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B. J1. Peaues, K. B. MakcnmeHko-LLenko

MATEMATUYECKUE MOLENUN ABMXEHUA HECXKMMAEMOW BA3KOM
XNOKOCTU NO CKPYYEHHbLIM TPYBAM

ITocmpoensvt mamemamuyeckue modeau O0sudceHUs 813KOU HeCcHUMAeMOU HUOKOC-
mu no ckpyuernnvim mpyodam. Iloayuenv, ypasrenus Hasve — Cmokca u Hepa3pble-
HOCMU 08UNCEHUSL 8 KPUBOAUHEUHDBLL HEOPMOOHANbHBLX Koopounamax. Jas onpe-
OJeseHus pacnpedeserHusi 0agreHus 8 HUOKOCMU NO U3IBECMHOMY Ppacnpedesenutro
cxopocmell cgopmyauposana 3adaya Hevimana Oas ypasuwenus IIyaccona. Tas
CKPYUEeHHbIX MPYO OeckoHeuHOt OAUHBL C MOCMOAHHbLM CeueHuem MmpexrmepHas
3adaua ceedena K MAOCKOU.

B 1939 rony A. W. Jlypee u T IO. Ixxaneannze [3] cpopmynmmupoBaam 3ama-
gy Cen-BeHaHa IJiad CKpPY4YEHHBIX CTEpPIKHEN ¥ BBIBEJIM yPaBHEHUS TEOPUM YII-
PYTOCTM B KPMBOJIMHENHBIX HEOPTOTOHAJBHBIX KOOPAVHATAX. BOJBIION BKJIAT B
3Ty 00JIacTh MEXaHMKM BHecJM oTedecTBeHHble yuenble II. M. Pus [11], C. A. Ty-
MapkuH [12] u gpyrue.

CxpydeHHble TPyOBI (pumc. 1) ABJIAIOTCA NPOCTBIM M YAOOHBIM CPELCTBOM,
[TO3BOJIAIOIIMM IIPUAATE IIOTOKY SKMIKOCTY BpalllaTeJbHOE ABVIKEHME M TeM ca-
MBIM CIIOCODCTBOBATH IIpolleccaM MHTeHCM(UKAIMM TeIlo- ¥ MaccoodmeHa. ITo-
CTaHOBKAa 3aJlayy MHMLMMPOBAHA JCCJIENOBAHNAMY, BBIIOJHAEMBIM) B OTHeJe
BBICOKOTEMIIEPATYPHOM TepMOra30oAMHAMMKY VIHCTUTYTa TEXHUYECKON TeIlsIody-
3uky HAH YxkpauHbl II0J] pyKOBOACTBOM uJjeHa-KoppecnoHneHTa HAH Yrkpan-
Hbl A. A. XamartoBa. B pabore [13] mpuBeseHbl HEKOTOPBIe 00pasiibl YKa3aHHBIX
TpyoO.

Bo muorux paborax (Hampumep,
B [2]) paccmaTpuBaloTCsa MaTeMaTH-
YecKlue MOJeJM MEeXaHMKMU JKVIJIKOCTI
¥ ra3a B IEKapPTOBBIX, IIMJIVHIPUYIEC-
KX U cepudecKnx KOOpAMHATAX.
Onnako B paAne caydaeB [4—6] oka-
3bIBaeTCA yZMOOHO (POPMYJIMPOBKA
3a5la4uM B KPUBOJIMHEHBIX HEOPTOTO-
HaJIbHBIX KOOPJAMHATAX.

Paccmorprm GeckoHewHBI IMIMHAP ¢ 00Pas3yOIIMY, [TapaJiIebHBIMI OCK
| _
on s

Oz, u HampasJsomeil 0€), HOpMaJM30BaHHOe ypaBHeHMe o(x,y) =0,

=1 xoropoil A O0Q NpaKTUYECKM IIPOM3BOJBHOI (PopMbI B myockoctu xOy
MOJKeT OBIThb IIOCTPOEHO C IIOMOIIBI0 R -pyHKIMiL. 31eck n — BHYTPEHHAdA, ep-
nenauKysapHas ocu Oz, HOpmaJsab K 0Q [9].

X < xcosoz+ysinaoz,
ocjie TIOJCTaHOBKU B aBHeHIe o(x,y) =
II . , 0
Yy < —xsinaz + ycosaz

IIOJIyYMM ypaBHeHue o(x cosoz + Yy sinaz,—xsinoz + ycosaz) =0 OecKoHeUHOI

BMHTOBOI noBepxHOCcTM (puc. 1) ¢ marom H = %T u HampaBJaomen 0Q [9, 10].

o(Z, Y
Jlerko ybemurTbes, 4TO ypaBHeHMe o,(x,Y,2)= (&,y) - =0 aBua-
- 00 -~ 00
1+a? ~— XA
\/ Yoz oy
0w,
eTcs HOPMAJM30BAHHLIM B TPEXMEPHOM IPOCTPaHCTEe, T.€. — = =1, rme
1o,

N, — BHYTPEHHAA HOpPMaJb K 0 , a
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T =xcosoz+ysinaz,

y=-xsinaz+ycosoz.

PaccMoTprM HEOPTOrOHAJIBHBIE KPMBOJVHENHbIE KOOPAMHATHI, CBA3aHHBIE C
JIeKaPTOBBIMM COOTHOIIIEHUAMMA [5]:

x=Xxcosoz—ysinaz,

y=2xsinaz+ycos az,

z=2, (1)
ox, ox, ik le
1 BBIIINIIIEM KOBapMaHTHBIE gik = =< ¥V KOHTpaBapuUaHTHbBbIE (g
Ox,; Ox, g

COCTABJIAIONIE METPIYECKOr0 TeH30pa, rae G'° — ajreGpandeckoe JOMOJIHEHMe
g;. B ompenesurene g = det(g,,):

1 0 -0y
95 =| 0 1 ox ,
—of o ofz*+a’)t+1
|1 a’y?  —d’zy g
koGl o) 140’3 —ad|,
g ay -ox 1
g=|g;|=0’2* +o*§* +1-a’)* —a’2* =1. 2)

OryyHble OT HyJA CcUMBOJIBI Kpucroddena mepsoro Fi,jk =Fi,kj =

_ l(agij + 09y 99

j n Broporo Iy =T}, =g1[1“€yjk POZIOB MMEIOT TaKoii

ox, Ox;  Ox,
BUL:
o =T15 =0, I35 = ~a’z, Fors=Tys =0, Lyss=- azg )
Fs13=T53; = o’Z, Dyos =T33 ]
Iy, =I5, =-a, I, =-a’3, 2, =r=a, Ii=-ad%.

Ypasuenue HaBoe — CToKca B 0000IIIEHHBIX KOOpAMHATAX MMeeT Bup [1]:

ov' kyyi ik Op km vy
+pVEVE = — gk OB Vi, 3
P tPVV g o T HY (Vo) (3)
i a i
Beruncsaum nepsbie V’ ov + VTt u BTOpBIE (V ) RS VAN
P K ok ik P kT oxk me gk
-V T TIPOMBBOHBIE:
1 ov! 1 ov! 1 8V1 25173
V)= P v, = 2 , V= e —aV? -3V ,
2 8V 3 2 OV? 2 8V 1 2A1s3
Vi= Fre +aV?, v, :6_g}’ V= 0 +oV - yV?,
ov? 3 _ov? 3 _ov?
\73 = ~ vV, = ~ Vi= )
1 ox 20y 3 Oz
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1, _o*V!
Vi), = pYeR

(‘/é),l :(Vj)g =
(V3), =(Vi), =
(Vé),s - (Vé)z =
(V) =(V), =

(V3 = (Vi) =

82V1
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oVE OV apdVE oV ov
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2. 0V 2. V!
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Takum obpaszom, B paccMaTpuBaeMoM ciydae ypaBHeHme Haswe — Crokca
OPUBOOUTCA K BULY

1 1
p(av +V16V veel's +Vgav

-2aV?V? - azfc(v3)2) =

ot ox oy 0z
1
:—(1+0Ly) +(x xﬁ/gp aygp+u[(l+(x2y2)av
f1+a’e V. V1 avl_za(axya Vl_ga V1+5€8 Vlj_
22 oxoy ~ 0xoz 0yoz
o noV! | LoVt . ov? Aavzj (av3 avzj 21,1
- — —+2 ——2 — -2 = -aV-,
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p(8V2 el V2 L2 ov? V3 V> +2aV1V3—a2Q(V3)2j=
ot ox oy 0z
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a & o*v? .o v . 62V2)
1 -2 -
s T X “(‘”y ozoy Y ozoz '~ ojoe
of LOVE . OVE . OVE . avlj (av1 av3j 27,2
- : — 20 123 |20l L+ |- 0PV,
“(xax“/ay y6x+x6y+ 6z+6 “
p(av3 Lyl ov? LV ov? LV av3)
ot ox oy oz
.0p ., .0p 0p 9, 0%V3 a2v3
*Yox T4 a0 e TH| ra’f ) +( My PYERRAP
o3 a2v3 . azv3j 2 ( LOV3 . av3)
_2 ~ ~ - TA A TAA . 4
a(owcy axéy 69062 +x6y62 ‘L ox Ty oy @)

15 2
IlopcraBnasa dwusudeckne [1] KoMmIoHeHTEI BekTopa V, =V, V, =V*,

V, =+ 1+ 02 +a’y? V? B (4) u mepexons k GespasMEpHOMY BUIY, B CTAIO-
HApHOM CJIydae HOJYUUM (TUJIbIY OIIYCKAEM):
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f
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rae
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3ametum, uro npu o =0 mosmydaem ypaBHeHusa Hapbe — CTOKca B JIeKapTOBOIL
cucTeMe KOOPAMHAT.

T'panuyHble yciaoBUA (POPMYJIMPYIOTCA KaK YCJIOBMUA IPUIMIIAHUA HaCTUII
SKUIKOCTY K TBEPJOIl CTEHKe:

V] =0. (6)

ypaBHeHI/Ie HepPa3pPbIBHOCTNU ABVIKEHVA VIMEET B

. 2 3

Vlgl ot T e

Ilo m3BecTHOMY pacIpenieJIeHMIO CKOPOCTell paclpejielleHVe IaBJIEHUS B
SKMJIKOCTYI MOXKHO HAJITM ITyTeM pellleHMsa ypaBHeHMa Tuma Ilyaccona, koTopoe
noJiy4daeTcda IpuMeHeHueM K ypaBHeHMIo HaBbe — Crokca onepanyy div :

— Ap =div (p(VV)V) — div (UAV).
Tak kak AV =V divV —rotrotV, divV =0, divrotV=0, 10 divAV =0 un

~ Ap = pdiv((VV)V) = pdiv(VFV}) = p = T [[g (vFV})] =

Jg oz
i 0 ) i

ITockombRy (V;c),i = (V;),k’ a (Vﬁ),k =0, To

X

1 ki NG kv
—Ap = P{E(V Vid St ViV
B mamiem ciyyae g =1, nostomy
~Ap=pVV}, =2p(VV} + ViVL + VEV] - ViV - ViVE - ViV]),
1 v ov! av3(av1 2 3)
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_iAp:(ﬁmv_j(%_av_Bj
2p ox oy T Jf
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Jro  pr e J7
3 2 3 2 3
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JFa e JF
_oviovt 1 av*ov? 1 ov!ov? )
or oy |Jf oy 0z Jf ox oz

U TPaHUYIHOE YyCJIOBUE
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+(1+ a2

210D 00 _  +( 9P do 5_106_0)) p do
)a P “"C(ag 0z "oz oy) 0z 0z |

_ _gq2(gQV2 _ 50V 1 ov? avja_m
—u[AV 200 (y PR j 200 (\/7 By + 650+

1 3 1
w[sz”az(gal sV )+2 ( 1 v +aV ﬂam+

ox Jr ox oy
20° (_aV? V)| dw
+u|AV? — 1
v 2 (2 Gy )2 4o
dna paspemmmoctu 3amgayuu (9) nmpu ycaoBunm (10), T.e. HEOTHOPOIHON 3a-

maun Hevimana pis ypaBHenmsa Ilyaccoma — Ap = F(r,o,2), g_p = f(r,0,2),

oQ
HeoDXOMMO BBINIOJIHEHMe ycJyoBusa [7, 8):

deQ jfdaQ
oQ

Ho tak kax F = div (p(VV)V +pAV), a f = ((p(VV)V + pAV) x n), TO mosyunm

jdiv((VxV)V—iAvde - j(((VxV)V—iAvjxnjdaQ,
o Re o Re

TO ecTb (popmysry OcTporpaicKoro:

jdiv\PdQ = j (¥ x n)doQ,
Q oQ

KoTopas crnpaseayusa jaus jwoboro ¥, a, ciemosaresnbHo, u Ass J0060r0 BEK-
TOpa CKOPOCTH, T. €. YCJIOBME BBIIOJHAETCA aBTOMATIYUECKIL.

Paccmorpum onnH M3 HamboJsiee IPOCTBIX CIy4YaeB NIBMMKEHMSA HECIKMMaeMoil
BASKON "KMIKOCTY — JaMMHapHOe ABuskeHMue. Torzma nJs CKPYYEeHHOrO LMJIMHAPA
IIOCTOSAHHOTO IIONEPEYHOr0 CeYeHMdA B KPMBOJMHENHBIX HEOPTOTOHAJBHBIX KOOP-

muHatax (1) momosxkmm V' =0, V2 =0. /I3 ypaBHeHMA HepPaspLIBHOCTU IBV-

3
ov A A
skeHna mnoaydaem -—— = 0. CiengoBaTesbHO, V3:V3(.x',y). B »srom ciayuae

0z
cooTHollleHusA (5) nmpeobpas3yoTea K BULY

3 3 312
1 [2 (1 av) 2ocyV}_a2fc(V) - Op

ReEu NI 3/2 f =
=_(1+a2@2)a_&+“2@§=§ ,
1 1 ov? PCaVi ] oA (VP Aap
ReEu[ (\/_6)2 S/Z}O‘yf 4 T
2""a )ap
o o7
2 3 3 209 2.2 29
1 AV3_2L( e, v )_a(2 QTXT 0Ty 1 |
ReEu f ox oy f2
. Op . Op 6pj
= — - . 11
*/7( Wox T %) ez (1)
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Herpynuo ybenurbea, uro

)P s 0P 0P _
OLya +ax % 0z
1 ov: . avi) 20'VE. o o] 10p
_ReEu[f3/2 (JC ox Ty ay) f5/2 (x” +y7) foz
Torma
AVE 2 (2+0Lac2 +o? Y )V 1 Jp (12)
f wf 0z
1 2 (V2 5. 3(16V3 ot2.7cV3)
L Ap=-— - 0V _axV |
% P a 7 a’xV  ox f2
2,,3(10V° a2yV3)
—a‘yVv (——— ) (13)
VF oy 12
Au=(1+0>y )2xu+(1+oc )2” 20 2”@—665 -o (i‘g—g+g}g—g)
T'parnunele ycnosusa (6), (10) npumyT BuL
3 op 2OLH( V3 dw  oV? 80))
= 2| = - — . 14
v |aQ ’ Ml f Oy 6% ox oy (14

Takum obpas3oM, TpexMmepHble KpaeBble 3agaun (5), (6), (9), (10) npuBeneHbl
K AByMepHBIM 3amadaMm (12)—(14), na pelreHusa KOTOPBIX MOTYT OBITH IpUMeEHe-
Hbl METOJbl HaMMeHBINNX KBanpaToB, BybHoBa — TasepkuHa mim Mmeron Purna
Ha ocHoBe Teopum R -dpyrrmmii [9]. ITososKkuTesbHAA OIpPeneseHHOCTb OIepaTo-
poB 3amau (12)—(14) gorasaHa B [5].
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MATEMATUYHI MOJEJI PYXY HECTUCINUBOI B’A3KOI PIAUHU
B CKPYYEHUX TPYBAX

ITo6ydosaro mamemamuuni modeai PYxy 6 sL3K0L HeCMUCAUBOT PIOUHU 8 CKPYUEHUL
mpybax. Ompumano pienanns Has'e — Cmoxkca 1l Hepo3pusrHocmi pyxy 8 KPUusoAiHill-
HUX HEOPMOOHAABHUX KoopOunamax. Jas sudnauenHs po3nodiny mucky 6 piouni 3a
gidomum posnodisom weudxocmell cgopmyavosano 3adauwy Helimana Oas piBHAHHA
ITyaccona. [Jas cxpyuenuxr mpyd HeckiHUueHHOT 008HCUHU CMAA020 NePemuHy MPUsU-
MipHY 3adauy 36edeno 00 0808UMIPHOTL.

MATHEMATICAL MODELS OF INCOMPRESSIBLE VISCOUS LIQUID
MOTION IN TWISTED TUBES

In the paper the mathematical models of incompressible viscous liquid motion in twis-
ted tubes are constructed. The equations of Navier — Stokes and continuity of motion in
the curvilinear non-orthogonal coordinates are obtained. For definition of pressure pro-
file in a liquid according to the known velocity distribution the Neumann problem for
Poisson equation is formulated. For twisted pipes of infinite length with uniform cross-
section the 3D problem is reduced to the 2D one.

VIn-T mpobJsieM MaIIMHOCTPOEHNA ITosyueno
M. A. H. ITogroproro HAH Ykpauusl, XapbKoB 04.12.02
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