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ON THE SMITH NORMAL FORM OF LEAST COMMON MULTIPLE
OF MATRICES FROM SOME CLASS OF MATRICES

For nonsingular matrices of arbitrary order over a commutative principal ideal
domain under some restrictions on their canonical diagonal forms, the Smith
normal form of their least common right multiple is constructed.
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Let R be a commutative principal ideal domain with 1 # 0 and let A

be a m xm nonsingular matrix over R. Then there are invertible matrices P,
@, such that

PAQ =E = diag(g,,...,&,), & |¢

The matrix E is called the Smith normal form or canonical diagonal form

of matrix A. Matrices P and @ are left and right transforming matrices of
A, respectively.

If A =BC, then we say that B is a left divisor of matrix A and A is a

right multiple of B. Moreover, if M = AA, = BB, then the matrix M is

called a common right multiple of matrices A and B. If in addition the
matrix M is a left divisor of any other common right multiple of matrices A
and B, then we say that M is a least common right multiple of A and B
([A, B], in notation).

The notion of the greatest common divisor (g.c.d.) and the least common
multiple (Lc.m.) of matrices is one of the basic concepts of arithmetic of
matrices over rings. They are widely used for the solution of applied problems
of matrix algebra, in particular, in the problems of finding solutions of
systems of wunilateral matrix equations over fields. According to the
generalized Bezout theorem, solving a system of unilateral matrix equations
over fields can be reduced to finding common left linear unital divisors of the
corresponding matrices. Since the common divisors are the divisors of the
greatest common divisor, the study of g.c.d. and lLcm. both for polynomial
matrices and for matrices over wider classes of rings are relevant. We note
that the ring of polynomial matrices is the ring of matrices over the
commutative principal ideal domain.

The purpose of this article is to study the structure of the Smith normal
form of the least common right multiple for nonsingular matrices of arbitrary
order over the commutative principal ideal domain under some restrictions on
their canonical diagonal forms. The study of the properties of the least
common multiple over Euclidean rings and over rings of principal ideals is
quite thorough, and only fragmentary in the case of rings of matrices. Among
them we note the works V. Nanda [7], C. Yang, B.Li [10], S. Damkaew,
S. Prugsapitak [4], N. Erawaty, M. Bahri, L. Haryanto, A. Amir [5], A. Roma-
niv, V. Shchedryk [1, 2], etc.

Suppose that p is an indecomposable element of the ring R. Let R,

i1 i=1...,n—-1.

denote the localization of the ring R at the prime ideal (p). In other words,
R, is the ring consisting of elements of the form x = p”%, where a and b

are elements of the ring R that are coprime to p and v € NU {0}.

= Romaniv_a@ukr.net
ISSN 0130-9420. MaT. meToau Ta ¢is.-mex. mousa. 2021. — 64, Ne 2. — C. 47-51. 47




Note that the Smith normal form E of a nonsingular matrix A € M (R)
can be written in the form:
€ € € € €
E=Ig, diag(l,i,...,ijx diag(l,l,—3,...,—3j><...x diag(l,...,l, n j
€ € €y €y €n1
where I is identity n x n-matrix. It follows that the matrix E can be written
as the product of matrices of the form

diag(1,...1,p",...,p").
By theorem 5.6 from [6], the matrix A in the ring R, will be considered

with this Smith normal form diag(l,...1,p",...,p"). Therefore, it is advisable
to consider this Smith normal form.
Let a nonsingular matrix A € M, (R) has the Smith normal form

E = diag(1,...,1,¢,...,6) = P,AQ,, k=1,...,n—1.
k n-k

Suppose that the greatest common divisor of the minor of order n —1 of
matrix B equals 1. Then

P;BQg = A, A =diag(l,...,1,9).

By P, and P we denote the sets of all left transforming matrices of
matrices A and B, respectively. According to [8], P, = G;P,, Py = G, Py,
where

G, ={H eGL,(R) | HE =EH,, H, € GL,(R)},

G, ={LeGL,(R) | LA=AL,, L, € GL,(R)}.
Note that G; and G, are multiplicative groups.
We denote by (a,b) and [a,b] the greatest common divisor and the least
common multiple of the elements a and b, respectively. The notation a|b
means that the element a divides the element b.

Lemma 1. Let P,P,' = T=S. Then the element ((g,8),8,,,...,S,;)>

8y
k=1,...,n—1, where d € R is the last invariant factor of the Smith normal

form A of the matrix B, and it is an invariant with respect to transforming
matrices from P, and Pg.

Proof. Let F, eP, and F; € P; be some other left transforming
matrices of A and B. Then there exist matrices H, € G; and Hy € G, such

that F, = H,P,, Fz = H;P;. Consider the following product of the matrices:
FoF;' = HyPy(H,P,)"' = HyP,P;'H,' = HySH}',

where S = PBP:. Denote HgS :|

has the form

k;

IL. In view of Corollary 6 from [8], Hg

hll hl,nfl hln
B hnfl,l hnfl,nfl hnfl,n
8hnl 8hn,n% hnn

Hence,
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km’ = " 8h’nl 8hn,n% hnn " S . =
n-1,7
Sm’
= 8(hnlsli +.t hn,nflsnfl,i) + hnnsm' = Séz + hnnsm' )
i=1..k.
Consider the following greatest common divisor:
((¢,9), knl,...,knk) = ((3,8),861 +h,, Sy, 00, + hnnsnk) =d.

Since (g,8) |5,

d =((&8),hyySy1s-ees PnSr ) = ((6,8), Hpy (Sp1s o5 Spic)) -
The invertibility of Hy implies that (3, hnn) =1. Therefore, ((g, 8),hnn) =1
and

d =((&8), K,y ki) = ((6,8), 8,155 Spi) -

Denote SH;X1 = " . Since H;ll € G, according to Corollary 6 of [8], the

1

t;

matrix H;ll has the form

Uy, Vyy Uy VU fes1 V1
golo| Um Uk Vkk Uk ke+1 Vkn
o=
€011 EUky12 Uik Vk+lk+1 Vk+1,n
gvnl gvnz svnk svn,kJrl tee vnn
Hence,
Uy,
v,
_ ki _
tni - " Spt Sn2 o+ Sun " ) -
ke+1,i
gV,
=SVt F SV T Sy k1 1€V, 1 T e T S8y, U= 1,...,k.
Consider
((8,8)tyyseeestyye) = ((8,8),8,00p) + oo+ S, 00 + Sy e 18V)iqy + o0 F
+ 8 E0n sy SVt o T S Uk + 8y 41804y g + o

+8,,60,,.) = ((€8),8,,0,, ... + S0, +
+ &(Sy 1 Vks11 Fooe F Sunln1)sees Spplpp T oo F
+ S Vkie T €(Sp a1 Vpprpe +ooe F SpnUnic) -

In view of (g,8)| ¢, we get

((8,8),t,1eve s tyie) = ((8,8), 8,011 + v+ S Vs eees Sy Vs + -ov F SVt ) -
Since d is the divisor of all summands,
((8,8), 815 s Sy ) | ((8,8), tysevvs ) -

On the other hand, S =
((8,8),t,15eeest) | ((8,8),8,1,eee S ) -

f H, . Similarly, we show that

t;
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Hence,
((8,8),t,15eeest) | ((8,8),8,1,eee S ) -

Application of the associativity of M, (R) completes the proof. ¢
Lemma 2. Let
E =diag(1,...,1,¢,...,¢), k=1,...,n-1, A =diag(l,...,1,9),
— —\
k n-k
n
and U = | U, € GL,(R). Then
EUA ~ diag(1,...,1,H4,..., 1), k=1..n-1.
—

—_
k-1 n-k+1
P r o o f. Consider the product of matrices

Uy, Uy oy | du,,
|
|
EUTA = Uy Up o1 i duy,, B H U Vv H
_ —_———— e == - _ ' r .
U1 EUp 1oy | EOU g, u v
|
| cee
|
gU,, EUy g | edu,,,

Since the matrix U has the size kx(n-1), where k+n-12>n,
k=1,...,n-1, and it is a submatrix of the invertible matrix of order n, by
Proposition 3.7 from [3]

U ~ diag(l,...,1,u),
——
k-1
where u € R is not a divisor of unit and k=1,...,n—1.
Lemma is proved. L4
Theorem 1. Let R be a commutative principal ideal domain and let
A ~diag(l,...,1,¢,...,8), k=1,...,n—-1  B~diag(l,...,1,9).
v Tk
Then the Smith normal form of the least common right multiple of matrices
A and B has the form:

Q:diag(l,...,l, (2,9)
A ((&,8), 815+ s Sy

),s,...,s,[s,S]j.
n-k-1

Proof. Remark that according to Lemma 1, the element
((8,6),sn1,...,snk), and, hence, the matrix Q do not depend on the choice of

transforming matrices P, and Pg.

By Theorem 2 of [1], the Smith normal form of the greatest common left
divisor of the matrices A and B has the form

(A,B), ~diag(1,...,1,(&,8,8,;,-,S,1)) -
According to Theorem 1.20 from [3, p. 53], the least common right multiple of
matrices A and B can be written as [A,B]. = BUA,;, where A =(A4,B)4,,
U € GL,(R). Since the matrices B and A, have the Smith normal forms
diag(1,...,1,8) and diag(l,...,1,¢,...,€), respectively, by Lemma 2,

k n—k
[A,B]. ~ diag(l,...,1,0,...,0,).
—

k-1 k+1
- n-k+
In view of Theorem 1.18 from [3, p. 49], we obtain

tdet Adet B = det(4,B), det[A,B],,
ie.
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det Adet B " 18
= + = + = P .
T~ det(A,B), | (65,5 5) et On1On

nlr 2 °nk

It follows from [9] that o, =[g,8] and o, le, i=k+1,...,n-1. Since E|Q,

det[A, B]

we get 8|0)i, i=k+1,...,n—-1, which implies o, =¢, i=k+1,...,n-1.
Hence,

- e"5(e, 8) _ (&,8)

k e e8(e,8,8,,, 05, T (8,8,8,1505Sp1)
Taking into account that the invariant factors of matrix are chosen
accurate to within divisors of unit, we obtain that the Smith normal form of

the least common right multiple of matrices A and B has the form

+

Q:diag(l,...,l,( 5 (£,5) ),8,...,8,[8,6])
Theorem is proved. L4
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HOPMAIIbHA ®OPMA CMITA HAUMEHLLIOIO CMNIJIbHOIO KPATHOIO
MATPULUb OEAKOIO KITACY MATPULDb

Jas Heocobausuxr mampuys 008i1bH020 NOPAOKY HAO 064ACTNIO KOMYMAMUBHUL 20408~
Hux i0eanis, npu 0eaxuxr o0MeHCeHHAX HA IXHI KAHOHIUHI 0id20HaAbHT popmu, nodydo-
8aHO HOPMaAbHY opmy Cmima HaAtimMeHUL020 TIHBOZO CNIABHOZ0 NPABOZO KPAMHOZO.

Kawouoei caosa: obracms 20a08HuUx ideanis, HopmaavHa @Popma Cmima, HalmeHwe
cniabHe npage KpamHe MAMPUYb.
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