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ЗАДАЧА З ПЕРІОДИЧНИМИ ЗА ЧАСОВОЮ ЗМІННОЮ УМОВАМИ 
ДЛЯ СЛАБКО НЕЛІНІЙНИХ ГІПЕРБОЛІЧНИХ РІВНЯНЬ 
 

Âñòàíîâëåíî óìîâè ³ñíóâàííÿ òà ºäèíîñò³ (÷àñòèíà ç ÿêèõ ìàº òåîðåòèêî-
÷èñëîâèé õàðàêòåð) êëàñè÷íîãî ðîçâ’ÿçêó çàäà÷³ ç óìîâàìè ïåð³îäè÷íîñò³ çà 
÷àñîâîþ çì³ííîþ òà óìîâàìè òèïó óìîâ Ä³ð³õëå çà ïðîñòîðîâèìè êîîðäèíà-
òàìè äëÿ ñëàáêî íåë³í³éíîãî ñòðîãî ã³ïåðáîë³÷íîãî ð³âíÿííÿ ç³ ñòàëèìè â 
ë³í³éí³é ÷àñòèí³ îïåðàòîðà êîåô³ö³ºíòàìè. 

 
Ïåð³îäè÷í³ çà ÷àñîâîþ çì³ííîþ êðàéîâ³ çàäà÷³ äëÿ ã³ïåðáîë³÷íèõ ð³â-

íÿíü º, âçàãàë³, íåêîðåêòíèìè. Ðîçâ’ÿçí³ñòü òàêèõ çàäà÷ ïîâ’ÿçàíà ç ïðîáëå-
ìîþ ìàëèõ çíàìåííèê³â. Äëÿ îäíîâèì³ðíîãî õâèëüîâîãî ð³âíÿííÿ ïåð³îäè÷í³ 
ðîçâ’ÿçêè äîñë³äæóâàëè â ïðàöÿõ [1, 5, 12, 15, 17, 19], áàãàòîâèì³ðí³ âèïàä-
êè âèâ÷àëè â [6, 7, 16]. Ïåð³îäè÷íèì ðîçâ’ÿçêàì òåëåãðàôíèõ ð³âíÿíü ïðè-
ñâÿ÷åí³ ïðàö³ [11, 13, 14, 18]. Ó á³ëüøîñò³ ç óêàçàíèõ ïðàöü íàêëàäåíî ïåâí³ 
îáìåæåííÿ, ÿê³ âèêëþ÷àþòü ïîÿâó ìàëèõ çíàìåííèê³â. Ó ïðàöÿõ [2, 3, 8, 9, 
10] äî ðîçâ’ÿçàííÿ ïðîáëåìè ìàëèõ çíàìåííèê³â çàñòîñîâàíî ìåòðè÷íèé 
ï³äõ³ä. 

Ïðîïîíîâàíà ïðàöÿ, ÿêà ïðèìèêàº äî [2, 3], º ðîçâèòêîì [9] íà âèïàäîê 
ñëàáêî íåë³í³éíîãî ñòðîãî ã³ïåðáîë³÷íîãî ð³âíÿííÿ ç áàãàòüìà ïðîñòîðîâèìè 
çì³ííèìè. 

1. Íèæ÷å âèêîðèñòîâóºìî òàê³ ïîçíà÷åííÿ: 1( , , ),     px x x dx= =  

   

2 2 2
 1 1 1 1;    ( , , ) ,   ,    p

p p p pdx dx k k k k k k k k k= = ∈ = + + = + +     ; 

  
1

0 1 0 1  ( , , , ) ;     ;    : 0p p
p p p js s s s s s s s x x+

+= ∈ = + + + Π = ∈ < < ω   { ; 

1 21, , ;       ( , ) : (0, ),  ;      ( , , ) :p p
pj p D t x t T x B t x z+ += = ∈ ∈ ∈ Π = ∈  } { } {  

( , ) ,  t x D z R∈ < < ∞} , äå 0R >  – äîñòàòíüî âåëèêå ä³éñíå ÷èñëî; 

( )qC D  – áàíàõ³â ïðîñò³ð ôóíêö³é ( , )u t x , âèçíà÷åíèõ ³ íåïåðåðâíèõ 

ðàçîì ç óñ³ìà ïîõ³äíèìè äî ïîðÿäêó q  âêëþ÷íî â îáëàñò³ D , 
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( ) ( , )
1

( , )
maxq

p

s

C D ssst x Ds q p

u t x
u

t x x∈≤

∂=
∂ ∂ ∂

∑


; 

(0, ) ( )mC Ω  – áàíàõ³â ïðîñò³ð ôóíêö³é 1( , , , )v t z zν , âèçíà÷åíèõ ó çàìê-

íåí³é îáëàñò³ 1ν +Ω ⊂  , íåïåðåðâíèõ çà t  ³ m  ðàç íåïåðåðâíî äèôåðåíö³-
éîâíèõ çà 1, ,z zν , 

 (0, )
1( ) ( , )0 1

( , )
maxm

m

C t z

v t z
v

z z ν

θ

Ω θ θ∈Ωθ = ν

∂=
∂ ∂

∑


. 

2. Ïîñòàíîâêà çàäà÷³. Â îáëàñò³ D  ðîçãëÿäàºìî çàäà÷ó 
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2

222
1

( , )
( , ) ( , , )

p

n

s sss
s n p

u t x
a F t x f t x u

t x x=

∂ = + ε
∂ ∂ ∂

∑


, (1) 

 
0

0,                 0,1, , 2 1
t t T

u u n
t t= =

∂ ∂− = = −
∂ ∂


 

   , (2) 
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2 2

2 2

0

0,     0,1, , 1,      1, ,

j j

q q

q q
j jx x

u u q n j p
x x

= =ω

∂ ∂= = = − =
∂ ∂

  , (3) 

äå (0, )
( ,0, ,0),  1;  ( , ) ( ),  ;   ( , , )m

s na a F t x C D m f t x z∈ = ∈ ∈   âèçíà÷åíà â B , 

íåïåðåðâíà çà t  ³ äîñèòü ãëàäêà çà 1, , ,px x z . Ââàæàºìî, ùî ð³âíÿííÿ (1) 

º ñòðîãî ã³ïåðáîë³÷íèì çà Ïåòðîâñüêèì, òîáòî äëÿ êîæíîãî \ (0)pξ ∈  { }  âñ³ 

λ  – êîðåí³ ð³âíÿííÿ 

 10 222
1  0psss

s p
s n

a
=

λ ξ ξ =∑   (4) 

º ä³éñíèìè é ð³çíèìè; î÷åâèäíî, ùî âîíè º â³äì³ííèìè â³ä íóëÿ. 

3. Âèïàäîê íåçáóðåíî¿ çàäà÷³ ( 0 = ). Çàóâàæèìî, ùî ñèñòåìà ôóíê-

ö³é 1 1sin sin ,  p
p pk x k x kπ π

ω ω
∈ { }  º îðòîãîíàëüíîþ ³ ïîâíîþ ó ïðîñòî-

ð³ 2 ( )pL ∏ . 

Ðîçâ’ÿçîê íåçáóðåíî¿ çàäà÷³ øóêàºìî ó âèãëÿä³ ðÿäó 

 0 0
1 1( , ) ( ) sin sin

p
k p p

k

u t x u t k x k x
∈

π π
ω ω

= ∑


 , 

êîæåí ÷ëåí ÿêîãî çàäîâîëüíÿº óìîâè (3). Ïðèïóñòèìî, ùî ( , )F t x  çîáðàæà-
ºòüñÿ ðÿäîì 

 1 1( , ) ( ) sin sin
p

k p p
k

F t x F t k x k x
∈

π π
ω ω

= ∑


 , 

äå 

 1 1
1( ) ( , ) sin sin ,     

p

p
k p pp

F t F t x k x k x dx k
Π

π π
ω ω

= ∈
ω ∫   . (5) 

Òîä³ äëÿ âèçíà÷åííÿ êîæíî¿ ³ç ôóíêö³é 0 ( ),  p
ku t k ∈  , îòðèìóºìî â³äïîâ³ä-

íî òàêó çàäà÷ó: 

 
1

0
2 2

(2 )
1 ( ) ( )

ps s
s

s p kk
s n

a i k i k u t F t
=

π π
ω ω

    =   
   ∑  , (6) 

 ( ) ( )

0
( ) ( ) 0,        0,1, ,2 1k kt t T

u t u t n
= =

− = = −   . (7) 

Îäíîð³äíå ð³âíÿííÿ 

 
1

0
2 2

(2 )
1 ( ) 0

ps s
s

s p k
s n

a i k i k u t
=

π π
ω ω

    =   
   ∑  , 

ÿêå â³äïîâ³äàº ð³âíÿííþ (6), ìàº òàêó ôóíäàìåíòàëüíó ñèñòåìó ðîçâ’ÿçê³â: 

 ( ) exp ( )kj ju t i k k tπ
ω

 = − λ 
 

, 

 , ( ) exp ( ) ,       1, ,k n j ju t i k k t j n+
π
ω

 = λ = 
 

 , 

äå ( ),  1, ,j k j nλ =  , – äîäàòí³ êîðåí³ ð³âíÿííÿ (4) ïðè ,  1, ,j
j

k
j p

k
ξ = =  . 

Ç³ ñòðîãî¿ ã³ïåðáîë³÷íîñò³ ð³âíÿííÿ (1) ³ òåîðåìè Âåéºðøòðàññà ïðî âëàñ-
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òèâ³ñòü íåïåðåðâíî¿ ôóíêö³¿ íà êîìïàêò³ îòðèìóºìî, ùî äëÿ êîæíîãî 

âåêòîðà pk ∈   ñïðàâäæóþòüñÿ íåð³âíîñò³  

 2 2
1 2 3( ) ,   ( ) ( ) ,     , 1, , ,    j m jC k C k k C j m n m j≤ λ ≤ λ − λ ≥ = ≠ . (8) 

Õàðàêòåðèñòè÷íèé âèçíà÷íèê çàäà÷³ (6), (7) îá÷èñëþºòüñÿ çà ôîðìóëîþ 

 
(2 1)

( 1) / 2 2 2 2

1

( ) ( 1) 2 ( ) ( )
n n

n n n
j

j n

k i k k k
−

+

≤ < ≤

π
ω

 ∆ = − λ − λ × 
  ∏ 


( )  

 
2

1

( ) exp ( ) 1 exp ( )
n

r r r
r

k i k k T i k k T
=

π π
ω ω

     × λ − λ − λ          
∏ . 

Òåîðåìà 1. Äëÿ ºäèíîñò³ ðîçâ’ÿçêó íåçáóðåíî¿ çàäà÷³ (1)–(3) ó ïðîñòî-

ð³ 2 ( )nC D  íåîáõ³äíî òà äîñòàòíüî, ùîá ñïðàâäæóâàëàñü óìîâà 

              ( ) 0pk k∀ ∈ ∆ ≠ . (9) 

Ä î â å ä å í í ÿ  ïðîâîäèòüñÿ çà ñõåìîþ äîâåäåííÿ òåîðåìè 1 ç [9]. ◊ 

Çàóâàæèìî, ùî óìîâà (9) ñïðàâäæóºòüñÿ òîä³ é ò³ëüêè òîä³, êîëè ð³â-
íÿííÿ 

 2( ) 0,          1, ,j k k q j n
T
ωλ − = =  , 

íå ìàþòü íåòðèâ³àëüíèõ ðîçâ’ÿçê³â ó ö³ëèõ ÷èñëàõ 1, , ,  pk k q . 

Íàäàë³ ââàæàòèìåìî, ùî ñïðàâäæóºòüñÿ óìîâà (9). Òîä³ äëÿ êîæíîãî 
pk ∈   ³ñíóº ºäèíà ôóíêö³ÿ ¥ð³íà çàäà÷³ (6), (7), çà äîïîìîãîþ ÿêî¿ 

ðîçâ’ÿçîê ö³º¿ çàäà÷³ çîáðàæàºòüñÿ ôîðìóëîþ 

 0

0

( ) ( , ) ( ) ,          
T

p
k k ku t G t F d k= τ τ τ ∈∫  , 

à ôîðìàëüíèé ðîçâ’ÿçîê íåçáóðåíî¿ çàäà÷³ (1)–(3) ìàº âèãëÿä 

 0
1 1

0

( , ) ( , ) ( ) sin sin
p

T

k k p p
k

u t x G t F d k x k x
∈

π π
ω ω

= τ τ τ∑ ∫


 . (10) 

Ó êâàäðàò³ 0 ,  t T= ≤ τ ≤K { } , êð³ì ñòîð³í 0τ =  ³ Tτ = , ôóíêö³¿ ( , )kG t τ  

âèçíà÷àþòüñÿ ôîðìóëàìè 

 
2 1

( 1)
( , )

4

n

k n
G t

i k
−

π
ω

−τ = ×
  
 

 

 
1 2 2

1,

exp ( ) ( ) exp ( ) ( )

( ) ( ( ) ( ))

n r r

n
r

r r

r

i k k t i k k t

k k k=

=
≠

π π
ω ω

   − λ − τ − λ − τ   
   × ×

λ λ − λΠ
∑




 

 
1 exp ( )

sgn ( ) ,        
1 exp ( )

r
p

r

i k k T
t k

i k k T

π
ω

π
ω

  + λ   × − τ + ∈   − λ   

 . (11) 

Íà ñòîðîíàõ 0 ( )Tτ = τ =  êâàäðàòà K  êîæíó ôóíêö³þ ( , )kG t τ  äîîçíà÷óºìî 

çà íåïåðåðâí³ñòþ ñïðàâà (çë³âà). 
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Çá³æí³ñòü ðÿäó ó ïðàâ³é ÷àñòèí³ ð³âíîñò³ (10) ïîâ’ÿçàíà ç ïðîáëåìîþ 

ìàëèõ çíàìåííèê³â, îñê³ëüêè âèðàçè 1 exp ( ) ,  1, ,ji k k T j nπ
ω

 − λ = 
 

 , 

áóäó÷è â³äì³ííèìè â³ä íóëÿ, ìîæóòü ñòàâàòè ÿê çàâãîäíî ìàëèìè äëÿ íå-

ñê³í÷åííîãî ÷èñëà âåêòîð³â pk ∈  . 

Ëåìà 1. Äëÿ ìàéæå âñ³õ (ñòîñîâíî ì³ðè Ëåáåãà â  ) ÷èñåë 
T
ω  íåð³â-

íîñò³ 

 41 exp ( ) ,     0,         1, ,p
ji k k T C k j n− −γπ

ω
 − λ ≥ γ > = 
 

 , 

âèêîíóþòüñÿ äëÿ âñ³õ (êð³ì ñê³í÷åííî¿ ê³ëüêîñò³) âåêòîð³â pk ∈  , äå 

4 4 T
C C ω =  

 
. 

Ä î â å ä å í í ÿ  áàçóºòüñÿ íà ëåì³ 3.2 ç [10], íåð³âíîñò³ 2sin x x
π

≥ , 

0 /2x≤ ≤ π , òà îö³íêàõ  

 
2

1 exp ( ) 2 sin ( )j ji k k T k k Tπ π
ω ω

   − − λ = λ >   
   

 

 
2

( ) ( )
sin ( ) ( ) ,  1, ,

2
j j

j j

k d kk T
k k T d k j n

T k
π
ω

λ ω> λ − π ≥ − =
ω

 , 

äå ( )jd k  – ö³ëå ÷èñëî, äëÿ ÿêîãî ñïðàâäæóºòüñÿ óìîâà 

 
2

1( ) ( ) ,           
2

p
j j

Tk k d k k
ω

λ − ≤ ∈  . ◊ 

Òåîðåìà 2. Íåõàé âèêîíóºòüñÿ óìîâà (9) ³ (0,2 2)( , ) ( )pF t x C D+∈ , ïðè÷î-
ìó 

 
1

2

22
0,1

( , )
0,      0,1, , ,      1, ,

p
j

j

xp
x

F t x
p j p

x x =
=ω

∂ = = =
∂ ∂

 





 . (12) 

Òîä³ äëÿ ìàéæå âñ³õ (ñòîñîâíî ì³ðè Ëåáåãà â  ) ÷èñåë 
T
ω  ³ñíóº ºäèíèé 

ðîçâ’ÿçîê 0 2( , ) ( )nu t x C D∈  íåçáóðåíî¿ çàäà÷³ (1)–(3), ÿêèé íåïåðåðâíî çàëå-
æèòü â³ä ( , )F t x  ³ âèçíà÷àºòüñÿ ôîðìóëàìè (10), (11). 

Ä î â å ä å í í ÿ. Íà ï³äñòàâ³ ôîðìóë (10), (11) îòðèìóºìî 

 
0 0

0

1
2

0
1( ) 0 02 0

max ( , ) max ( ) .p
n

p

Ts s s
ss
p k ksC D t T t Ts nk

u k k G t d F t
t

−

≤ ≤ ≤ ≤≤∈

π
ω

∂ ≤ τ τ 
  ∂

∑ ∑ ∫


 (13) 

²ç (8), (11) òà ëåìè 1 âèïëèâàº, ùî äëÿ ìàéæå âñ³õ ÷èñåë 
T
ω  ñïðàâäæóþòüñÿ 

îö³íêè 

0 0

0

1 1
1 5

02 0

max ( , ) ,  0,  ,p
Ts s s

ss p p
p kst Ts n

k k G t d C k k
t

−
+ + γ

≤ ≤≤

π
ω

∂  τ τ ≤ γ > ∈ 
  ∂

∑ ∫   (14) 

äå 
2 1

( 1) 1 1 2 1
5 3 4 1 2 3 1 2 1 2,  max , ,  max 1, ,

n
n nC C C M M M M M C C

− +
− − − − −π π

ω ω
  = = =  

  
{ } , 

3M  – ê³ëüê³ñòü óñ³õ ðîçâ’ÿçê³â íåð³âíîñò³ 2s n≤  ó ö³ëèõ íåâ³ä’ºìíèõ ÷èñ-

ëàõ, 0 1,  , ,  ps s s . 
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ßêùî ôóíêö³ÿ ( , )F t x  çàäîâîëüíÿº óìîâè òåîðåìè, òî ç ôîðìóë (5) 
âèïëèâàþòü òàê³ îö³íêè: 

 (0,2 2)

(2 2)

( )0
max ( ) ,      p

p
p

k C Dt T
F t k F k+

− +

≤ ≤

π
ω

 ≤ ∈ 
 

 . (15) 

Íà ï³äñòàâ³ (12)–(15) îòðèìóºìî, ùî äëÿ ìàéæå âñ³õ ÷èñåë 
T
ω  ñïðàâäæó-

ºòüñÿ íåð³âí³ñòü 

 (0,2 2)2

2 2
0

5 ( )( )
pn

p

C DC D
u C K F +

+
ω
π

 ≤  
 

, (16) 

äå K  – ñóìà ðÿäó 1

p

p

k

k − − + γ

∈
∑


, ÿêèé çá³ãàºòüñÿ ïðè 0 1< γ < . ²ç íåð³â-

íîñòåé (16) âèïëèâàº äîâåäåííÿ òåîðåìè. ◊ 
4. Âèïàäîê çáóðåíî¿ çàäà÷³ ( ≠ 0 ). Ðîçãëÿíåìî çàìêíåíó ìíîæèíó 

( ),  0S r r R< < , ôóíêö³é 2( , ) ( )nu t x C D∈ , ÿê³ çàäîâîëüíÿþòü óìîâè (3) òà 

íåð³âí³ñòü 2
0

( )nC D
u u r− ≤ . Î÷åâèäíî, ùî êîæíà ç ôóíêö³é ( , ) ( )u t x S r∈  

ðîçâèâàºòüñÿ ó ðÿä âèãëÿäó 

 1 1( , ) ( ) sin sin
p

k p p
k

u t x u t k x k x
∈

π π
ω ω

= ∑


 . 

Äîñë³äèìî ïèòàííÿ ïðî ³ñíóâàííÿ ðîçâ’ÿçêó íåçáóðåíî¿ çàäà÷³ (1)–(3) ³ç 
2( ) ( )nS r C D⊂ . 

Ïðèïóñòèìî, ùî f  ³ 
f
u

∂
∂

 íàëåæàòü äî ïðîñòîðó (0,2 2)( )pC B+ , ïðè÷îìó 

äëÿ êîæíî¿ ( )u S r∈  ôóíêö³¿ ( , , ( , ))f t x u t x  ³ 
( , , ( , ))f t x u t x

u
∂

∂
 ñïðàâäæóþòü 

óìîâè âèãëÿäó (12), äå ïîõ³äí³ çà çì³ííèìè 1, , px x  îçíà÷àþòü ïîâí³ 

ïîõ³äí³ â³ä ñêëàäíî¿ ôóíêö³¿. Òîä³  

 1 1( , , ( , )) ( , ( ) ) sin sin
p

k k p p
k

f t x u t x f t u t k x k x
∈

π π
ω ω

= ∑


{ } , 

äå 
( , ( ) )k kf t u t ={ }  

 1
1 1

1 , , ( ) sin sin ,  
p

p

p p
p

m j j pp
jm

f t y u t m y k y dy dy k
= =∏ ∈

π π
ω ω

 = ∈ 
 ω

∑ ∏ ∏∫


  


. (17) 

Çàäà÷à (1)–(3) åêâ³âàëåíòíà íåë³í³éíîìó ³íòåãðàëüíîìó ð³âíÿííþ 

 0( , ) ( , ) ( , , , ) ( , , ( , )) ,
D

u t x u t x Q t x y f y u y dy d= + ε τ τ τ τ∫  (18) 

äå 

 
1

( , , , ) ( , ) sin sin
p

p
p

k j j j j
jk

Q t x y G t k x k y−

=∈

π π
ω ω

 τ ≡ ω τ  
 ∑ ∏



, (19) 

çà óìîâè, ùî ðÿä (19) º ð³âíîì³ðíî çá³æíèì â îáëàñò³ D D× . 

Ëåìà 2. ßêùî 1n p≥ + , òî äëÿ ìàéæå âñ³õ (ñòîñîâíî ì³ðè Ëåáåãà â 

 ) ÷èñåë 
T
ω  ðÿä (19) ð³âíîì³ðíî çá³ãàºòüñÿ â îáëàñò³ D D× . 

Ä î â å ä å í í ÿ  âèïëèâàº ç ôîðìóëè (11), îö³íîê (8), (14) ³ ëåìè 1. ◊ 
Íàäàë³ ââàæàòèìåìî, ùî 1n p≥ + . 



12 

Äëÿ äîâåäåííÿ ³ñíóâàííÿ ðîçâ’ÿçêó ( , ) ( )u t x S r∈  ³íòåãðàëüíîãî ð³âíÿí-
íÿ (18) ñêîðèñòàºìîñÿ ïðèíöèïîì ñòèñêóþ÷èõ â³äîáðàæåíü Êà÷³îïîë³ – Áà-
íàõà [4]. 

Ð³âíÿííÿ (18) çîáðàçèìî ó âèãëÿä³ îïåðàòîðíîãî ð³âíÿííÿ 

 0( , ) ( , )
u

u t x A u t x= [ ] , (20) 

ó ÿêîìó vA  – íåë³í³éíèé ³íòåãðàëüíèé îïåðàòîð, âèçíà÷åíèé íà ìíîæèí³ 

( )S r  ôîðìóëîþ 

 ( , ) ( , ) ( , , , ) ( , , ( , ))v
D

A u t x v t x Q t x y f y u y dy d≡ + ε τ τ τ τ∫[ ] , (21) 

äå ( , ) ( ),  0v t x S∈ ρ ρ > . Ïîêàæåìî, ùî äëÿ äîñèòü ìàëîãî ρ  îïåðàòîð vA  

ïåðåâîäèòü ìíîæèíó ( )S r  ó ñåáå. Íåõàé ( , ) ( )u t x S r∈ . ²ç (11), (14), (20), (21) 

âèïëèâàº, ùî ôóíêö³ÿ ( , )vA u t x[ ]  íàëåæèòü ïðîñòîðó 2 ( )nC D , çàäîâîëüíÿº 
óìîâè (3) ³ ñïðàâäæóº íåð³âí³ñòü 

 2
0

( )nv C D
A u u− ≤[ ]  

 
0

1
2

0

0
6 1( ) 02 0

max ( , )p
n

p

Ts
ss

k p ksC D t Ts nk

v u C f k k G t d
t≤ ≤≤∈

∂≤ − + ε τ τ
∂

∑ ∑ ∫


 , (22) 

äå 
2

6
0

max 1, ,  max ( , ( ) ) ,  
n

k k m p
t T

C f f t u t k
≤ ≤

π
ω

  = = ∈  
  

{ } .  

Çà óìîâ, íàêëàäåíèõ âèùå íà ôóíêö³þ ( , , )f t x z , ³ç ôîðìóë (17), âèêî-

ðèñòîâóþ÷è îö³íêó (16), îòðèìóºìî, ùî äëÿ ìàéæå âñ³õ ÷èñåë 
T
ω  âèêîíó-

þòüñÿ íåð³âíîñò³  

 
1

(2 2) 2( 1)

22( , )1 1

( , , ( , ))
max

p

p p

k
t x Dp p

f t x u t x
f k

x x

− + +

∈= +

π
ω

∂ ≤ ≤ 
  ∂ ∂

∑
 


 

 2 (0,2 2)

(2 2)
2 2

( ) ( )1 n p

p
p

C D C Bk u f +

− +
+π

ω
 ≤ + ≤ 
 

( )  

 2 2

(2 2) 2 2
0 0

( ) ( )
1 n n

p p

C D C D
k u u u

− + +
π
ω

   ≤ Φ ⋅ + − + ≤   
   

 

 
(2 2) 2 2 2 2

51 ,      
p p p

pk r C KF k
− + + +

π ω
ω π

     ≤ Φ ⋅ + + ∈     
     

 . (23) 

äå (0,2 2) (0,2 2)( ) ( ),  p pC D C BF F f+ += Φ = . Íà ï³äñòàâ³ îö³íîê (14), (23) ³ç íåð³â-

íîñò³ (22) îòðèìóºìî 

 2
0

( )nv C D
A u u− ≤ ρ + ε Ψ Φ[ ] , (24) 

äå 
2 2 2 2

5 6 51
p p

C C K r C KF
+ +

ω ω
π π

     Ψ = + +     
     

. 

ßêùî /( )rε < ΨΦ , òî ïðè rρ = − ε Ψ Φ  ³ç îö³íêè (24) âèïëèâàº, ùî 

äëÿ ìàéæå âñ³õ ÷èñåë 
T
ω  îïåðàòîð vA  ïåðåâîäèòü ìíîæèíó ( )S r  â ñåáå. 

Ïîêàæåìî, ùî îïåðàòîð (21) º îïåðàòîðîì ñòèñêó. 



13 

Íåõàé 1( , )u t x  òà 2 ( , )u t x  íàëåæàòü ìíîæèí³ ( )S r . Òîä³, âðàõîâóþ÷è 
(14), (19), (21), (23) ³ âèêîðèñòîâóþ÷è ôîðìóëó Ëà´ðàíæà ïðî ñê³í÷åíí³ 
ïðèðîñòè, îäåðæóºìî 

 22 1 2 1( )
( , , ( , )) ( , , ( , ))nv v C D p

D

A u A u f y u y f y u y
ε

− = τ τ − τ τ ×
ω ∫[ ] [ ] ( )  

 
2

1
1 ( )

( , ) sin sin
p n

p

k j j j j p
jk C D

G t k y k x d dy dy
=∈

π π
ω ω

 × τ τ ≤ 
 ∑ ∏



  

 21 2 1 ( )nC D
u u≤ ε ΨΦ − , (25) 

äå 
(0,2 2)1

( )pC B

f
u +

∂Φ =
∂

. 

ßêùî 11/( )ε < ΨΦ , òî ³ç (25) âèïëèâàº, ùî äëÿ ìàéæå âñ³õ ÷èñåë 
T
ω  

îïåðàòîð (21) º îïåðàòîðîì ñòèñêó. 
Íåïåðåðâí³ñòü çà v  îïåðàòîðà vA  î÷åâèäíà. 
²ç ñêàçàíîãî âèùå â öüîìó ïóíêò³ òà òåîðåì 1 ³ 3 ³ç [4, ñ. 605–608] îòðè-

ìóºìî íàñòóïíå òâåðäæåííÿ. 

Òåîðåìà 3. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 2, ôóíêö³¿ f  ³ 
f
u

∂
∂

 íà-

ëåæàòü ïðîñòîðó (0,2 2)( )pC B+  ³ äëÿ êîæíî¿ ( )u S r∈  ôóíêö³¿ ( , , ( , ))f t x u t x  

³ 
( , , ( , ))f t x u t x

u
∂

∂
 ñïðàâäæóþòü óìîâè (12). Òîä³ ïðè 0ε < ε , äå 0ε =  

1min /( ),  1/( )r= ΨΦ ΨΦ{ } , äëÿ ìàéæå âñ³õ (ñòîñîâíî ì³ðè Ëåáåãà â  ) ÷èñåë 

T
ω  ³ äîâ³ëüíèõ ô³êñîâàíèõ ,sa s n= , ³ñíóº ºäèíèé ðîçâ’ÿçîê ð³âíÿííÿ (18), 

à, îòæå, é çàäà÷³ (1)–(3), ÿêèé íàëåæèòü ìíîæèí³ 2( ) ( )nS r C D⊂  ³ ÿêèé 
íåïåðåðâíî çàëåæèòü â³ä ôóíêö³¿ ( , )F t x . 

Çàóâàæåííÿ 1. Ðîçâ’ÿçîê çàäà÷³ (1)–(3), ³ñíóâàííÿ òà ºäèí³ñòü ÿêîãî 
ñòâåðäæóº òåîðåìà 3, ìîæíà îòðèìàòè ÿê ãðàíèöþ ïîñë³äîâíîñò³ 

( , ),u t x ∈  { } , ó ÿê³é  

 01( , ) ( , ) ,         1,2,
u

u t x A u t x+ = =   [ ] , 

äå 1( , )u t x  – äîâ³ëüíà ôóíêö³ÿ ç ( )S r , à îïåðàòîð vA  âèçíà÷åíèé ôîð-
ìóëîþ (21). 

Çàóâàæåííÿ 2. Ðåçóëüòàòè ðîáîòè ìîæíà ïîøèðèòè íà äåÿê³ êëàñè 
ñëàáêî íåë³í³éíèõ ã³ïåðáîë³÷íèõ ð³âíÿíü ç ìîëîäøèìè ÷ëåíàìè â ë³í³éí³é 
÷àñòèí³, çîêðåìà, íà ð³âíÿííÿ âèãëÿäó 

 
2

2
1

( , ) ( , ) ( , , ),
p

j j
j

a b u t x F t x f t x u
t=

∂ − ∆ − = + ε 
 ∂

∏  

äå ,  j ja b ∈  , à òàêîæ íà âèïàäîê çàäà÷³, ÿêà îòðèìóºòüñÿ ³ç çàäà÷³ (1)–(3) 

øëÿõîì çàì³íè â í³é äèôåðåíö³àëüíèõ âèðàç³â 
2

2
jx

∂
∂

 íà  

 ( ) ( ),  1, ,j j j j j
j j

L p x q x j p
x x

 ∂ ∂≡ − + = ∂ ∂ 
 . 
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ЗАДАЧА С ПЕРИОДИЧЕСКИМИ ПО ВРЕМЕННОЙ ПЕРЕМЕННОЙ УСЛОВИЯМИ 
ДЛЯ СЛАБО НЕЛИНЕЙНЫХ ГИПЕРБОЛИЧЕСКИХ УРАВНЕНИЙ 
 
Óñòàíîâëåíû óñëîâèÿ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè (÷àñòü èç íèõ èìååò òå-
îðåòèêî-÷èñëîâîé õàðàêòåð) êëàññè÷åñêîãî ðåøåíèÿ çàäà÷è ñ óñëîâèÿìè ïåðèîäè÷-
íîñòè ïî âðåìåííîé ïåðåìåííîé è óñëîâèÿìè òèïà óñëîâèé Äèðèõëå ïî ïðî-
ñòðàíñòâåííûì êîîðäèíàòàì äëÿ ñëàáî íåëèíåéíîãî ñòðîãî ãèïåðáîëè÷åñêîãî 
óðàâíåíèÿ ñ ïîñòîÿííûìè â ëèíåéíîé ÷àñòè îïåðàòîðà êîýôôèöèåíòàìè. 
 
PROBLEM WITH PERIODIC IN TIME VARIABLES CONDITIONS FOR WEAKLY 
NONLINEAR EQUATIONS  
 
The conditions of existence and uniqueness (part of them has the number-theoretic 
character) of classical solution to the problem with periodic conditions by time variable 
and Dirichlet-type conditions by space variables for weakly nonlinear strictly hyperbolic 
equation with constant coefficients in the linear part of operator are established.  
 
²í-ò ïðèêë. ïðîáëåì ìåõàí³êè ³ ìàòåìàòèêè Îäåðæàíî 
³ì. ß. Ñ. Ï³äñòðèãà÷à ÍÀÍ Óêðà¿íè, Ëüâ³â 05.08.03 


