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ENTIRE FUNCTIONS WITH PRESCRIBED GROWTH

An entire function [ with prescribed growth of ibs main characteristics s construct-
ed in a form of certain infinite product such thal

N{r, fy = T{r, f) ~logmy{r, ) ~log M{r, ) ~~ ms{rJog | FI} ~ AMr), r— 400,

where my are q-integral means and Alr) is a positive, continuous, increasing ta
Joo and conver with respect to logr funciion.

Introduction. In 1966 J.Clunie and J.Kovari [1] constructed an entire func-
tion f with prescribed growth of its logarithm of the maximum moduius
log M{#, f), the Nevanlinna characteristic T(r, f} and Nevanlinna counting func-
tion of ¢-points for any ¢ € .

The main result of their paper is the following:

Theorem B. Let A(r) be an arbitrary real function, increasing and convex
with respect to logr and such that A7) # Ologr), r — +oc. Then there exists
an entire function f(z) satisfying

1) log M(r, f) ~ A1), +— o0,

2) T(r, fy~Alr), r— oo,

and olso

3) N(re, fi~Al), r— 40

for any constant ¢ € C,

where N(r,e, f) is the Nevanlinna counting function of c-points.

An entire function f with the given above properiies is represented by a

In the theory of entire and meromorphic functions the square means of their
modulus logarithms ms(r, log |f]) plays an important role. In particular, for the
meromorphic function of finite order p J. Miles and D. Shea [4] have established
the following best possible estimate

1/2
Nir, f.oo) + N, f,0 2
lim sup (r, f,00) + (.r,f‘ ) = | sinmpl =3 , (1)
300 maf{r,logif}) TP 1+ 2528
where I
T sy B A
Iy 1:}‘1:‘3317' og T
is the order of f and
27 12
1/ N
ma(r, log|f]) := o /%h_ﬁg%f{?‘ﬁ"g)ﬂ“dﬁ
i

Using (1), in [4] the best estimate known so far for the value

N{r, f.00) + N(r, £,0)

#(f) = limsup

00 T(T. f)
has been determined, namely,
) =005
g+t

50 ISSN 0130-9420. Mat. metoam Ta diz-mex. nona. 2004, — 47, N22. - C. 50-59.



where [ is a meromorphic function of order p.

The best possible lower estimate for »(f) is unknown. The problem was posed
by R. Nevanlinna.

We use the following notations. A positive function A(r), continuous on
[0, +0oc), with A(0) = 0 and strictly increasing to +oc is called a growth funetion.
We assume here that A(r) is convex with respect to logr. So,

.
it
Ar)= -/#dt, r— 400, (2)
,
where u(r) is continuous, strictly increasing with 13}11 lr) = oo .
Tl
In this paper we construct an entire function [ with prescribed growth rep-

resented by a certain infinite product such that

Nir. f) ~T(r, [} ~logmy{r, f) ~~log M(r, [} ~ ma{r.log  f1} ~ A(r}, »r— 400,

'Lr‘/q

2x
17 .
mg(r, f) = gj [f(re™®)|7de . g > 1.
0

For an entire function f, f(0) = 1, we denote the sequence of its zeroes by
{a,}, a; = argay.

Let
ng(r)y = ng(r, f) == Z e thad keZ, r=0, {3)
fers | <
n{ry = n(r, f) = nolr, f}, {4)
Nir, f) = / Mdt (5)

log f() = 3w

kel

be the development of log f, log f(0) = 0, in some neighbourhood of the arigin

2
cxlr, f) = i [ ¢~ og | f(reydo, ke Z.
o

The main result of this paper is the following. Let A be a growth function
and g determined by the relation {2].
Theorem. If for arbitrary £ > O there exists a number ro such thai

pir(t+e)) <« (—“’”(TW) , (6}

log pu(r)
for all v > ro, then there exists an entire function fﬂ such that
N{r, fu) ~T(r, fu) ~ logmy(r, fu) ~log M{r, f.) ~ malr, logif.]) ~ Ar),

r— o0,



P roof We construct a function f, by the form
LN i1
fua) =11 (1 () ) , ™
JEN 7

where
= p (R {8)

Since the function p(r) increases to +oc, then r; — +oc too. Therefore the
) oo P 25-1
series Z — converges as well as the product {7) uniformly on compact
-
i E;
J_

subsets of C. So, f = f, is an entire function.
We show that

Nr £) ~ M), 7= o (9)
In fact, -
n(rp, fu) =Y (2i—1)=p".  peN. (10)
i=1
On the other hand
plrp) = plp *(p*)) =p*,  pel (11)
Thus
n(rg. ) = plra),  pEN. (12)

Let now r, <7 < rpy;. Then
'”'(rp-. fﬂ) = '”‘(7".' f:u} S }1,{‘1"} S #(rﬁ-!-l): 7 — 400,
Hence, using (10), (11), (12) we obtain
0 < p(r) —nlr, fu) < plrpa) —plrp) = 2p+1=olu(ryp)) = olulr)),  r— +oo.
Thus,
p(r) +olp(r)) < nlr, fu) < plr),  r— +oo,

that is

nlr, fu) = plr) +olpu(r}), r — +oo. (13)
Taking into account (2), (5) and (13), we have

N{r f.) = / Mdt = Alr} + o{A{r)), r — +o00. (14)
4]

The relation (9) is proved.
Let us show now that

ma(r.log | ful) ~ Alr), r— +oo.

We have
oo L\ 201 20 Ly, 201
gl =l [ () | =2 (F) (= o
i=1 ! i=1 !
oo 2(i-1} .
2. el
i=1 m=0b ity




2mi .
where w; = exp { 2)1—‘”1} . Since

z 1 [ ww™ E
log{1- " )= {71 f<r 1
Ug( ,.wm) I ( r ) y (Zi 1, ( 6)

Eh k=1

k we obtain

ST () (17)

=1 m=0

Collecting the coefficients at z

According to 6] (see also {3, p. 10])

1 1 " k sk
=i = (),
" Jagl<r 7

where @; are zeroes of f.

Using this equality, (17) and the fact that the zeroes of the function f are of

the form a{‘ ) = = rjwj’, we obtain

ex(r, fu) = 22%“2”( ) '2} ZZ?’Z‘}( )L

i=1 m=0 r;y<r m=l
2(5—1) o . 1 E2G—1}
J3 — _
Ay S (Y oLy (£) S e
Ty m= 1] T =%y
R 2=
,—Imk
2 (B X e
riEr m=0

Taking into consideration that log|f] is a real function we have also

cplr, f)y = crlr, f), kN,

colr, fY = N(r, f). {19)
2{j—-1) 2{j—1)

To estimate |ey (v, f}| we consider the following sum Z W = Z {wj,-!")m ;
m={ m—D

This is the sum of the gec:-me‘im,:zl progression with quotient g = wik ;. Taking into
account that w; = eH-T . we consider two cases.

_ 3in_p, k
1) ¢ =1, thatis ¢ = 1% — 1. This is true if and only if 5 -1 © M, because

of ¢ =1 if and only if z = 2inl, where | € Z. We consider ! positive. In this
case

2(i—1) 2(j 1}
Y "= 3 1=
m=0 =0}



2) ¢ £ 1, thatis ¢ Tk # 1. This is true if and only i

case the sum of this progression is

(w ‘ZJ— -1 (“,'Jj'_’j—i')k -1 ‘
= - =1 k je i
Jk . i (ij . 1 3 '\.} E
Thus,
) k
2(j-1) 25 -1, T e N,
¥ oamod T HL (20)
0, — .
27 -1 ¢
Using (20) and (3) we obtain
()= > (2j-1), (21)
Ty <t
(2 ik
where (27 — 1)lk means that (2 — 1) is a divisor of k.
Representing the sums in (18) by the Stieltjes integral, we have
+o

i Tk
|ew(r, f = 3k /( ) drige{ ﬂ+ﬁ (7) dng(t} =
Ve a1 Ny i
e J ok
5 [ () moS-3/ (—) w0 G <5 [(5) moT. @
'S 0 7
We shall now prove that for all » > 0, & > 2 the following estimate is true

0 < n{r) < Cklogk, (23)

where ' is a certain positive constant. It follows from (21} that

0<m(r) < > (2 -1) <alk),
(25—-13k
where a(k) is a sum of all divisors of the number &.
Using (21), note, that for k=1, ng(r) < 1. Thus, from (22) [ei(r, f)| < 1.
Axn estimate of o{k) may be obtained as follows. While

ky ko w
n=pph b,
where py,ps2.....p, are different primes. We use the multiplicative property of

o(n) (see [B]) that is o(nm) = o(m)o(n). So, it is enough to consider the case
when n = p*, where p is a prime. Then the divisors are 1, p, p?, ..., p%, hence

k_ p“’“—l
p—1

?

an)=1+p+p°+..+p

therefore
Rl S [l VRRRE (vl .
(@1 —Lpa — L) {po — 1)

In view of (24) we obtain the estimate for sufficiently large »

k ka1
pitﬁqu + pf;eri . ( ™ o fUn ) _
(1 —){p2— 1) (p. — 1) py— 1 Py — 1

(24)

o(n) =

ofn) <




1 1 n n
7 | i p i == S 1 =
h B <
=1 P=n
1 - ’
nlogn < CUnlogn, <1,

Co (1 +0 (mgn))

Here we used a known result [7]

() - (o))
P logn fogn

e

where Cy is a constant, Ch > 1. So (23) is proved.
Let Tin—1 2T < Tons T Z 2. We have

Sl NE= Y jamNE+ S ladn N (25)

1=k=<m? k>m?

Taking into account (22} and (23) we obtain the following estimate

t .
lex(r, )| < [f,‘;fl}dt < Orfklogk f g7 = Clogh, k>2. (26)

r i

Z lew(r, AIIF <14+ C* E(Iugk) < C¥m*(logm)? < z—(v ti(rm ) log? plrm),

k<m?2 2k ?

where by €' we denote some constants {possibly different}). But

plrm)  om® <4

= . om o> 2,
#{rm—1) {rn — 1}2

then

(’ﬂ
(v H("m)) 101‘% p(rm) < p‘{ (1) iUg prm—1) = (71 p(r) i()g pir),
here C) is a positive constant. Thus,

Z lew(r, I < CEu(r) log® p(r). {27)

E<m?
Now consider the second sum in (25). In view of {22}, we obtain

Ak
]

oo Tk a0
- () . mip(t} np{t)
lex(r, fu)l < ’f'k./ s dt = rF / S ot + s di | =5 + 1.
Py r Ie AT

Let us estimate I;. As k > m? then using (23) we have

.rkl,'k ?‘n\.‘h.k

& m(t) k1K dt n(rkY*y  ogknlrm(™)
T / tklidtgr ny(rk )' tmiii k' < [RYETAYEIRv? =

Y

[
ot



1 5 iz logm 1 logu(rm) ”
nlrm2 e < g Tm ( - 3,*;:{:.,;}) -
irm rulr .
Vilogk ( ) i \/_lr)u,!s. VilTm) #(rm) N

. 1 log p(r
( 2 ( ) (?_#(?_)T{;{{r]) ,
»F klogk +/ply
where ', (1 are some positive constants.
Now we estimate I,. Taking into account [23), we obtain

& [ ni{t) it < Crklogh Ogi()gii?‘

S ot e e T T
rhifE
Thus,
5
. 1 logpulr) i log &
%Ck(‘r? f)‘z < (C] 24 H (;#‘(?} f#(f‘}) + C.J— N (28)
,C;g kgg vk loghk +/ uir) k

From (25), (27) and (28) we obtain

Sl D = I, £+ lelr, I < 1+ Coutr) log® ur) + 3 lewtr 1) <

k=2 kem?

. ) 1 log ufr ) log k
C()’H.(_’i")l()gafi{?‘) + Z ((_J']V@[ng %ii (T;m{_r}“#{ﬂ) + o n;; ) —

k>m?2
Cop(r) log® p(r) + C2u? (T r ”“m) log” pir) i. 3
‘op(r) log™ p(r) + Cip” {rplr) wr) 2 Mmf_k-l
. log p(r 1 1()g2k
20, Cap (?‘p(x)l/“h)) pr) Z 7 + Cg Z T < (29)
\/ I'“()) k=m? fem?2 i

; 3 log® u(r 3y logp(r
Cop(r)log p(r) + Oy (..,.#(.,.)T/ﬂ(*}) %—'u{!) +Cap (.,\“(,3,.}1&!(1}) m +05 <

elr) V(T
2
ol (v’#{?')i"’i‘(")) lﬂi(,:-}(?) < Cop(r(l + e ))10\51";:} = o(M(r)) , T +oe.
Since the Parseval equality and (19) imply
my(rlog(fly = 3 lelr, NP = N N +2) jeln N, (30)
k=—nc =1

then, in view of (14),{25) and (29) we obtain the needed equality
mal(rlog|fl) = Alr) + o{A(r}} , » — oo
The relation T(r, f) ~ AMr), = — +oo follows from (14),(30) and the inequalities
N(r, £) < T(r. f) < ma(r.Jog ) < ma(r. log | 1]).
We now show that

log M{r, f) ~ Alv), »— 4o (31)



We have from (7)., putting z — re'?,

. 2i—1
log M (r, f) <Zlog (1+ (f ) ):
i=1 ri

“Z”mg(u( )2 ) Zic}g(u( )M_}):m s%

Ti>T

Let r; <7 then

> - e vl S (1 (1))

v

Integrating by parts, we abtain

T

Z (27 — 1) log - / log tdn{?} = ] n(f}{it = N{r).
Tj 4

L Y i

Taking into account {14), we have

3" = (14 o) ¢ Z mg(H ()77,

T — 0.

Thus
Fin =1
Z log (1 + (—") ) < ni{r)log 2 < Alr),
riEr !

where 7{r) is the number of values r; in [, 7]

Let now r; >r , a=al(r) = p(r)>veo, Tm—1 <7 < T,. We have

(2)

25— 251
Z Z lng(1+( ) ) Zh‘sg(i-&-( ) )<
'ff._r ‘-ﬂ]..‘ ar(:;
271
log 2 Z 1+ Z ( )
rEr;sar ar<ry
Since
2j-1 251 251 2i-1
r 1 1 1
- - - < z < - )
S o<z o=z () =z ()
ar<r; ar<r; * ' Tl <y > 1
we obtain

@ 21 2(m—1} 2
Z < 'fz{ar} — ﬁ,(:) + Z (1) ! < 'Fi,(&'."_} _ &<7} + (é) a <

[
rre—1<}

1 2{m—1) {12
Aar) — a(r) + (”)

a—1



Remark that

N
n{ar) = Z 1= Z 1= Z 1= Z 1< pfard.

rsar nlr;y<plar) < plar) i=1
Taking into account the relation (6), we find

o man) () M)

G CERNTTO)

T > T (32)

n{ar)

Next,
1 2(m—1j {22 - Z{m— 1} 0‘2 .
_ — iu{-r) 24/ i) -E
a a—1 a—1
_ falrm) i ; "
p(ry Vo TAm 1 . Cs
a— 1 plrm)

a {a— 1};1(?')\/ utr)
Cov/pulr) - s plr) Cy

]L(F)\/% log pu(r) T opr)logulr)  \Sulr)log plr)

Here Cg, Cy are some positive constants. Thus,
7
'y

V1) log ulr) -

log M{r, f) < (1 + o(1JA(r) + i) + alar) —a{r} +

Cg

Vi) log pu(r)”

(14 o(1)NA(r) + afar) +

log M(r, f) < (1 +o(1)A(r) +¢

P> .

The relation (31) is proved.
Consider now the integral means m,(r, f). According to Jensen formula and
Jensen inequality we have

2 2w

i ; 1 1 ;
N(r)= ﬁ flng}f{?‘e?s}f(fﬁ < Elug gfif{re?e};“[{ﬂ =
0 Q
2r Ve
1 f .
log o / If('[‘ti?&)!qde = logmylr, f) < log M{r, f), 1= g 4oo.
7r Ry
]

The proof of Theorem is completed.
Remark. The existence of an entire function for which

ma (i, log [ f1) ~ Afr), r— 0q,
in general outside an exceptional set follows also from the main theorem of [2].

i)
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ITIIT GYHKITT 13 3AJAHAM 3POCTAHHAM X OCHOBHHX

IHotydosana yiaa dynxuia [ 3 sadenuss spocinonnas i OCHOSHIT COPERTIEPUCTIUR, o
came

N{r, fu) ~ T(r, fu) ~logmg(r, fi.) ~log M{r, fi.}) ~ mal{rJog {fil} ~ AMr}, r— doo,

de mg — g —dmcepaaviid cepedni, Alr) — dedamna, nencpepona, enykaa cidrnoecho logy
dryrruia, Axa apocmae do +o0.

Toxa yiae dynxuia Gydyemoca y suziadi deaxozo neckinuennozo Jobymxy.
IIEJBIE ®YHKITUN C SATJAHHBIM POCTOM NX XAPAKTEPUCTHUK

Hocmpoena yeaan dynwyun [ o sodartbust Pocinosm €€ OCHOBHBT TOPOERIEPUCTILE, o
UMEHHD

N{r, fu} ~T(r, fu) ~logmg(r, fu) ~log M{r, £} ~ malr.dog £} ~ Mr), v — oo,

2de mg — q —unmezpaavtine cpeditue, A7) — NOAGKHCUMEALHAR, HENPEPUEHGAR, GO5POC-
MMOUAA K +00 GHRYKALR OMHOCUREAbHe Jogr dynkyus.
Taraa HEALR gf}yﬂmguz CIPpoOUTCA 8 H‘tLC?H HERITLOPOG20 HECHONEUHOZ0 ?L:I'JQ‘)HHHH(}EH'HS.
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