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AXISYMMETRIC THERMOELASTIC DEFORMATION OF A MULTILAYER
FOUNDATION WITH IMPERFECT THERMAL CONTACT OF ITS LAYERS

A solution to an axisymmetric stationary problem of thermoelasticity for a multi-
layer foundation with imperfect thermal contact between its layers is solved by
using the method of compliance functions along with the Hankel transform. The
recurrence relations for the auxiliary functions and the compliance functions of
neighboring layers of the foundation are constructed. The influence of the
coefficient of thermal resistance on the distribution of mormal and tangential
stresses and temperature at the points of the lower boundary of the upper layer for
a two-layer foundation subjected to the action of thermal loads is analyzed.

Keywords: multilayer foundation, compliance functions, Hankel transformation, stres-
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Introduction. Elastic multilayer foundations are widely used for modeling
pavement-road surfaces, airfield pavements, plant floors, rolling mills, and
other engineering structures of stratified nature. Under certain operational
conditions, they may undergo significant thermal impacts. Therefore, the tem-
perature effects must be taken into account when evaluating the strength of
layered structures. By making use of the method of compliance functions [13],
solutions of plane and spatial thermoelasticity problems for multilayer founda-
tions and plates with perfect thermal contact of layers were obtained in [1, 4—
6]. A solution to the plane thermoelastic problem for a multilayer foundation
with imperfect thermal contact between its layers was derived in [14].

A number of studies [10—12] are concerned with axisymmetric thermo-
elastic problems for solids under imperfect thermal contact. A solution to an
axisymmetric contact problem of the elasticity theory for a three-layer elastic
cylinder under the perfect one-sided mechanical contact and imperfect ther-
mal contacts is given in [3] by implementing an iterative algorithm based on
the finite element method. In [8, 15], a mathematical model has been sugges-
ted for the heat exchange in a piecewise inhomogeneous layer through a thin
inclusion. The solution of the corresponding heat transfer problem was con-
structed for the case of imperfect thermal interaction of the “layer—inclusion”
system. Using the spline collocation method, an axisymmetric problem on the
analysis of stress-strain state in a multilayer hollow cylinder of finite length
under the action of internal pressure and temperature was reduced in [7] to a
one-dimensional problem. By employing the Fourier — Bessel integral trans-
form method, a solution to a non-stationary heat-transfer problem for a two-
layer space with imperfect thermal contact was derived in [2].

The method of compliance functions was proven to be an efficient tool
for the analysis of multilayer structures [13]. Herein, this method is extended
for the solution of an axisymmetric stationary problem of thermoelasticity for
a multilayer foundation with a imperfect thermal contact between its layers.

1. Statement of the problem. We consider the axisymmetric thermoelas-
tic deformation of a multilayer foundation. The foundation is presented by a
package of n layers resting upon a rigid half-space. We enumerate the layers
from top to bottom so that the very top layer receives the number 1, while
the half-space has the number n +1. In every layer including the half-space,

we introduce a local cylindrical coordinate system O,pz;, j=1,...,n+1, as

shown in Fig. 1. Each layer is characterized by the thickness hj, the Poisson
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ratio v, the Young modulus Ej, the shear

modulus p,, the heat-conduction coetficient

ar;, and the coefficient of thermal expansion

kT’j, j=1...,n.

The top limiting plane of the considered
assembly is subjected to given temperature
and force loadings. The interface between the
nth layer and the rigid half-space is kept at
a constant temperature that equals to zero.
This fact is indicated in the boundary con-
ditions of the following form:

0.1(P,0)=0a(p), 7,.,1(P,0)=1(p), Ti(p,0)=f(p),

Uyt (0,00 =0, w1 (0,00=0, T, (p,0) =0, (1)

where o(p), t(p), and f(p) are given functions.

The imperfect thermal contact is assumed on the layer interfaces [9] that
implies the following interface conditions:

Gz7j+1(p’0) = Gz,j(P,hj), sz7j+1(p’0) = szj(p’ hj),
uZ,jH(P,O) = uzyj(P, hj)7 up7j+1(p70) = up,j(P, hj)’

oT;(p, 2) 1
kT,j Ja—z = R_] (Tj+1(p’ 0) - Tj(P, hj )) s
z:hj
i+l _ ]
Frin =g | ki | o @)
z=0 z:hj

where R; is the coefficient of thermal resistance,j =1,...,n.

Our objective herein is to find the distributions of stresses, displacements,
and temperature within the layers of the foundation considered.

2. Method of solution. The problem is to be solved by implementing the
method of compliance functions [13] in the mapping domain of the Hankel
transform:

v™(p) = [ po(p)J,, (PP)dp, (3)
0
v(p) = [ P™ (D), (pP)dp, (4)
0

where v™(p) is the Hankel transforms of order m, J,, is the m -order Bes-

sel function of the first kind.
The Hankel transforms of displacements, stresses, and temperature at the
points of the jth layer can be represented by linear combinations of six

auxiliary functions o; = a;(p), B; =B;(p), v; =v;(P), &; =8;(p), n; =n;(p),

g; = aj(p) , Which are introduced through the following formulas [4]:

o;(p) =06,,;(p,0), B;(p)=npW;(p,0), v;(p)=n;pU;(p,0),

8,(p) =T, ,(p,0), n;(p)=T,(p,0), & p)= %Jd—z , 5)
z=0
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where G, (p,2)=05,,(p,2), T,.;(0.2)=T,.(p2), Uip2 =1u,,[p2)),

W,(p,2) = ;(p,2), T;(p,2) =T} (p,2).
The transforms of stresses, displacements and temperature can be given
in the following form [4]:

2upW(p, z) = ((2 — ) sinh pz — ®pz cosh pz)a +

+ 2(cosh pz — wpz sinh pz)B +

+2((1 — ®) sinh pz — @pz cosh pz)y — wpzd sinh pz +

+ Ewo.p ((sinh pz + pz cosh pz)n + pze sinh pz),
2upU(p, z) = wpza sinh pz + 2((1 — ®) sinh pz + ®pz cosh pz)B +

+ 2(cosh pz + ®pzsinh pz)y +

+((2 - ®) sinh pz + ®pzcosh pz)8 -

— Ewa.p (pz nsinh pz+ (sinhpz — pz coshpz))e,
G,(p,2) = (cosh pz — ®pz sinh pz)a + 2w(sinh pz — pz cosh pz)B -

— 20pzy sinh pz — ((1 — ®)sinh pz + wpzcosh pz)d +

+ Ewoup (pzn sinh pz + (pz cosh pz — sinh pz)e) ,
?pz (p,2) = (0pz cosh pz — (1 — w) sinh pz)a + 20pzP sinh pz +

+ 20( sinh pz + pz cosh pz)y +

+ (coshpz + opz sinh pz)8 -

— Ewa.;((sinh pz + pzcosh pz)n + pze sinh pz),
T(p,z) = ncosh pz + & sinh pz, (6)

where » =0.5(1 - v)_land subscript j is omitted for the sake of simplicity.

In such manner, the problem is reduced to finding the six auxiliary
functions (5) for each layer of the foundation.

In order to construct the auxiliary functions of the neighboring layers,
we implement the following recursive procedure. We apply the Hankel inte-
gral transform (3) of the corresponding order to conditions (2), which yields:

62’j+1(p,0) = Ez,j(p,h]‘)y ?pz,jﬂ(p, 0) = Epz,]‘(p,h]‘) ’

uj+1VVj+1(p70) = M]-HWj(p,hj), Mj+15j+1(p70) = M]-HSj(p,hj),

— df(p,z) —
z=h;

]
14T,,,(p.2) 19T,(p.2)

P dz = Fer,; p dz

z=0

T,j+1

z=h]-

where Lj szkT,j’ j=1..,n.
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By using formulas (5) with the left-hand sides of the latter relations and
formulas (6) for z = hj with their right-hand sides, we can get the following

expressions:
oy = My 0+ My, B+ My my, (7
Bi1 =My 0, + My, B, + My; M, (8)
MNjr1 = (Cj + Ljij)nj + (Sj + Lijj)sj, )
g1 = 8;(Sm; +Cjey), (10)
where j=1,...,n, and
kT ) W,
A.:—’]’ _,2—]’ p.:ph.,
! kT,j+1 ! i ! !
aj Bj .
a; = 5]- , [3]. = Y, , Sj =s1nhpj, C]. =coshpj,
M. - C; —o;p;S; —(1 - ;)S; —o;p,C;
115 ~(1-0,)S; + 0,p,C; C; +o;p;S; ’

M. — 20,(5; -p;C;)  —20;p;S;
12,5 20,p;; 20,(S; +p,C;) )’
S +7.(S. —p.C,
M, =op Eo, P ]( i~ P ]) ,
IS+ piCy) + b8

1 ((2 —0;)8; — 0;p,C; ~0;P;S; j
j

21,5 =2Tuj ®;P;S; (2-,)S; +w,p,C
M. o[ TepS G (w8 —opC;

22, o (- w,)S; + 0,p,C, o;p;S; +C; )
a2 2B (8 + PGy —mpS;

23,j 201, -p;S; —1;(S; —p,C;)

By following the strategy presented in [14], it can be proved that
g; =-mm;, By =Aa; +Bmy, (11)
where matrices A; and B, are the compliance matrices. The elements of

these matrices along with functions r; are called the compliance functions of

j th layer for the foundation.

By making use of the interface conditions for the n th layer and the half-
space and relations (7)—(11), the recursions for the compliance functions can
be given in the following form:

_ _ -1 _ -1
Th = coth Pn> An - _M22,nM21,n1 Bn - _M22,nM23,n
A].Sj + T

i TAC
3%t T

(C; +L;pS;)
(Sj +Lijj)

Aj = (Aj+1M12,j - M22,j)_1(M21,j - Aj+1M11,j) d

-1
Bj = (Aj+1M12,j - M22,j) (M23,j - Aj+1M13,j -
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-(C; +L;pS; -7, (S; + L;pC;))B,,,),

ji=1,..,n-1. (12)

By substituting the right-hand sides of relations (11) into (7) and (9), we
can derive the following formulas:
a;, = (M ; +M, A )a; + (M, B, + M )n,,

Jj+ 11,5

N1 = (C; + L;pS; —1,(S; + L;pC;)) ;. (13)

Hence, the proposed solution scheme can be verbalized as follows: first
step is to find the compliance functions by means of formulas (12); next step
is to determine the functions o, 6;, mn; from the boundary conditions (1);

then it is to find all the auxiliary functions by means of (13) and (11); next, to
substitute the obtained auxiliary functions into the formulas for the trans-
forms of stresses, displacements and temperature (6) and, finally, to use the
inverse Hankel transform (4) of corresponding order to compute the stresses,
displacements, and temperature in the physical domain.
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Fig. 2. The normal stress &_,(p,k;) on the lower boundary of the upper layer
in the two-layer foundation for A, =1 and different coefficients of

thermal expansion (a) and for AI =1 and different thermal

conductivities (b) under the perfect thermal contact (curves 7), at
R, =0.1 (curves 2),at R, =1 (curves 3),and at R, =10 (curves 4).
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Fig. 3. The tangential stress %pz,l(p’hl) on the lower boundary of the upper

layer in the two-layer foundation for A, =1 and different coefficients of

thermal expansion (a) and for Al =1 and different thermal

conductivities (b) under the perfect thermal contact (curves 7), at
R, = 0.1 (curves 2),at R, =1 (curves 3),and at R, =10 (curves 4).
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It is worth noting that if R; — 0 (ie, the thermal contact between layers

is perfect), then the formulas (13) coincide with the ones constructed in [4].

3. Numerical results. We consider a two layer foundation, where
h =h,=h, E =E,=E, o =0, =08. The boundary conditions (1) are
given as follows:

T,, < h,
Tl(P,O) = { (;)’ g > h, Gz,l(p70) =0, sz,l(pio) =0.
We present plots for: o, ,(p,h))= T -
c.1(p,hy) ) ToaPh) ok A=t
= & in Flg. 2’ -sz l(p’ hl) = Lpl 05 pA———F——T—1 ._____ Al =0.1
ar,TE ' ar,ToE; A E A N N A, =10
- T (p,h '
in Fig. 3, and T,(p,h,) = % in Fig. 4 at
the points of the lower boundary of the g5 [
upper layer in the two-layer foundation.
The results allow for drawing the following 0.1 F
conclusions: ~
— the increment of thermal resistance co- 0 — ) - 2 3 4 P
efficient R, increases ’f‘l(p, h,) and de- Fig. 4. The temperature T,(p,h,)
creases the tangential stress for the on the lower boundary of
foundations of all considered kinds; the upper layer in the two

layer foundation under the

—  the increment of R, decreases the nor-
perfect thermal contact

mal stress for the foundations A; =1, (curves 1),

Al =10 and A, =0.1, Al =1; for the at R, =0.1 (curves 2),
considered foundations of all other at R; =1 (curves 3); and
kinds, the normal stress increases; at R, =10 (curves 4).

— the weakest influence on the
temperature distribution is observed for the foundation with the
coefficient of thermal conductivity of the upper layer being greater than
the one for the lower layer;

— the most significant influence of the coefficient of thermal resistance on
the distribution of normal and tangential stresses is observed for the
foundations with the coefficient of thermal expansion of the upper layer
being smaller than the one of the lower layer (for fixed values of other
parameters);

— the normal stress is compressive for the foundations A; =1, Al =0.1 and

A, =10, Al =1 (with exception for when R, =10).
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OCECUMETPUYHA TEPMOIPY>XHA OE®OPMAL|ISA BArATOLUAPOBOI OCHOBH
3 HEIAEANTbHUAM TENNOBUM KOHTAKTOM MIXK LLAPAMU

ITobydosano pPo036’sa30K CMAYIOHAPHOL OCECUMEMPUUHOT 3a0aul MepmMonpyircHocms Oas
06az2amowlaposoi 0CHO8U 3 HeldeanbHUM Mentos8UM KOHMAKMOM MIHC wapamu. Jas po3-
8’a3anHnsa 3adaui eurxopucmano memod PYHKYIl nodamausocmi 8 NPocmopi nepemaso-
penus I'ankeas. II06y008aHO pexypermui cnigiOHOWEHHS, KL N08 A3Y10Mb 00NOMINCHT
Pynryil, ma pexypenmui gopmyau 0as 3naxodxcenns YHKYIU nodamausocmi cycio-
HIX wapié ocnosu. IIpoananizosano enaus xoediyieHma menaogozo onopy Ha pPo3nodia
memnepamypu, HOPMAALHUX Mad OOMUYHUX HANPYHEHb Y MOUKAX HUNCHBLOL MeHl
8ePILHBOZO WaPY 080ULAPOBOT OCHOBU N0 IEN MENN08020 HABAHMANEHHS.

Kaiouoei caosa: 6azamowaposa ocnosa, Pynkyii nodamausocmi, nepemsopernus Ianike-
A5, HANPYHCEHHS, memnepamypa.
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