h= ϕ ∈ [ ] , (2) 

êðàéîâèìè óìîâàìè  

 1 2(0, ) ( ),        ( ( ), ) ( ) ,           0,u t t u h t t t t T= µ = µ ∈ [ ] , (3) 

òà óìîâàìè ïåðåâèçíà÷åííÿ  

 3( ) (0, ) ( ),     0,        xa t u t t t T= µ ∈ [ ] , (4) 

 
( )

4
0

( , ) ( ),            0,
h t

u x t dx t t T= µ ∈∫ [ ] . (5) 

Çà äîïîìîãîþ çàì³íè ,  
( )
xy t t

h t
= =  çàäà÷ó (1)–(5) çâåäåìî äî îáåðíåíî¿ 

çàäà÷³ ñòîñîâíî íåâ³äîìèõ ( ), ( ), ( , ) ( ( ), )a t h t v y t u yh t t= :  

 
2

( ( ), ) ( )( )
( )( )

t yy y
b yh t t yh ta t

v v v
h th t

′+
= + +  

 ( ( ), ) ( ( ), ) ,       ( , ) Tc yh t t v f yh t t y t Q+ + ∈ , (6) 

äå ( , ) : 0 1,  0TQ y t y t T= < < < <{ } ,  

 ( 0) ( (0) ),        0,1v y h y y, = ϕ ∈ [ ] , (7) 

 1 2(0, ) ( ) ,       (1, ) ( ) ,        0,v t t v t t t T= µ = µ ∈ [ ] , (8) 
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 3( ) (0, ) ( ) ( ) ,        0,ya t v t t h t t T= µ ∈ [ ] , (9) 

 
1

4
0

( ) ( , ) ( ) ,        0,h t v y t dy t t T= µ ∈∫ [ ] . (10) 

Òð³éêó ôóíêö³é 1 2,1( ),  ( ),  ( , ) 0, 0, ( ),   ( ) 0Ta t h t v y t C T C T C h tQ∈ × × >( ) [ ] [ ] , 

( ) 0a t > , 0,t T∈ [ ] , ùî çàäîâîëüíÿþòü óìîâè (6)–(10), áóäåìî íàçèâàòè ðîç-
â’ÿçêîì çàäà÷³ (6)–(10).  

2. ²ñíóâàííÿ ðîçâ’ÿçêó.  
Òåîðåìà 1. Ïðè âèêîíàíí³ óìîâ  

(i) 1 0, ,        ( ) 0,       1, 4,     0,i iC T t i t Tµ ∈ µ > = ∈[ ] [ ] ; 

(ii) 2
0 00, ,        ( ) 0,       ( ) 0,   0,C h x x x h′ϕ ∈ ϕ > ϕ > ∈[ ] [ ] ,  

äå 0 (0) 0h h= >  º ðîçâ’ÿçêîì ð³âíÿííÿ 
(0)

4
0

( ) (0)
h

x dxϕ = µ∫ ;  

 (iii) 1,0
1 1, , 0, 0, ,  ( , ) 0,  ( , ) 0, 0,b c f C H T f x t x t H T∈ × ≥ ∈ ×( )[ ] [ ] [ ] [ ] ,  

äå 
0

1
1 4 1 2

0, 0, 0, 0,
max ( ) min min ( ),  min ( ),  min ( )

T h T T
H t x t t

−= µ ϕ µ µ{ ( )}
[ ] [ ] [ ] [ ]

; 

(iii³) 1 2(0) (0),        ( (0)) (0)hϕ = µ ϕ = µ ,  

ìîæíà âêàçàòè òàêå ÷èñëî 0 0,  0t t T< ≤ , ùî ðîçâ’ÿçîê çàäà÷³ (6)–(10) 

³ñíóº ïðè 00 1,  0y t t≤ ≤ ≤ ≤ .  

Ä î â å ä å í í ÿ. Ç óìîâ (2), (5) ³ ïðèïóùåíü òåîðåìè ðîáèìî âèñíîâîê 
ïðî ³ñíóâàííÿ ºäèíîãî çíà÷åííÿ 0 (0) 0h h= > , ÿêå çàäîâîëüíÿº ð³âíÿííÿ 

(0)

4
0

( ) (0)
h

x dxϕ = µ∫ . Çà ïðèíöèïîì ìàêñèìóìó äëÿ ðîçâ’ÿçêó çàäà÷³ (6)–(8) ó 

âèïàäêó äîâ³ëüíèõ íåïåðåðâíî¿ íà 0,T[ ] ôóíêö³¿ ( ) 0a t >  òà íåïåðåðâíî 

äèôåðåíö³éîâíî¿ íà 0,T[ ] ôóíêö³¿ ( ) 0h t >  ñïðàâäæóºòüñÿ îö³íêà  

 0( , ) 0,         ( , ) Tv y t M y t Q≥ > ∈ , (11) 

äå 
0

0 1 2
0, 0, 0,

min min ( ),  min ( ),  min ( )
h T T

M x t t= ϕ µ µ{ }
[ ] [ ] [ ]

. Ïîäàìî (10) ó âèãëÿä³ ð³â-

íÿííÿ  

 4
1

0

( )
( ) ,            0,

( , )

t
h t t T

v y t dy

µ
= ∈

∫
[ ] . (12) 

Òîä³ ç óðàõóâàííÿì (11) ñïðàâäæóºòüñÿ îö³íêà  

 10 ( ) ,            0,h t H t T< ≤ < ∞ ∈ [ ] , (13) 

äå 1 4
0,0

1 max ( )
T

H t
M

= µ
[ ]

.  

Ïðÿìà çàäà÷à (6)–(8) åêâ³âàëåíòíà ð³âíÿííþ  

 
1

0 1
0 0

( ( ), ) ( )
( , ) ( , ) ( , , , ) ( , )

( )

t
b h h

v y t v y t G y t v
h ξ

′ξ τ τ + ξ τ= + ξ τ ξ τ + τ∫ ∫  

 ( ( ), ) ( , ) ,         ( , ) Tc h v d d y t Q+ ξ τ τ ξ τ ξ τ ∈
, (14) 
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äå  

 
1

0 1 0 1 12
0 0

( )
( , ) ( , , , 0) ( ) ( , ,0, ) ( )

( )

t
a

v y t G y t h d G y t d
h

ξ
τ= ξ ϕ ξ ξ + τ µ τ τ −
τ∫ ∫  

 1 22
0

( )
( , ,1, ) ( )

( )

t
a

G y t d
h

ξ
τ− τ µ τ τ +
τ∫  

 
1

1
0 0

( , , , ) ( ( ), ) ,    ( , )
t

TG y t f h d d y t Q+ ξ τ ξ τ τ ξ τ ∈∫ ∫ , (15) 

 
2( 2 )1( , , , ) exp

4 ( ) ( )2 ( ) ( )
k

n

y n
G y t

tt

+∞

=−∞

− ξ +  ξ τ = − +  θ − θ τ π θ − θ τ 
∑ ( )( )

 

 
2

2
0

( 2 ) ( )( 1) exp ,   1,2,   ( )
( )4 ( ) ( )

t
k y n ak t d

ht
+ ξ +  τ + − − = θ = τ  τθ − θ τ  ∫( )

, (16) 

( , , , )kG y t ξ τ  – ôóíêö³ÿ ¥ð³íà ïåðøî¿ ( 1)k =  ³ äðóãî¿ ( 2)k =  êðàéîâèõ çàäà÷ 

äëÿ ð³âíÿííÿ  

 
2

( )
( , )

( )
t yy

a t
v v f y t

h t
= + . (17) 

Ïðîäèôåðåíö³þºìî ð³âíÿííÿ (14) ïî y :  

 
1

0 1
0 0

( ( ), ) ( )
( , ) ( , ) ( , , , ) ( , )

( )

t

y y y
b h h

v y t v y t G y t v
h ξ

′ξ τ τ + ξ τ= + ξ τ ξ τ + τ∫ ∫  

 ( ( ) ) ( ) ,       ( , ) Tc h v d d y t Q+ ξ τ , τ ξ, τ ξ τ ∈
. (18) 

Äëÿ çíàõîäæåííÿ 0yv  âèêîðèñòàºìî (15) ³ ñï³ââ³äíîøåííÿ  

 1 2 2 22

( )
( , , , ) ( , , , ),     ( , , , ) ( , , , )

( )
y

a
G y t G y t G y t G y t

h
ξ ξξ τ

τξ τ = − ξ τ ξ τ = − ξ τ
τ

. 

²íòåãðóþ÷è ÷àñòèíàìè, çíàõîäèìî  

 
1

0 0 2 0 2 1
0 0

( ) ( 0) ( ) ( 0 ) ( )
t

yv y t h G y t h d G y t d′ ′, = , , ξ, ϕ ξ ξ − , , , τ µ τ τ +∫ ∫  

 2 2
0

( 1 ) ( )
t

G y t d′+ , , , τ µ τ τ +∫  

 
1

1
0 0

( , , , ) ( ( ), ) ,      ( , )
t

y TG y t f h d d y t Q+ ξ τ ξ τ τ ξ τ ∈∫ ∫ . (19) 

Ç óìîâ òåîðåìè òà ð³âíîñò³ 
1

2
0

( , , , 0) 1G y t dξ ξ =∫ , ÿêó ëåãêî ïåðåâ³ðèòè, âè-

ïëèâàº îö³íêà ïåðøîãî äîäàíêà ð³âíîñò³ (19):  

 
1

0 2 0 0 0 1
[0,1]

0

( , , , 0) ( ) min ( ) 0,   ( , ) Th G y t h d h h y M y t Q′ ′ξ ϕ ξ ξ ≥ ϕ ≡ > ∈∫ . (20) 

Ðåøòà äîäàíê³â ó (18) ³ (19) ïðè 0t =  äîð³âíþþòü íóëåâ³. Òîìó ìîæíà 
çðîáèòè âèñíîâîê ïðî ³ñíóâàííÿ äåÿêîãî ÷èñëà 0 0,  0t t T< ≤ , òàêîãî, ùî 

ïðè 
0 0( , ) 0,1 0,ty t Q t∈ ≡ ×[ ] [ ]{ }  ñïðàâäæóºòüñÿ íåð³âí³ñòü  
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 2 1 2 2
0 0

( , ,0, ) ( ) ( , ,1, ) ( )
t t

G y t d G y t d′ ′− τ µ τ τ + τ µ τ τ +∫ ∫  

 
1

1
0 0

( , , , ) ( ( ), )
t

yG y t f h d d+ ξ τ ξ τ τ ξ τ +∫ ∫  

 
1

1
0 0

( ( ), ) ( )
( , , , ) ( , )

( )

t

y
b h h

G y t v
h ξ

′ξ τ τ + ξ τ+ ξ τ ξ τ + τ∫ ∫  

 
01

1( ( ), ) ( , ) ,           ( , )
2 tc h v d d M y t Q+ ξ τ τ ξ τ ξ τ ≤ ∈

. (21) 

Òîä³ ç³ ñï³ââ³äíîøåíü (18) ³ (19), âðàõîâóþ÷è (20), (21), îäåðæèìî  

 
01

1( , ) 0 ,         ( , )
2y tv y t M y t Q≥ > ∈ , (22) 

ùî äàº ìîæëèâ³ñòü çàïèñàòè (9) ó âèãëÿä³ 

 3
0

( ) ( )
( ) ,          0,

(0, )
h t t

a t t t
w t

µ
= ∈ [ ] , (23) 

äå ïîçíà÷åíî ( , ) ( , )yw y t v y t≡ . Ïðîäèôåðåíö³þºìî ð³âí³ñòü (10) ïî t , âèêî-

ðèñòîâóþ÷è (6) ³ ïîçíà÷àþ÷è ( ) ( )p t h t′= :  

 4 3 2 1
2

1( ) ( ) ( ) ( ( ), ) ( ) (0, ) ( )
( )

p t t t b h t t t b t t
t

 ′= µ + µ − µ + µ −µ 
 

 
1 1

0 0

( ) ( ( ), ) ( ) ( ( ), )h t f yh t t dy h t c yh t t− − −
∫ ∫  

 0( )

( )
( , ) ( , ) (1, ) ,     0,

( )yh t

a t
b t v y t dy w t t t

h tη η=

− η − ∈  
[ ] . (24) 

Ð³âíÿííÿ (12) òàêîæ áóäåìî ðîçãëÿäàòè íà ïðîì³æêó 00 t,[ ] :  

 4
01

0

( )
( ) ,        0,

( , )

t
h t t t

v y t dy

µ
= ∈

∫
[ ] . (25) 

Ïîäàìî ð³âíÿííÿ (14) ³ (18) ó âèãëÿä³  

 
1

0 1
0 0

( ( ) ) ( )
( ) ( ) ( ) ( )

( )

t
b h p

v y t v y t G y t w
h

ξ τ , τ + ξ τ, = , + , , ξ, τ ξ, τ + τ∫ ∫  

 
0

( ( ), ) ( , ) ,       ( , ) tc h v d d y t Q+ ξ τ τ ξ τ ξ τ ∈
, (26) 

 
1

0 1
0 0

( ( ), ) ( )
( , ) ( , ) ( , , , ) ( , )

( )

t

y y
b h p

w y t v y t G y t w
h

ξ τ τ + ξ τ= + ξ τ ξ τ + τ∫ ∫  

 
0

( ( ), ) ( , ) ,        ( , ) tc h v d d y t Q+ ξ τ τ ξ τ ξ τ ∈
. (27) 

Îòæå, çàäà÷ó (6)–(10) çâåäåíî äî ñèñòåìè ð³âíÿíü (23)–(27), òîáòî, ÿêùî 

ôóíêö³¿   
0

1 2,1
0 0( ), ( ), ( , ) [0, ] [0, ] ,  ( ) 0,  ( ) 0,  ta t h t v y t C t C t C Q h t a t t∈ × × > > ∈( ) ( )  

00, t∈ [ ] , º ðîçâ’ÿçêîì çàäà÷³ (6)–(10), òî ôóíêö³¿ ( ), ( ), ( ) ( ), ( , )a t h t p t h t v y t′≡( , 

0

3 2
0 0( , ) ( , ) 0, ( ) ,  ( ) 0,  ( ) 0,  0,y tw y t v y t C t C Q h t a t t t≡ ∈ × > > ∈) ( ) ( )[ ] [ ] , º ðîçâ’ÿç-

êîì ñèñòåìè ð³âíÿíü (23)–(27). Ïðàâèëüíèì º é îáåðíåíå òâåðäæåííÿ. 
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Íåõàé 
0

3 2
0( ), ( ), ( ), ( , ), ( , ) 0, ( ) , ( ) 0, ( ) 0ta t h t p t v y t w y t C t C Q h t a t∈ × > >[ ]( ) ( ) ( ) , 

00,t t∈ [ ] , º ðîçâ’ÿçêîì ñèñòåìè ð³âíÿíü (23)–(27). Ïîêàæåìî, ùî ôóíêö³¿ 

( ), ( ), ( , )a t h t v y t( ) º ðîçâ’ÿçêîì çàäà÷³ (6)–(10), òîáòî, ùî âîíè íàëåæàòü äî 

êëàñó 
0

1 2 1
0 00, 0, ( )tC t C t C Q,× ×[ ] [ ]  ³ çàäîâîëüíÿþòü óìîâè (6)–(10).  

Ôóíêö³ÿ 0 ( , )v y t  º ðîçâ’ÿçêîì çàäà÷³ (17), (7), (8), òîä³ 
0

2,1
0 ( , ) ( )tv y t C Q∈ . 

Ïðîäèôåðåíö³þâàâøè (26) ïî y , îòðèìàºìî, ùî ( , ) ( , )yw y t v y t≡ . Íà ï³äñòà-

â³ (26) ðîáèìî âèñíîâîê, ùî 
0

2,1( , ) ( )tv y t C Q∈  º ðîçâ’ÿçêîì ð³âíÿííÿ  

 
2

( ( ), ) ( )( )
( ( ), ) ( ( ), )

( )( )
t yy y

b yh t t yp ta t
v v v c yh t t v f yh t t

h th t

+
= + + + , 

 
0

( , ) ,ty t Q∈  (28) 

³ çàäîâîëüíÿº óìîâè (7), (8). Ç òîãî, ùî 
0

2,1( , ) ( )tv y t C Q∈  ³ 1
4 ( ) 0,t C Tµ ∈ [ ] , ç 

(25) âèïëèâàº, ùî 1( ) 0,h t C T∈ [ ] . Ïðîäèôåðåíö³þºìî ð³âíÿííÿ (25) ïî t :  

 
1 1

4
0 0

( ) ( , ) ( ) ( , ) ( )th t v y t dy h t v y t dy t′ ′+ = µ∫ ∫ . 

Îñê³ëüêè ( , )v y t  º ðîçâ’ÿçêîì ð³âíÿííÿ (28), òî îòðèìàºìî  

 4 3 2 1
2

1( ) ( ) ( ) ( ( ), ) ( ) (0, ) ( )
( )

h t t t b h t t t b t t
t

′ ′= µ + µ − µ + µ −µ 
 

 
1 1

0 0

( ) ( ( ), ) ( ) ( ( ), )h t f yh t t dy h t c yh t t− − −
∫ ∫  

 4

( )

( )( )
( , ) ( , ) (1, ) ( ( ) ( ))

( ) ( )yyh t

ta t
b t v y t dy v t p t h t

h t h tη η=

µ  ′− η − + −  
. 

Â³äí³ìåìî â³ä ö³º¿ ð³âíîñò³ ð³âíÿííÿ (24):  

 4

2

( )
( ) ( ) ( ( ) ( ))

( ) ( )
t

p t h t p t h t
t h t

µ′ ′− = −
µ

. 

Ïðè âèêîíàíí³ óìîâè  

 4
0

2

( )
1 0 ,        0,

( ) ( )
t

t t
t h t

µ
− ≠ ∈

µ
[ ] , (29) 

îòðèìóºìî ( ) ( )p t h t′≡ . Âèêîíàííÿ óìîâè (29) âèïëèâàº ç òîãî, ùî  

 
1 1

4
2

0 0

( )
( ) (1, ) ( , ) ( , )

( ) y

t
t v t v y t dy yv y t dy

h t
µ

µ − = − =∫ ∫ . 

Ç îö³íêè (22) âñòàíîâëþºìî  

 
1 1

1 1
0 0

1 1( ) 0
2 4yyv y t dy M y dy M, ≥ = >∫ ∫ . 

Òîä³ ôóíêö³ÿ 
0

2,1( , ) ( )tv y t C Q∈  çàäîâîëüíÿº ð³âíÿííÿ (6) òà óìîâè (7), 

(8). Âèêîíàííÿ óìîâ (9), (10) âèïëèâàº ç (23), (25) ³ ðàí³øå âñòàíîâëåíî¿ 
ð³âíîñò³ ( , ) ( , )yw y t v y t≡ . Îòæå, çàäà÷à (6)–(10) åêâ³âàëåíòíà ñèñòåì³ ð³â-

íÿíü (23)–(27).  
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Äëÿ äîâåäåííÿ ³ñíóâàííÿ ðîçâ’ÿçêó ñèñòåìè ð³âíÿíü (23)–(27) 
çàñòîñóºìî òåîðåìó Øàóäåðà ïðî íåðóõîìó òî÷êó ö³ëêîì íåïåðåðâíîãî 
îïåðàòîðà [2]. Çà ïðèíöèïîì ìàêñèìóìó äëÿ ðîçâ’ÿçêó çàäà÷³ (6)–(8) ïðè 

äîâ³ëüíèõ 1
1( ),  ( ) 0, 0, ,  ( ) 0,  0 ( )a t h t C T C T a t h t H∈ × > < ≤( ) [ ] [ ] , ñïðàâäæóºòü-

ñÿ îö³íêà  

 2( , ) ,         ( , ) Tv y t M y t Q≤ < ∞ ∈ , (30) 

äå ñòàëà 2 0M >  âèçíà÷àºòüñÿ â³äîìèìè âåëè÷èíàìè. Òîä³ ç (25) îòðèìàºìî  

 0( ) 0,              0,h t H t T≥ > ∈ [ ] , (31) 

äå 0 4
0,2

1 min ( )
T

H t
M

= µ
[ ]

.  

Âðàõîâóþ÷è îö³íêè (13), (22), ç (23) çíàõîäèìî îö³íêó ( )a t  çâåðõó:  

 1 0( ) ,           0,a t A t t≤ < ∞ ∈ [ ] . (32) 

Ïîçíà÷èìî 
0,1

( ) max ( , )
y

W t w y t
∈

=
[ ]

 ³ îö³íèìî ( )p t  çã³äíî ç (24), âðàõîâóþ÷è (30):  

 1 2 0
( )

( ) ( ),      0,
( )

a t
p t C C W t t t

h t
≤ + ∈ [ ] . (33) 

Âèêîðèñòîâóþ÷è íåð³âíîñò³ [6]  

 2 3
1( , , , ) 1

( ) ( )
G y t C

t
 ξ τ ≤ + 
 θ − θ τ

, 

 
1

1 4
0

1( , , , ) 1
( ) ( )

yG y t d C
t

 ξ τ ξ ≤ + 
 θ − θ τ∫ , (34) 

ç ð³âíÿííÿ (27) îòðèìóºìî ³íòåãðàëüíó íåð³âí³ñòü  

 5 6 7
0 0

1 1( ) 1 ( )
( )( ) ( ) ( ) ( )

t t
dW t C C C W d

ht t

 τ≤ + + + τ τ +  τθ − θ τ θ − θ τ ∫ ∫  

 8
0

( )11 ( )
( )( ) ( )

t p
C W d

ht

τ + + τ τ  τ θ − θ τ∫ . (35) 

Ç îö³íîê (31) ³ (32) âèïëèâàº  

 91 ( ) ( )11
( ) ( ) ( ) ( ) ( ) ( )

Ct

t t t

+ θ − θ τ+ = ≤
θ − θ τ θ − θ τ θ − θ τ

. 

Òîä³ ç óðàõóâàííÿì (33) íåð³âí³ñòü (35) íàáóâàº âèãëÿäó 

 2
5 10 2

0

( )1( ) 1 ( ) ( )
( ) ( ) ( )( )

t
a dW t C C W W

h th

τ τ ≤ + + τ + τ τ  θ − θ ττ∫ . (36) 

Ïåðåòâîðèìî öþ íåð³âí³ñòü àíàëîã³÷íî äî íàâåäåíîãî â [1]. Ç ð³âíÿííÿ (23) 

ìàºìî 11( )
( )

C
a t

W t
≥ . Âðàõîâóþ÷è öå, íåð³âí³ñòü (36) ïîäàìî ó âèãëÿä³  

 
2
1

1 12 13 2
0

( ) ( )
( )

( ) ( ) ( )

t a W
W t C C d

h t

τ τ
≤ + τ

τ θ − θ τ∫ , (37) 

äå 1( ) ( ) 1W t W t= + . Ï³äíåñåìî îáèäâ³ ÷àñòèíè íåð³âíîñò³ (37) äî êâàäðàòó, 
çàñòîñîâóþ÷è ïðè öüîìó íåð³âí³ñòü Êîø³:  

 
22

2 1
1 14 15 2

0

( ) ( )
( )

( ) ( ) ( )

t a W
W t C C d

h t

τ τ ≤ + τ τ θ − θ τ ∫ . 
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Çâ³äñè çíàõîäèìî  

 
2
1

2
0

( ) ( )

( ) ( ) ( )

t a W
d

h t

τ τ
τ ≤

τ θ − θ τ∫  

 

22
1

16 17 22
00

( ) ( )( )

( ) ( ) ( )( ) ( ) ( )

t a Wa
dC C d

hh t

τ σ σ τ σ≤ + τ 
σ θ τ − θ στ θ − θ τ  

∫∫ . 

Ñêîðèñòàâøèñü íåð³âí³ñòþ Êîø³ – Áóíÿêîâñüêîãî òà ð³âí³ñòþ  

 
2

( )

( ) ( ) ( ) ( ) ( )

t
a

d
h tσ

τ τ = π
τ θ − θ τ θ τ − θ σ∫ ( )( )

, 

îòðèìàºìî  

 
2 4
1 1

16 182 2
0 0

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

t ta W a W
d C C d

h t h

τ τ σ σ
τ ≤ + σ

τ θ − θ τ σ∫ ∫ . 

Ç óðàõóâàííÿì (31), (32)  

 
2

41
16 19 12

0 0

( ) ( )
( )

( ) ( ) ( )

t ta W
d C C W d

h t

τ τ
τ ≤ + σ σ

τ θ − θ τ∫ ∫ . 

Òîä³ íåð³âí³ñòü (37) íàáóâàº âèãëÿäó  

 4
1 20 21 1

0

( ) ( )
t

W t C C W d≤ + σ σ∫ . (38) 

Ïîçíà÷èâøè  

 4
20 21 1

0

( ) ( )
t

r t C C W d= + σ σ∫ , 

ç (38) îòðèìàºìî, ùî 

 4
21( ) ( )r t C r t′ ≤ . 

Â³äîêðåìëþþ÷è çì³íí³ òà ³íòåãðóþ÷è öå ñï³ââ³äíîøåííÿ, çíàõîäèìî îö³íêó  

 20

33
20 21

( )
1 3

C
r t

C C t
≤

−
. (39) 

ßêùî íà ÷èñëî 0 0,  0t t T< ≤ , íàêëàñòè óìîâó  

 3
20 21 01 3 0C C t− > , (40) 

òî ç (38) ³ (39) îòðèìàºìî îö³íêè  

 22( )r t C≤ , 

 
03( , ) ( ) ,         ( , ) tw y t W t M y t Q≤ ≤ < ∞ ∈ . (41) 

Ç ð³âíÿííÿ (23) ³ íåð³âíîñò³ (33), âèêîðèñòîâóþ÷è (41), îòðèìóºìî îö³íêè 

 4 0( ) ,        0,p t M t t≤ < ∞ ∈ [ ] , (42) 

 0 0( ) 0,           0,a t A t t≥ > ∈ [ ] . (43) 

Îòæå, âñòàíîâëåíî îö³íêè ðîçâ’ÿçê³â ñèñòåìè ð³âíÿíü (23)–(27). Ïîâåð-
íåìîñÿ äî íåð³âíîñò³ (21). Âðàõóâàâøè ñï³ââ³äíîøåííÿ (13), (30)–(32), (34), 
(41)–(43), îäåðæèìî  

 2 1 2 2
0 0

( , ,0, ) ( ) ( , ,1, ) ( )
t t

G y t d G y t d′ ′− τ µ τ τ + τ µ τ τ +∫ ∫  

 
1

1
0 0

( , , , ) ( ( ), )
t

yG y t f h d d+ ξ τ ξ τ τ ξ τ +∫ ∫  
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1

1
0 0

( ( ), ) ( )
( , , , ) ( , ) ( ( ), ) ( , )

( )

t

y
b h h

G y t v c h v d d
h ξ

′ξ τ τ + ξ τ + ξ τ ξ τ + ξ τ τ ξ τ ξ τ ≤ τ ∫ ∫  

 
1

3
23 1 2 24

[0, ] [0, ] [0, ] [0, ] 0
max ( ) max ( ) max ( , )

T T H T

M
C t t C b x t

H×

   ′ ′≤ µ + µ + +     
 

 
1 1

3 4 1
2

[0, ] [0, ] [0, ] [0, ] 0 0

2
max ( , ) max ( , )
H T H T

M M H t
c x t M f x t t

H A× ×

  + + + +    
. 

 Çâ³äñè ëåãêî âñòàíîâèòè îáìåæåííÿ íà ÷èñëî 0 0,  0t t T< ≤ , ïðè ÿêîìó 

âèêîíóºòüñÿ íåð³âí³ñòü (21).  
Ïîäàìî ñèñòåìó ð³âíÿíü (23)–(27) ó âèãëÿä³ ð³âíÿííÿ ω = ωP , äå ω =  

( ), ( ), ( ), ( , ), ( , )a t h t p t v y t w y t= ( ) , à îïåðàòîð P  âèçíà÷àºòüñÿ ïðàâèìè ÷àñòè-

íàìè ð³âíÿíü (23)–(27). Ïîçíà÷èìî ( ), ( ), ( ), ( , ), ( , )a t h t p t v y t w y t= ∈N {( )  

0

3 2
0 0 1 0 1 4 00, ( ) : ( ) ,  ( ) ,  ( ) ,  ( , )tC t C Q A a t A H h t H p t M M v y t∈ × ≤ ≤ ≤ ≤ ≤ ≤ ≤( ) ( )[ ]  

2 1 3
1,  ( , )
2

M M w y t M≤ ≤ ≤ } . Ç îö³íîê (13), (30)–(32), (41)–(43) âèïëèâàº, ùî 

îïåðàòîð P  â³äîáðàæàº ìíîæèíó N  â ñåáå. Òå, ùî îïåðàòîð P  º ö³ëêîì 
íåïåðåðâíèì, äîâåäåíî â [6]. Îòæå, çà òåîðåìîþ Øàóäåðà ³ñíóº ðîçâ’ÿ-
çîê ñèñòåìè ð³âíÿíü (23)–(27), à, îòæå, é ðîçâ’ÿçîê çàäà÷³ (6)–(10). Òåîðåìó 
äîâåäåíî. ◊ 

3. ªäèí³ñòü ðîçâ’ÿçêó. Âñòàíîâèìî óìîâè ºäèíîñò³ ðîçâ’ÿçêó çàäà÷³ 
(6)–(10).  

Òåîðåìà 2. Ïðèïóñòèìî, ùî âèêîíóþòüñÿ óìîâè: 

(i) 1,0,  ,  0, ) 0,b c f C T∈ +∞ ×( )[ [ ] ;  

(ii) 0, ),   ( ) 0,   0, ),   ( ) 0,  2, 4,    0,iC y y t i t Tϕ ∈ +∞ ϕ > ∈ +∞ µ > = ∈[ [ [ ] .  

Òîä³ ðîçâ’ÿçîê çàäà÷³ (6)–(10) ºäèíèé.  

Ä î â å ä å í í ÿ. Íåõàé ( ),  ( ),  ( , ) ,  1,2i i ia t h t v y t i =( ) , – äâà ðîçâ’ÿçêè 
çàäà÷³ (6)–(10). Ïîçíà÷èìî  

 
2

( ) ( )
( ),      ( ),    1,2

( )( )
i i

i i
ii

a t h t
a t q t i

h th t

′
= = = . 

Ð³çíèö³  

 1 2 1 2 1 2( ) ( ) ( ),     ( ) ( ) ( ),     ( , ) ( , ) ( , )a t a t a t q t q t q t v y t v y t v y t= − = − = −   

çàäîâîëüíÿþòü óìîâè  

 1 1 2 2( ) ( ) ( ) ( )t yy y yy yv a t v y q t v a t v y q t v= + + + +  

 1 2
1 2 1 1

1 2

( ( ), ) ( ( ), )
( ( ), )

( ) ( )y y

b yh t t b yh t t
v v c yh t t v

h t h t
+ − + −  

 2 2 1 2( ( ), ) ( ( ), ) ( ( ), ),    ( , ) Tc yh t t v f yh t t f y h t t y t Q− + − ∈ , (44) 

 ( ,0) 0,          0,1v y y= ∈ [ ] , (45) 

 (0, ) (1, ) 0,       0,v t v t t T= = ∈ [ ] , (46) 

 1 2 3
1 2

1 1( ) (0, ) ( ) (0, ) ( ) ,        0,
( ) ( )y ya t v t a t v t t t T

h t h t
 + = µ − ∈ 
 

 [ ] , (47) 

 
1

4
1 20

1 1( , ) ( ) ,       0,
( ) ( )

v y t dy t t T
h t h t

 = µ − ∈ 
 ∫ [ ] . (48) 
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Âèðàçèìî ( )ih t  ÷åðåç ( )iq t :  

 
0

( ) (0) exp ( ) ,      1,2
t

i i ih t h q d i
 = τ τ = 
 ∫ . (49) 

Ç óìîâ òåîðåìè 1 2 0(0) (0)h h h= = . Âèêîðèñòîâóþ÷è ð³âí³ñòü  

 
1

( )

0

( )x y y x ye e x y e d+ τ −− = − τ∫ , 

îòðèìàºìî  

 
1

2
1 2 0 0 0 0

1 1 1 ( ) exp ( ) ( )
( ) ( )

t t

q d q q d d
h t h t h

 − = − τ τ − τ + σ τ τ σ 
 ∫ ∫ ∫ ( ) . (50) 

Çà äîïîìîãîþ ôóíêö³¿ ¥ð³íà 1 ( , , , )G y t∗ ξ τ  ðîçâ’ÿçîê çàäà÷³ (44)–(46) ïîäàìî ó 
âèãëÿä³  

 
1

1 2 2
0 0

( , ) ( , , , ) ( ) ( , ) ( ) ( , )
t

v y t G y t a v q v∗
ξξ ξ

= ξ τ τ ξ τ + ξ τ ξ τ +∫ ∫  

 1 2
1 2

1 1( ( ), ) ( , )
( ) ( )

b h v
h hξ

 + ξ τ τ ξ τ − + τ τ 
 

 2 1 2 1
2

1 ( , ) ( ( ), ) ( ( ), ) ( ( ), )
( )

v b h b h c h
h ξ+ ξ τ ξ τ τ − ξ τ τ + ξ τ τ −

τ
( ) (  

 2 2 1 2( ( ), ) ( , ) ( ( ), ) ( ( ), )c h v f h f h− ξ τ τ ξ τ + ξ τ τ − ξ τ τ +)  

 1
1

1

( ( ), )
( , ) ( ( ), ) ( , )

( )
b h

v c h v d d
h ξ

ξ τ τ + ξ τ + ξ τ τ ξ τ ξ ττ 
. (51) 

Ç òîãî, ùî 3 ( ) 0tµ > , ç (9) âèïëèâàº 2 (0, ) 0yv t ≠ . Òîä³, âðàõîâóþ÷è (50), ³ç 

(47) îäåðæèìî  

 
1

3
2

2 0 0 0 0

( )1( ) ( ) exp ( ( ) ( ))
(0, )

t t

y

t
a t q d q q d d

v t h
µ  = − τ τ − τ + σ τ τ σ −  

  ∫ ∫ ∫  

 1( ) (0, ) ,        0,a t w t t T
− ∈


 [ ] , (52) 

äå ( , ) ( , )yw y t v y t=  âèçíà÷àºòüñÿ çã³äíî ç (51) çà ôîðìóëîþ 

 
1

1 2 2
0 0

( , ) ( , , , ) ( ) ( , ) ( ) ( , )
t

yw y t G y t a v q v∗
ξξ ξ

= ξ τ τ ξ τ + ξ τ ξ τ +∫ ∫  

 1 2 2 1
1 2 2

1 1 1( ( ), ) ( , ) ( , ) ( ( ), )
( ) ( ) ( )

b h v v b h
h h hξ ξ

 + ξ τ τ ξ τ − + ξ τ ξ τ τ − τ τ τ
(  

 2 1 2 2( ( ), ) ( ( ( ), ) ( ( ), )) ( , )b h c h c h v− ξ τ τ + ξ τ τ − ξ τ τ ξ τ +)  

 1
1 2

1

( ( ), )
( ( ), ) ( ( ), ) ( , )

( )
b h

f h f h w
h

ξ τ τ
+ ξ τ τ − ξ τ τ + ξ τ +

τ
 

 1( ( ), ) ( , )c h v d d+ ξ τ τ ξ τ ξ τ
. (53) 
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Âíàñë³äîê òîãî, ùî ( ), ( ), ( , ) ,  1, 2i i ia t h t v y t i =( ) , º ðîçâ’ÿçêàìè çàäà÷³ 
(6)–(10), ñïðàâäæóþòüñÿ ð³âíîñò³, àíàëîã³÷í³ äî (24):  

 4 3 2 1
2

1( ) ( ) ( ) ( ( ), ) ( ) (0, ) ( )
( ) ( )i i

i
q t t t b h t t t b t t

h t t
 ′= µ + µ − µ + µ −µ 

 

 
1 1

0 0

( ) ( ( ), ) ( ) ( ( ), )i i i ih t f yh t t dy h t c yh t t− − −
∫ ∫  

 
( )

( )
( , ) ( , ) (1, ) ,       0,

( )i

i
i iyh t

i

a t
b t v y t dy w t t T

h tη η=

− η − ∈  
[ ] , 

äå i iyw v= . Â³äí³ìàþ÷è ¿õ îäíó â³ä äðóãî¿, çíàõîäèìî  

 
1

4 3 2
2 0 0 0 0

1 1( ) ( ) ( ) ( ) exp ( ) ( )
( )

t t

q t t t q d q q d d
t h

  ′= − µ + µ τ τ − τ + σ τ τ σ −  µ   ∫ ∫ ∫( ) ( )  

 
1

1 1 2 2
0

( ( ), ) ( , ) ( ( ), ) ( ( ), ) ( , )c yh t t v y t c yh t t c y h t t v y t− + − +∫ ( )  

 1 2 2 1
1 2 2

1 1 1( ( ), ) ( , ) ( , ) ( ( ), )
( ) ( ) ( )y yb yh t t v y t v y t b yh t t

h t h t h t
 + − + − 
 

(  

 1
2 1

1

( ( ), )
( ( ), ) ( , ) ( ( ), )

( ) y

b yh t t
b yh t t v y t f yh t t

h t
− + + −)  

 2 1 1 2 2( ( ), ) ( ) (1, ) ( ) (1, )f yh t t dy a t w t a t w t − − +  
  . (54) 

Óìîâè òåîðåìè çàáåçïå÷óþòü âèêîíàííÿ ïåðåòâîðåíü  

 1 2( ), ( ),f yh t t f y h t t− =( ) ( )  

 
1

1 2 2 1 2
0

( ) ( ) ( ) ( ) ( ) ,( )xy h t h t f y h t h t h t t d= − + σ − σ∫( ) ( )( ) , 

 1 2( ), ( ),b yh t t b yh t t− =( ) ( )  

 
1

1 2 2 1 2
0

( ) ( ) ( ) ( ) ( ) ,( )xy h t h t b y h t h t h t t d= − + σ − σ∫( ) ( )( ) , 

 1 2( ), ( ),c yh t t c yh t t− =( ) ( )  

 
1

1 2 2 1 2
0

( ) ( ) ( ) ( ) ( ) ,( )xy h t h t c y h t h t h t t d= − + σ − σ∫( ) ( )( ) , 

 
1

1 2 0 2
0 0 0

( ) ( ) ( ) exp ( ) ( )
t t

h t h t h q d q q d d
 − = τ τ τ + σ τ τ σ 
 ∫ ∫ ∫ ( ) , 

 1 1 2 2 1 2( ) (1, ) ( ) (1, ) ( ) (1, ) ( ) (1, )a t w t a t w t a t w t a t w t− = +   . (55) 

Ï³äñòàâëÿþ÷è (50) ³ (55) ó (51)–(54), îäåðæèìî îäíîð³äíó ñèñòåìó ³íòåã-
ðàëüíèõ ð³âíÿíü Âîëüòåððà äðóãîãî ðîäó (51)–(54) â³äíîñíî ( )a t , ( )q t , 

( , ), ( , )v y t w y t . Ç ºäèíîñò³ ðîçâ’ÿçêó òàêèõ ñèñòåì âèïëèâàº ( ) 0, ( ) 0a t q t≡ ≡ , 

( , ) 0,  ( , ) 0,  0,1 ,  0,v y t w y t y t T≡ ≡ ∈ ∈[ ] [ ] . Îòæå, òåîðåìó äîâåäåíî. ◊ 



42 

 
 1. ²âàí÷îâ Ì. ². Îáåðíåíà çàäà÷à ç â³ëüíîþ ìåæåþ äëÿ ð³âíÿííÿ òåïëîïðîâ³äíîñò³. 

// Óêð. ìàò. æóðí. – 2003. – 55, ¹ 7. – Ñ. 901–910.  
 2. Êàíòîðîâè÷ Ë. Â., Àêèëîâ Ã. Ï. Ôóíêöèîíàëüíûé àíàëèç. – Ìîñêâà: Íàóêà, 

1977. – 744 c. 
 3. Ëàäûæåíñêàÿ Î. À., Ñîëîííèêîâ Â. À., Óðàëüöåâà Í. Í. Ëèíåéíûå è êâàçèëèíåé-

íûå óðàâíåíèÿ ïàðàáîëè÷åñêîãî òèïà. – Ìîñêâà: Íàóêà, 1967. – 736 ñ. 
 4. Ìàëûøåâ È. Ã. Îáðàòíûå çàäà÷è äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè â îáëàñòè ñ 

ïîäâèæíîé ãðàíèöåé // Óêð. ìàò. æóðí. – 1975. – 27, ¹ 5. – Ñ. 687–691.  
 5. Ôðèäìàí À. Óðàâíåíèÿ ñ ÷àñòíûìè ïðîèçâîäíûìè ïàðàáîëè÷åñêîãî òèïà. – 

Ìîñêâà: Ìèð, 1968. – 428 ñ. 
 6. Ivanchov M. Inverse problems for equations of parabolic type / Math. Studies: 

Monograph Ser. – Lviv: VNTL Publ., 2003. – Vol. 10. – 238 p. 
 7. Lorenzi L. An identification problem for a one-phase Stefan problem // J. Inv. Ill-

Posed Problems. – 2001. – 9, No. 6. – P. 1–27.  
 
ОБРАТНАЯ ЗАДАЧА ДЛЯ ПАРАБОЛИЧЕСКОГО 
УРАВНЕНИЯ В ОБЛАСТИ СО СВОБОДНОЙ ГРАНИЦЕЙ  
 
Óñòàíîâëåíû óñëîâèÿ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ îáðàòíîé çàäà-
÷è îïðåäåëåíèÿ íåèçâåñòíîãî ñòàðøåãî êîýôôèöèåíòà, çàâèñÿùåãî îò âðåìåíè, â 
ïàðàáîëè÷åñêîì óðàâíåíèè â îáëàñòè ñî ñâîáîäíîé ãðàíèöåé.  
 
INVERSE PROBLEM FOR EQUATION OF PARABOLIC 
TYPE IN DOMAIN WITH FREE BOUNDARY  
 
We establish the conditions for existence and uniqueness of solution to the inverse 
problem for a parabolic equation with the unknown time-dependent leading coefficient 
in the domain with free boundary.  
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