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ОЗНАКИ ЗБІЖНОСТІ ТА СТІЙКОСТІ ГІЛЛЯСТИХ ЛАНЦЮГОВИХ  
ДРОБІВ ІЗ ВІД’ЄМНИМИ ЧАСТИННИМИ ЧИСЕЛЬНИКАМИ 
 

Âñòàíîâëåíî ìíîæèíè çá³æíîñò³ òà ñò³éêîñò³ ã³ëëÿñòèõ ëàíöþãîâèõ äðîá³â 
³ç â³ä’ºìíèìè ÷àñòèííèìè ÷èñåëüíèêàìè ³ çíàìåííèêàìè, ùî äîð³âíþþòü 
îäèíèö³. Äîñë³äæåíî ìíîæèíè çá³æíîñò³ òà ñò³éêîñò³ ï³äïîñë³äîâíîñòåé ¿õ 

ï³äõ³äíèõ äðîá³â (3 ) (3 1) (3 2), ,  s s sf f f+ +{ } { } { } . 
 

Ðîçâ’ÿçêè áàãàòüîõ çàäà÷ îá÷èñëþâàëüíî¿ ìàòåìàòèêè ìîæíà ïîäàòè ó 
âèãëÿä³ ã³ëëÿñòèõ ëàíöþãîâèõ äðîá³â (ÃËÄ). Îñê³ëüêè åëåìåíòè öèõ äðîá³â 
îá÷èñëþþòüñÿ íàáëèæåíî, âèíèêàº ïèòàííÿ äîñë³äæåííÿ ñò³éêîñò³ äî çáó-
ðåíü ñê³í÷åííèõ ÃËÄ. Öå ïèòàííÿ ðîçãëÿäàëîñÿ ó ðîáîòàõ Â. Ï. Òåðñüêèõ 
[9], Ï. ². Áîäíàð÷óêà [5], Â. ß. Ñêîðîáîãàòüêà [8], Ì. Î. Íåäàøêîâñüêîãî [7], 
Ä. ². Áîäíàðà [3], Ò. Ì. Àíòîíîâî¿ [2]. Ñò³éê³ñòü ÃËÄ ò³ñíî ïîâ’ÿçàíà ç ¿õ 
çá³æí³ñòþ. ßê ïðàâèëî, âäàëîñü äîñë³äèòè ñò³éê³ñòü ÃËÄ, øâèäê³ñòü çá³æ-
íîñò³ ÿêèõ ìàº ïîðÿäîê ãåîìåòðè÷íî¿ ïðîãðåñ³¿ [2]. ²íòåðïðåòóþ÷è ñò³éê³ñòü 
ÃËÄ ÿê ¿õ íåïåðåðâíó çàëåæí³ñòü â³ä åëåìåíò³â, ïðèõîäèìî äî îçíà÷åííÿ 
ñò³éêîñò³ íåñê³í÷åííèõ ÃËÄ [4]. Ó âèïàäêó, êîëè åëåìåíòè ÃËÄ º ä³éñíèìè 

÷èñëàìè, çá³æí³ñòü ³ ñò³éê³ñòü äîñë³äæóâàëàñü â îáëàñò³ 1:
4
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[3, 8]. Àêòóàëüíîþ º çàäà÷à äîñë³äæåííÿ çá³æíîñò³ òà ñò³éêîñò³ ÃËÄ ³ ¿õí³õ 
ï³äïîñë³äîâíîñòåé ç â³ä’ºìíèìè ÷àñòèííèìè ÷èñåëüíèêàìè òà çíàìåííèêà-
ìè, ùî äîð³âíþþòü îäèíèö³. Âïåðøå âëàñòèâîñò³ òàêèõ ÃËÄ ðîçãëÿíóòî â 
ðîáîò³ Ò. Ì. Àíòîíîâî¿ [1]. Ïîäàëüøå äîñë³äæåííÿ öèõ ïèòàíü º ïðåäìåòîì 
ö³º¿ ðîáîòè. 

Ðîçãëÿíåìî ã³ëëÿñòèé ëàíöþãîâèé äð³á (ÃËÄ) ç ä³éñíèìè åëåìåíòàìè ³ 
çì³ííèì ÷èñëîì ã³ëîê ðîçãàëóæåííÿ 
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ââàæàòèìåìî çáóðåíèì äî ÃËÄ (1) [3, 6, 8]. 
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º ïîñë³äîâí³ñòþ ìíîæèí åëåìåíò³â ÃËÄ (1), (2), òîáòî 
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ßêùî s = { } , ïîñë³äîâí³ñòü ìíîæèí ( )i kE{ }  íàçâåìî ïîñë³äîâí³ñòþ 

ìíîæèí ñò³éêîñò³ ÃËÄ (1). 
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â³äíîñí³ ïîõèáêè â³äïîâ³äíî âåëè÷èí ( )
( ) ( ),  s

i k i pa Q , òîáòî 

 ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )(1 ) ,        1s s s

i k i k i k i p i p i pa a Q Q= + α = + ε ( ) , 

³ ( )
( ) ( ),  ( ) ,  1,2, ,    ,  ( ) ,  0, ,  1,2,s

i k k i p pi k I k i p I p s sα ∈ = ε ∈ = =   , âèçíà÷àþòü-
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Ä î â å ä å í í ÿ. Ïîêàæåìî ìåòîäîì ìàòåìàòè÷íî¿ ³íäóêö³¿, ùî ïðè 

âèêîíàíí³ óìîâ ( ) ( ) ,  ( ) ,  0,1,2,i k i k kE i k I k∈ ∈ =a  , äëÿ çàëèøê³â (3 2)
( )
s

i kQ + , 

0, 3 2k s= + , ñïðàâäæóþòüñÿ îö³íêè 
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p k=  ìàòèìåìî 
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i kE −⊂  , âèïëèâàº 

 
(1) (3 2)0

1 2 3( 1)

3( 1)

( )
(3 5) (3 2) 1

3 2
(3 5) (3 2) (3 5)1 1 1
(3( 1)) ( ) ( )

0

  
i i s

s

s

N N i kN
s s k

s
s s si i i

i s i k i k
k

a

f f

Q Q Q

+

+

+

+ + =
+

+ + += = =
+

=

− =
∏

∑ ∑ ∑
∏

 . 

Îñê³ëüêè (3 2) (3 5) (3 5)
( ) ( ) (3( 1))0,   ( ) ,  0,3 2,   0,   (3( 1))s s s
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Òåîðåìó äîâåäåíî. ◊ 

Òåîðåìà 2 (Âëàñòèâ³ñòü âèëêè). Íåõàé ñóêóïí³ñòü ìíîæèí ( )i kE{ } , 

ùî âèçíà÷àþòüñÿ çã³äíî ç (6′)–(6′″), äå ( )
( )2

3 1 1i k+ρ = , º ïîñë³äîâí³ñòþ ìíîæèí 

åëåìåíò³â ÃËÄ (1). Òîä³ äëÿ ï³äïîñë³äîâíîñòåé ï³äõ³äíèõ äðîá³â (3 1)sf +{ } , 
(3 2)sf +{ }  ñïðàâäæóºòüñÿ âëàñòèâ³ñòü âèëêè 

 (3 1) (3 4) (3 5) (3 2)m m n nf f f f+ + + +< < <  (8) 

äëÿ äîâ³ëüíèõ ,m n +∈  . 

Ä î â å ä å í í ÿ. Ïðàâèëüí³ñòü ñï³ââ³äíîøåííÿ (3 5) (3 2) ,  n nf f n+ + +< ∈  , 
âèïëèâàº ç òåîðåìè 1. ßê ³ â ïîïåðåäí³é òåîðåì³, íåâàæêî ïîêàçàòè, ùî ïðè 
âèêîíàíí³ óìîâ ( ) ( ) ,  ( ) ,  0,1,2,i k i k kE i k I k∈ ∈ =a  , äëÿ çàëèøê³â (3 1)s + -ãî 

ï³äõ³äíîãî äðîáó ÃËÄ (1) ñïðàâäæóþòüñÿ íåð³âíîñò³ 

 (3 1) (3 1)
(3 1) 3 1 (3 1)0 1,        (3 1) ,    0, 1,    1s s

i p p i sQ i p I p s Q+ +
+ + +< < + ∈ = − = , (9′) 

 ( )2(3 1) (2) (3 1)
(3 ) (3 ) 3 (3 ) (3 ),      (3 ) ,   0, 1,   s s

i p i p p i s i sQ i p I p s Q+ +< − ρ ∈ = − ≤ − ρ , (9″) 

 (3 2) (2)
(3 1) (3 1) 3 11 ,    (3 1) ,   1, 1s

i p i p pQ i p I p s+
− − −< < ρ − ∈ = − ,  

 ( )
( )

( )
( )3 1 2

3 1 3 11 s
i s i sQ +

− −< ≤ ρ . (9′″) 

Ïîêëàäàþ÷è ó ôîðìóë³ (5) 3 4r m= + , 3 1s m= +  ³ âðàõîâóþ÷è íåð³âíîñò³ 
(3 1) (3 4) (3 4)
( ) ( ) (3 2) 3 20,    ( ) ,   0,3 1,    0,   (3 2)m m m

i k i k k i m mQ Q i k I k m Q i m I+ + +
+ +> ∈ = + > + ∈ , 

îäåðæóºìî (3 4) (3 1) 0m mf f+ +− > . Ðîçãëÿäàþ÷è ð³çíèöþ 
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 (3 2) (3 1)n mf f+ +− =  

 
(1) (3 1)0

1 2 3 2

3 2

( )
1

3 1
(3 2) (3 1) (3 2)1 1 1
(3 2) ( ) ( )

0

  ,   ,
i i m

m

m

N N i kN
k
m

n m ni i i
i m i k i k

k

a

n m

Q Q Q

+

+

+

=
++

+ + += = =
+

=

= ∈
∏

∑ ∑ ∑
∏

  ,  (10) 

³ âðàõîâóþ÷è òå, ùî (3 1) (3 2)
( ) ( ) 0,  ( ) ,  0, 3 1m n

i k i k kQ Q i k I k m+ + > ∈ = + , ³ (3 2)
(3 2) 0n

i mQ +
+ > , 

3 2(3 2) mi m I ++ ∈ , ìàºìî (3 2) (3 1) 0n mf f+ +− > , ùî äîâîäèòü ïðàâèëüí³ñòü 

íåð³âíîñòåé (8). Òåîðåìó äîâåäåíî. ◊ 
Íàñë³äîê. ²ç âëàñòèâîñò³ âèëêè âèïëèâàº ³ñíóâàííÿ ñê³í÷åííèõ ãðàíèöü 

 (3 1) (3 2)
1 2lim ,  lims s

s s
f F f F+ +

→∞ →∞
= = , 

ïðè÷îìó (2) (1)
1 2,  F f F f< > . Òîìó ïîñë³äîâí³ñòü ìíîæèí ( ) , ( ) i k kE i k I∈{ } , 

1, 2,k =  , åëåìåíòè ÿêèõ çàäîâîëüíÿþòü óìîâè (6′)–(6′″), äå (2)
(3 1) 1i k+ρ = , 

º ïîñë³äîâí³ñòþ ìíîæèí çá³æíîñò³ ï³äïîñë³äîâíîñòåé ï³äõ³äíèõ äðîá³â 
(3 1) (3 2),  s sf f+ +{ } { } . 

Âñòàíîâèìî óìîâè, êîëè 1 2F F= . Íåõàé ìíîæèíè (3 1) 3 1,  (3 1)i k kE i k I+ ++ ∈ , 

0,1,2,k =  , âèçíà÷àþòüñÿ òàê: 

 ( )

(3 1)
(3 1)

3 2

(3 2) (2)
(3 1) (3 1)3 1 (2)

1 (3 2)

: 1
i k

i k

k

N
N i k

i k i ki k
i i k

x
E

+
+

+

+
+ − ++

= +

= ∈ ≥ − ρ
ρ

∑x  , 

 
(3 1)

3 2

(1) (1)
(3 2) (3 1) (3 1)

1

1 ,     0 1
i k

k

N

i k i k i k
i

x
+

+

+ + +
=

≤ − ρ < ρ <


∑ . (11) 

Òåîðåìà 3. Ñóêóïí³ñòü ìíîæèí ( )i kE{ } , ùî âèçíà÷àþòüñÿ çã³äíî ç 

(6′), (6′″), (11), äå (2)
(3 1) 1i k+ρ = , º ïîñë³äîâí³ñòþ ìíîæèí çá³æíîñò³ ï³äïîñë³-

äîâíîñò³ ï³äõ³äíèõ äðîá³â ( ) ,  \ 3 ,  1,2,sf s k k= = { } { } { }
 , ÃËÄ (1), ÿêùî 

  
0

0k
k

∞

=

ν =∏ , (12) 

äå kν{ }  – ïîñë³äîâí³ñòü äîäàòíèõ ñòàëèõ, ÿê³ âèçíà÷àþòüñÿ òàê: 

 
3

(2)
(3 )

3 (2)(3 )
(3 )

1
max

k

i k
k

i k I
i k

∈

+ ρ ν =  
ρ 

, (13′) 

 
3 1

(1)
(3 1)

3 1 (1)(3 1)
(3 1)

1
max

k

i k
k

i k I
i k+

+
+ + ∈

+

− ρ ν =  
ρ 

, (13″) 

 
3 2

(2)
(3 2)

3 2 (2)(3 2)
(3 2)

1
max ,         0,1,2,

k

i k
k

i k I
i k

k
+

+
+ + ∈

+

ρ − ν = = 
ρ 

 . (13′″) 

Ä î â å ä å í í ÿ. ²ç âëàñòèâîñò³ âèëêè âèïëèâàº, ùî ïîñë³äîâí³ñòü 
( ) ,   \ 3 ,  1,2,sf s k k= = { } { } { }

 , çá³ãàºòüñÿ òîä³ é ëèøå òîä³, êîëè 
(3 2) (3 1)lim 0s s

s
f f+ +

→∞
− =[ ] . Ïîêëàäåìî ó ôîðìóë³ (10) m n s= =  ³ çðîáèìî 

òàêå ïåðåãðóïóâàííÿ ó âèðàçàõ, ùî ñòîÿòü ï³ä çíàêàìè ñóì: 
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( )

3 2
(3 2) (3 1)

( ) (2 ) (2 1)
1 1 1

3 1 (3 2)
3 1(3 2) (3 2) 0

(3 2) ( )( )
0

s r r
s s

i k i k i k
k k k
s s

ss s
i s i ki k

k

a g g

Q
Q Q Q

+
+ +

−
= = =
+ +

++ +
+

=

=
∏ ∏ ∏

∏
,  ÿêùî 3 2 2s r+ = ,  

 

3 2 1
(3 2) (3 1)

( ) (2 1) (2 )
1 1 1

3 1 (3 1)
(3 2) (3 1) (3 2) 0
(3 2) ( ) ( )

0

s r r
s s

i k i k i k
k k k
s s

s s s
i s i k i k

k

a g g

Q
Q Q Q

+ −
+ +

−
= = =
+ +

+ + +
+

=

=
∏ ∏ ∏

∏
,  ÿêùî 3 2 2 1s r+ = − . 

Âèêîðèñòîâóþ÷è òå, ùî (3 1) (3 1) 3 1,   (3 1) ,   0,1,2,i k i k kE i k I k+ + +∈ + ∈ =a  , 

³ íåð³âíîñò³ (7′″), (9′″), âñòàíîâèìî îö³íêó äëÿ çàëèøê³â (3 )
(3 1) ,  1,2s j

i pQ j+
+ = : 

 
(3 1) (3 1)

3 2 3 2

(3 2)(3 ) (1)
(3 1) (3 2) (3 1)(3 )

1 1(3 2)

1 1 0
i p i p

p p

N N
i ps j

i p i p i ps j
i ii p

a
Q a

Q

+ +

+ +

++
+ + ++

= =+

= − > − ≥ ρ >∑ ∑ . 

Òîä³ îö³íêè (9′), (7″) ìàòèìóòü âèãëÿä 

 (1) (3 )
(3 1) (3 1) 1,        1,2s j

i p i pQ j+
+ +ρ < < = . (14) 

Íà îñíîâ³ íåð³âíîñòåé (7′), (7′″), (14) îö³íèìî çâåðõó âåëè÷èíè 
( 1)

(3 2)
( )

1

i k

k

N
s

i k
i

g
−

+

=
∑ , 

1( 1) ,  1,3 2ki k I k s−− ∈ = + . Òîä³ ìàòèìåìî  

äëÿ 3 2k p= + :  

 

(3 1) (3 1)

(3 1)
3 2 3 2

(3 1) (3 1)
3 2

3 2 3 2

(3 2)
(3 2)(2 2) (1)

1 1(3 2) (3 1)(3 2)
(3 2) (1)

1 (3 2) (3 1)
(3 2)(2 2)

1 1(3 2)

1

1 1

i p i p

i p
p p

i p i p
p

p p

N N
i p

i psN
i ii p i ps

i p N N
i i p i p

i ps
i ii p

a
a

Q
g

a
a

Q

+ +

+
+ +

+ +
+

+ +

+
++

= =+ ++
+

= + +
++

= =+

− ρ
= < ≤

ρ
− −

∑ ∑
∑

∑ ∑
, 

 3 1(3 1) ,  0,pi p I p s++ ∈ = ;  

äëÿ 3 1k p= + :  

 

(3 ) (3 )

(3 )
3 1 3 1

(3 ) (3 )
3 1

3 1 3 1

(3 1) (3 1)
(2 2) (2) (2)

1 1(3 1) (3 1) (3 )(3 2)
(3 1) (2)

1 (3 1) (3 1) (3 )
(2 2) (2)

1 1(3 1) (3 1)

1

1 1

i p i p

i p
p p

i p i p
p

p p

N N
i p i p

sN
i ii p i p i ps

i p N N
i i p i p i p

s
i ii p i p

a a

Q
g

a a

Q

+ +

+

+ +

+ +
+

= =+ ++
+

= + +
+

= =+ +

ρ + ρ
= < ≤

ρ
− −

ρ

∑ ∑
∑

∑ ∑
, 

 3(3 ) ,  0,pi p I p s∈ = ;  

äëÿ 3k p= : 

 ( )

(3 1) (3 1)

(3 1)
3 3

(3 1) (3 1)
3

3 3

(3 ) (3 )
(2)(2 2) (2)

1 1 (3 )(3 ) (3 1)(3 2)
3 (2)

1 (3 ) (3 ) (3 1)
(2)(2 2)

1 1 (3 )(3 )

1

1 1

i p i p

i p
p p

i p i p
p

p p

N N
i p i p

sN
i i i pi p i ps

i p N N
i i p i p i p

s
i i i pi p

a a

Q
g

a a

Q

− −

−

− −

+
= = −+

= −
+

= =

ρ ρ −
= < ≤

ρ
+ +

ρ

∑ ∑
∑

∑ ∑
, 

 3 1(3 1) ,  0,pi p I p s−− ∈ = .  
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Âèêîðèñòîâóþ÷è óìîâè (9″), (9′″), (14) ³ ïîçíà÷åííÿ (13′)–(13′″), ëåãêî 

ïîêàçàòè ïðàâèëüí³ñòü îö³íîê 
( 1)

(3 1)
( ) 1

1

i k

k

N
s

i k k
i

g
−

+
−

=

< ν∑ , çâ³äêè îòðèìóºìî, ùî 

3 1
(3 2) (3 1)

(2)
00

1
s

s s
k

k

f f
+

+ +

=

− < ν
ρ

∏ . Òåîðåìó äîâåäåíî. ◊ 

Òåîðåìà 4.  
(³) Ñóêóïí³ñòü ìíîæèí ( )i kE{ } , ùî âèçíà÷àþòüñÿ çã³äíî ç (6′), (6′″), äå 

(2) (2)
(3 1) (3 )1,  0 1i k i k+ρ = < ρ ≤ , ³ 

 
(3 1)

(3 1)

3 2

(3 2)
(3 1) (3 1) (2)

1 (3 2)

:  1
2

i k
i k

k

N
N i k

i k i k
i i k

x
E

+
+

+

+
+ + −

= +

 = ∈ < 
− ρ 

∑x  , (15) 

3 1(3 1) ,  0,1,2,ki k I k++ ∈ =  , äå (2)
(3 2)1 2i k+< ρ < , º ïîñë³äîâí³ñòþ ìíîæèí 

çá³æíîñò³ ï³äïîñë³äîâíîñòåé ï³äõ³äíèõ äðîá³â (3 ) (3 1) (3 2),  ,  s s sf f f+ +{ } { } { }  
ÃËÄ (1). 

(³³) Ñóêóïí³ñòü ìíîæèí ( )i kE{ } , ùî âèçíà÷àþòüñÿ çã³äíî ç (6′), (6′″), 

äå (2) (2)
(3 1) (3 )1,  0 1i k i k+ρ = < ρ ≤ , ³ 

 
(3 1)

(3 1)

3 2

(3 2) (1)
(3 1) (3 1) (3 1)(2)

1 (3 2)

:  1
2

i k
i k

k

N
N i k

i k i k i k
i i k

x
E

+
+

+

+
+ + − +

= +

 = ∈ < − ρ 
− ρ 

∑x  , (16) 

3 1(3 1) ,  0,1,2,ki k I k++ ∈ =  , äå (2) (1)
(3 2) (3 1)1 2,  0 1i k i k+ +< ρ < < ρ < , º ïîñë³äîâí³ñ-

òþ ìíîæèí çá³æíîñò³ ÃËÄ (1), ÿêùî âèêîíóºòüñÿ óìîâà (12), äå kν{ }  – 

ïîñë³äîâí³ñòü äîäàòíèõ ñòàëèõ, ÿê³ âèçíà÷àþòüñÿ ñï³ââ³äíîøåííÿìè 
(13′)–(13′″). 

Ä î â å ä å í í ÿ. Îñê³ëüêè (2)
(3 2)1 2i k+< ρ < , çá³æí³ñòü ï³äïîñë³äîâíîñòåé 

(3 1) (3 2),  s sf f+ +{ } { }  âèïëèâàº ç âëàñòèâîñò³ âèëêè (8). Äîâåäåìî, ùî ñóêóï-

í³ñòü ìíîæèí ( )i kE{ }  º òàêîæ ïîñë³äîâí³ñòþ ìíîæèí çá³æíîñò³ ï³äïîñë³äîâ-

íîñò³ (3 )sf{ } , òîáòî ïðè âèêîíàíí³ óìîâ ( ) ( ) ,  ( ) ,  0,1,2,i k i k kE i k I k∈ ∈ =a  , 

³ñíóº ñê³í÷åííà ãðàíèöÿ (3 )
0lim s

s
f F

→∞
= . Ç òîãî, ùî ( ) ( )i k i kE∈a , äå (3 1)i kE +  âè-

çíà÷àþòüñÿ çã³äíî ç (15), ìåòîäîì ìàòåìàòè÷íî¿ ³íäóêö³¿ ìîæíà ïîêàçàòè 

ïðàâèëüí³ñòü òàêèõ îö³íîê äëÿ âåëè÷èí (3 )
( ) ,  0,3s

i kQ k s= : 

 (3 ) (2) (3 )
(3 ) (3 ) 3 (3 ),         (3 ) ,    0, 1,      1s s

i p i p p i sQ i p I p s Q< − ρ ∈ = − = , (17′) 

 (3 ) (2) (3 )
(3 1) (3 1) 3 1 (3 1)1 ,   (3 1) ,  1, 1,   0 1s s

i p i p p i sQ i p I p s Q− − − −< < ρ − ∈ = − < < , (17″) 

 (3 )
(3 2) 3 20 1,          (3 2) ,      1,s

i p pQ i p I p s− −< < − ∈ = . (17′″) 

Ðîçãëÿíóâøè ð³çíèöþ ì³æ ï³äõ³äíèìè äðîáàìè (3( 1))sf +  òà (3 2)sf + , 
(3( 1))sf +  òà (3 1)sf −  ³ âðàõóâàâøè îö³íêè (7′)–(7′″), (17′)–(17′″), îòðèìóºìî òàê³ 

íåð³âíîñò³: 

 (3 2) (3( 1)) (3 1) ,       1,2,s s sf f f s+ + −< < =  , 
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ç ÿêèõ âèïëèâàº, ùî ³ñíóº ñê³í÷åííà ãðàíèöÿ (3 )
0lim s

s
f F

→∞
= . ßêùî ìíîæèíè 

(3 1)i kE +  âèçíà÷àþòüñÿ çã³äíî ç (16), ëåãêî ïîêàçàòè ïðàâèëüí³ñòü îö³íîê (14) 

äëÿ âåëè÷èí (3 )
(3 1) ,  0,1,2s j

i pQ j+
+ = , ïðè äîïóñòèìèõ çíà÷åííÿõ ìóëüòè³íäåêñ³â. 

Âèêîíàííÿ óìîâè (12) çàáåçïå÷óº ð³âí³ñòü ãðàíèöü 1 2,  F F  äî ÿêèõ â³äïîâ³ä-

íî çá³ãàþòüñÿ ï³äïîñë³äîâíîñò³ (3 1) (3 2),  s sf f+ +{ } { } , òîáòî 1 2F F F= = , îêð³ì 

òîãî, 0F F= . Òåîðåìó äîâåäåíî. ◊ 

Òåîðåìà 5. Íåõàé ìîäóë³ â³äíîñíèõ ïîõèáîê åëåìåíò³â ÃËÄ (1) º ð³â-
íîì³ðíî îáìåæåíèìè çâåðõó: 

 ( ) 1,       ( ) ,      1,2,i k ki k I kα ≤ α < ∈ =  . 

Òîä³  
(³) ñóêóïí³ñòü ìíîæèí ( )i kE{ } , ùî âèçíà÷àþòüñÿ çã³äíî ç (6′), (6′″), 

(11), º ïîñë³äîâí³ñòþ ìíîæèí ñò³éêîñò³ ï³äïîñë³äîâíîñò³ ï³äõ³äíèõ äðîá³â 
(3 2)sf +{ }  ÃËÄ (1), ÿêùî çá³ãàºòüñÿ ðÿä 

 1
1

c
∞

+
=
∑ 


, (18) 

äå  
1

1
2

1 0
1

, 3 2,   0,

(1 ) , 3 1,    1,       

(1 ) , 3 ,        1,
k

k

p p

c p p

p p

−
−

−
− =

−

Π = + ≥
= − ν Π = + ≥ Π = ν
 − ν Π = ≥

∏
 

   

 





,  

à kν  âèçíà÷àþòüñÿ ñï³ââ³äíîøåííÿìè (13′)–(13′″); 

(³³) ñóêóïí³ñòü ìíîæèí ( )i kE{ } , ùî âèçíà÷àþòüñÿ çã³äíî ç (6′), (6′″), 

(11), äå (2)
(3 1) 1i k+ρ = , º ïîñë³äîâí³ñòþ ìíîæèí ñò³éêîñò³ ï³äïîñë³äîâíîñò³ 

ï³äõ³äíèõ äðîá³â ( ) , \ 3 ,  1,2, sf s k k= = { } { } { }
 , ÃËÄ (1), ÿêùî çá³ãà-

ºòüñÿ ðÿä (18); 
(³³³) ñóêóïí³ñòü ìíîæèí ( )i kE{ } , ùî âèçíà÷àþòüñÿ çã³äíî ç (6′), (6′″), 

(16), äå (2)
(3 1) 1i k+ρ = , º ïîñë³äîâí³ñòþ ìíîæèí ñò³éêîñò³ ÃËÄ (1), ÿêùî 

çá³ãàºòüñÿ ðÿä 

 1
1

c
∞

+
=

′∑ 


, (19) 

äå  1
2

1
1

, 3 2,    0,

(1 2 ) , 3 1,     1,

(1 2 ) , 3 ,         1.

p p

c p p

p p

−
−

−
−

Π = + ≥
= − ν Π = + ≥


− ν Π = ≥



  

 







 

Äëÿ â³äíîñíî¿ ïîõèáêè ï³äõ³äíîãî äðîáó ( )nf  ñïðàâäæóºòüñÿ îö³íêà 

 
0

1

(1)( )
( ) (2) (1)

10 (1)

1max ,  ( ) ,  1,
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Ä î â å ä å í í ÿ. Âèêîíàííÿ óìîâè 1°) îçíà÷åííÿ ñò³éêîñò³ ï³äïîñë³äîâ-
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ПРИЗНАКИ СХОДИМОСТИ И УСТОЙЧИВОСТИ ВЕТВЯЩИХСЯ ЦЕПНЫХ 
ДРОБЕЙ С ОТРИЦАТЕЛЬНЫМИ ЧАСТНЫМИ ЧИСЛИТЕЛЯМИ 
 
Óñòàíîâëåíû ìíîæåñòâà ñõîäèìîñòè è óñòîé÷èâîñòè âåòâÿùèõñÿ öåïíûõ äðî-
áåé ñ îòðèöàòåëüíûìè ÷àñòíûìè ÷èñëèòåëÿìè è çíàìåíàòåëÿìè, ðàâíûìè åäè-
íèöå. Èññëåäîâàíû ìíîæåñòâà ñõîäèìîñòè è óñòîé÷èâîñòè ïîäïîñëåäîâàòåëüíîñ-

òåé èõ ïîäõîäÿùèõ äðîáåé (3 ) (3 1) (3 2), ,  s s sf f f+ +{ } { } { } . 

 
CONDITIONS OF CONVERGENCE AND STABILITY OF BRANCHED CONTINUED 
FRACTIONS WITH NEGATIVE PARTIAL NUMERATORS 
 
The sets of convergence and stability of branched continued fractions with negative 
partial numerators and denominators equal to one are established, the sets of conver-

gence and stability of their approximants (3 ) (3 1) (3 2), ,  s s sf f f+ +{ } { } { } are examined. 
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