UDC 539.3
N. D. Vaysfeld, Z. Yu. Zhuraviova™

EXACT SOLUTION TO THE POROELASTICITY PROBLEM
FOR A MULTILAYERED RECTANGULAR DOMAIN

The poroelastic stress state of a layered rectangular domain is considered in terms
of a boundary value problem of poroelasticity theory. The proposed analytical so-
lution method makes it possible to derive an exact solution to the problem in the
case of perfect contact between layers. The obtained explicit-form formulas for the
determination of stresses, displacements, and pore pressure allow for performing
broad computational analysis which demonstrates the dependence of the stress sta-
te on the poroelastic properties of the materials. This approach can be extended to
the case where conditions of weak or stiff contact are imposed on the layer inter-
faces.

Key words: poroelastic multilayered rectangular domain, integral transform, matrix
differential calculus, exact solution.

Poroelastic multilayered rectangular domains can serve models of a cross-
section of the Earth’s crust or an area with multiple layers of soil, rock, or
water. The layers of materials (such as asphalt, concrete, and gravel) are used
in the pavement industry [22] or foundation and other structures. A rectangle
represents a bounded area, so it is necessary to consider not only the
conditions between layers, but also boundary conditions on the edges of
rectangle. Such a formulation of the problem often leads to mathematical
difficulties in its solution. This explains the rather large number of
approximate numerical methods for studying such domains.

As an example, the fast powerful numerical scheme to calculate poroelas-
tic solutions for excess pore pressure and displacements in a multilayered
half-spaceis presented in [27]. Vertical vibrations of a group of flexible strip
foundations on multilayered transversely isotropic poroelastic soils are presen-
ted in [19], and the dynamic interaction problem is studied by employing a
variational approach based on the discretization of the strip-soil contact region

The development of analytical methods for solving problems for rectan-
gular regions is often based on the use of the results of numerical analysis. An
analytical layer-element solution to nonaxisymmetric consolidation of multi-
layered poroelastic materials with anisotropic permeability and compressible
constituents is presented in [11], but the actual solutions in the physical do-
main are acquired by applying numerical quadrature schemes for the inversi-
on of the Laplace — Hankel transform. Dynamic impedance functions for mul-
tiple strip footings bonded to the surface of a multilayered transversely iso-
tropic poroelastic half-plane are presented in [20], where the dynamic
interaction problemis investigated by using the exact stiffness matrix method
and a discretization technique. The dynamic response of a transversely isotro-
pic and multilayered poroelastic medium over an impermeable rigid base due
to a surface strip load moving with constant speed is investigated in [16], the
semi-analytical solution is derived by using Fourier series, potential-function
method and position method along with the continuity conditions on the layer
interface.

The use of analytic solution methods towards the problems for a finite
rectangular region is associated with significant mathematical difficulties and
is therefore accompanied by a radical simplification of the problems state-
ments. If, for example, the problems are considered in reduced dimensional
formulations, then some boundary conditions can be neglected. This explains
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the large number of papers devoted to the study of poroelastic infinite or
semi-infinite regions, such as half-space, half-plane, slab, media, etc. The
investigation of the dynamic behavior of layered transversely isotropic
poroelastic media subjected to rectangular harmonic loads is provided in [9]
by means of integral transform techniques and extended precise integration
method. Vertical vibration of a rigid disk embedded in a multilayered
poroelastic medium is considered in [23]. An analytical solution is constructed
by using the Fourier and Hankel integral transforms, and Green’s functions.
The dynamic responses of an anisotropic multilayered poroelastic half-space to
a point load or a fluid source are studied in [26] based on Stroh formalism and
Fourier transforms. An osteon is idealized in [13] as a hollow two-dimensional
poroelastic multilayered slab model subjected to cyclic loading. Based on poro-
elastic theory, the analytical solutions of interstitial fluid pressure and see page
velocity in lacunar-canalicular pores are obtained there. The response of
multilayered transversely isotropic poroelastic media under vertical rectangu-
lar moving loads is investigated in [10] by utilizing the extended precise
integration method. The dynamic response of multiple flexible strip founda-
tions resting on a multilayered poroelastic half-plane subjected to time-har-
monic vertical loading is studied in [18] with the help of the application of
Lagrange’s equations of motion. The problem of the two-dimensional plane
strain deformation of a multilayered poroelastic half-space by surface loads is
formulated in [21]. The formal solution is obtained by using Fourier — Laplace
transforms and generalized Thomson — Haskell matrix method.

The elasticity and thermoelasticity problems for multilayered bodies are
extensively studied in mechanics of coupled fields [1]. An analytic-numerical
method for the determination of one-dimensional static thermoelastic state of
plane multilayer structures with arbitrary type of temperature dependence of
the physical and mechanical characteristics of materials of their components is
proposed in [5]. An approach for solving plane axisymmetric problems of
elasticity and thermoelasticity for multilayer hollow cylinders with per-layer
properties having arbitrary distribution profiles within the radial coordinate is
presented in [23]. Based on static and quasistatic methods of measurements
with regard for the initial stress in the material the analysis of the existing
methods for the determination of physical constants of porous media
saturated with liquids is provided in [4]. The methods of thermodynamics of
irreversible processes and functional analysis are applied in [17] in order to
formulate the mathematical model of thermoelastic solid body taking into
account the structural heterogeneity of the body material and geometric irre-
gularity of its surface. Under the action of a thermal dipole, the Green’s func-
tions of the problems of stationary heat conductivity and thermoelasticity are
constructed in [2] for plane deformation of a semi-infinite body with a free,
rigidly, smoothly or flexibly clamped boundary on which zero temperature is
maintained. Contact interaction between two elastic semi-infinite bodies in the
presence of a real gas in interface gaps, which are caused by a periodic array
of grooves on the surface of one of the bodies, is modeled in [3]. On the base
of Helmholtz potentials properties the representations for the displacements in
3D elastic bimaterial with the time-harmonic vibrating cracks, which satistfy
identically the perfect contact conditions on the interface, are obtained in [6].
Methods for solving two-dimensional boundary value problems of mathe-
matical cracks theory for isotropic bodies are considered in [7].

A different approach to solving poroelasticity problems is proposed by
the authors in the present paper.

1. Statement of the problem. We consider a poroelastic multilayered rec-
tangle 0 <x <a, 0 <y <1 (Fig. 1) within the framework of the Biot’s model

[12]. The rectangle consists of N layers a; ; <x<a;, 1=1,...,N, where

a, =0, ay =a.
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Fig. 1. Geometry and coordinate system of the problem.
Side x =0, 0<y<1 is loaded by the mechanical and the external
pressure loads

on|  =-Lw)-oPw), T,  =T@., pl,,=Pw, @

where G;(x,y) and tiy(x,y) are dimensionless normal and tangential

effective stress, respectively, p,(a,y) is the dimensionless pore pressure, a,
are Biot’s coefficients [12], { =1,...,N.

Bottom, y =0, and top, y =1, boundaries are assumed to be under the
conditions of the perfect contact and impermeability:

op
=0, ¢ =0, s =0
ve |y:° Ty |y70 Y |, ’
op
t = —C = =
Vel =0, txy|y:1 =0, o, 0, (=1,...,N. (2)

Here, u,(x,y) and v,(x,y) are dimensionless displacements of the solid
skeleton, (=1,...,N.
Side x = a is assumed to be rigidly fixed, i.e.
uyl._, =0, vyl =0, (3)

while being either permeable

Prlp—q =0 (4)
or impermeable

Opy

—= =0. 5

ox |, _, 0 ©)

The system of equilibrium and storage equations has the following form

[25, p. 71, 72]:
*u, =, -1, L2 o*v, Co e —1dp,
x> ® +1l g2 X, +loxdy ‘a,+1 ox

*v, LB 1 0%, L2 o*u, o op,
2 — 2 — ¢
ox x®, -1 gy x, —1 0xoy oy

62 62 o O S

:0’

o> o K,
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Here, =, = 3 —4p, are Muskhelishvili’s constants, n, are the Poisson ratios,
K, and S, , are dimensionless valuesof S, and k,, S, are storativities of

the pore space, k, are the permeability coefficients of (-th layer.
The perfect contact is imposed on the layer interfaces [14]:

uClx:a/ 0= uf+1|x:a1 +0° Yy |x:a( 0= Vi1 |.7c:a,+0 ’

p[ |;c:a/ -0 = p(+1 |x:a(‘+0 )

l | (+1 | l (+1 |
(e} =0 =T
Tlr=a,—0 T lx=ap+0’ TY le=a, -0 Y lx=a,+0’
op op
k, =+ S — , (=1..N-1. (7)
ox | ox |._
x_a/‘—(] :c—a(+0

The displacements, pore pressure and stress in each layer that satisfy
boundary value problems (1)—(6) with coupling conditions (7) should be found.

2. The exact solution to the problem. The original problems (1)—(7) are
reduced to the one-dimensional problems through the use of the finite sine
and cosine Fourier transforms with respect to variable y [28]:

up (@) 1[u,(x,y)|[cosBy
V(@) :J’ v, (x,y) ||sinfy |[dy, P=P,=m, n=0L2... (8)
Pep@) |  0Lpc(x,y)|LcosPy

The obtained one-dimensional boundary value problems are written in
the vector form, as follows:

Lzy[ﬁ(x) =0, a,_; <x<a,
Ao,pyz,g (0) + Boyﬁng(O) =8

A yyp(@+Bgyyg(a) =0,

Yip |r:aro = Yerp |x:a[+o ’

(ScY’(,B + T(yc,ﬁ)| = (S(+1y,£+1,B + T(+1y[+1,B)| (9)

x=a,~0 x=a;+0’
where L, is the differential operator of the second order, ¥ () is the vec-
tor containing unknown displacements and pore pressure transforms, Aips
B, g, 1=0,1, S,, T,, (=1,...,N, are known 3x3-matrices and gp is the
known vector shown in Appendix A.

The apparatus of matrix differential calculation [15] is used in order to
construct the general solution to boundary value problems (9). Hence, the
solution of the corresponding matrix equations is to be found as

LY, g(x) =0, a,_, <x<a, (=1,...,N, (10)
where Y, 5(x) are the 3 x 3-matrices. These matrices are to be represented as
suggested in [7], and then substituted into the equation (10). The equalities

L™ = M, ;(£)e", (=1,...,N,

are derived, where
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a_ %1y 2B o &l
E ae(,+1B ae(+1a c$[+1§
2B g @®,+1 ,
M, (&) = _ae[—lg" g —ﬁﬁ op
_ﬂg _oB g2 —p2 - 2ot
K, K, K,

According to [15], the solutions of the matrix homogenous equations are
found by formulae

1 TN
Vop(@) = 57§ MO 2,

where leﬁ(i) are matrices inverse to the corresponding matrices M[B(é’;),
(=1,...,N. Closed contours C, cover all singularity points of the correspon-

ding matrices MZ}B(E,), which are found exactly:

_ ez See ai(x, 1)
E=1B and ﬁ_iJﬁ + K. +K[(xc+1)'

Four fundamental matrix solutions Y, ,(y), i=1,...,4, {=1,...,N, are

constructed for each layer by using the residue theorem.
The vector solutions of the boundary value problems (9) are derived for
the case where B #0:

Cen Coa
y”g(x) = (Y(,l(x) + Y(,g(x)) Coo |+ (Y(,z(x) + Y(A(x)) Ces |
C()g CC,G
(=1,...,N, (11)

where constants c¢,;, ¢ =1,...,6, should be determined from the boundary

conditions and coupling conditions in (9). In order to find them the following
matrices and vectors are introduced: 3 x 6 -matrices

Y, (x)= (Y(’l(x) + Y, 5(x), Y, () + Y[A(x)) ,

vectors of constants C, = (¢, ;,¢,5,¢5,¢/ 4, c[y5,c[)6)T ,and square 6 x 6 -matrices
Y, (x)
H,(x) = ( , L )
S, Y, (x) + T,Y,(x)

Then using the form of general solution (11), the coupling conditions in
(9) can be written as

H,(a,)C, =H, ,(a,)C,,, (=1,...,N-1.

According to the method proposed in [7] for layered media, constants
corresponding to each layer can be expressed via the constants of the first
layer C;:

C,=R,C,=H,'(a, )H, ,(a, ))...H;" (a))H,(a,)C,, (=2,....,N. (12)

Expression (12) can be substituted into the boundary conditions in (9). Then
the following system is derived

(AgY1(0)+ By Y, (0))C, =g,
(A pY (@) + B, g Y (a))RyC, = 0. (13)

System (13) is uniquely solvable so that vector C,; is found. Using it along
with relations (12), the constants can be calculated for each layer.
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The subcase when P =0 is considered separately by similar approach

which leads to the solution of problem for 2x2-matrices (Appendix B).
The application of inverse Fourier transform (8) to solutions (11) with the
substitution of constants found from (12), (13) completes the construction of
the exact analytical solution to the original problem.
3. The subcase of the problem for a multilayered semi-strip. The propo-
sed approach can be extended towards the boundary value problem for a
poroelastic multilayered semi-strip 0 < x <a, 0 <y < o« (see Fig. 2).
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Fig. 2. Geometry and coordinate system of the poroelastic multilayered semi-strip.

The formulation of the latter problem repeats the formulation of the
problem for a rectangular domain (1)—(7), taking into account the decrease in
the sought displacement functions and the pore pressure at infinity.

The problems (1)—(7) are reduced to the one-dimensional boundary value
problems by using semi-infinite sine and cosine Fourier transforms [24]:

u”}(.r) w| u,(x,y) |[ cos Py
vw(.r) = J‘ v,(x,y) || sinBy |dy, {=1,...,N.
peg(x)| 0[P, (xy)JLcosPy

The successive solving in this subcase repeats the solving of the problem
for a rectangular domain, taking into account the application of the inverse
semi-infinite transform.

4. The numerical results and discussion. The derived analytical formulae
allow for studying the poroelastic stress state of the multilayered rectangle
and the semi-strip. The poroelastic properties of materials of layers are pre-
sented in Table 1.

Table 1. The characteristics of poroelastic materials [14].

Properties Gx107° I x10% S x10%
u a P
Material [N/m?] m*/(Nxs)]| [m2/N]
Ruhr sandstone 13.3 0.12 | 0.637 2.0 260.4
Ohio sandstone 6.8 0.181 | 0.729 56.0 1414.0
Boise sandstone 4.2 0.15 0.853 8.0 2.075

Two-layered and three-layered rectangular domains with equidistant
layers are investigated under given loads. For the two-layered domains, the
materials are chosen as Boise sandstone for 0 < x < a, and Ohio sandstone for

a; <x <a. For the three-layered domains the materials are chosen as Ohio
sandstone for 0 < x < a,, Ruhr sandstone for a, < x < a,, and Boise sandstone
for a, <x <a.
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The calculations are done for two types of external loads applied for the
boundary x =0:

e distributed normal mechanical load L(y) = sin(ny), T(y) =0, P(y) = 0;

e distributed external pressure load L(y) =0, T(y)=0, P(y)=1.
At all figures, the stress and pore pressures in the case when side x =a

is permeable are shown by solid lines while they are shown by dashed lines
for the case when side x =a is impermeable.

4.1. The numerical results for a rectangular poroelastic domain. The
stress and pore pressures in the two-layered rectangle are shown in Fig. 3 and
Fig. 4. The subcase of the distributed normal mechanical load is presented in
Fig. 3. As it can be seen, the symmetry about the line y =1/2 is observed,

since the boundary conditions on the edges y =0, y =1 are the same, and

the loading is symmetric. The tangential stress is determined only near the
loaded boundary x =0. The values of normal stress and pore pressure are
higher when the boundary x =a is impermeable.

o(x,y) p(x,y)
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a) b)
Fig. 3. The distribution of normal stress and pore pressure inside the two-layered
rectangle for a distributed normal mechanical load.

The behavior of normal stress and pore pressure in the subcase of the
distributed external pressure load is demonstrated in Fig. 4. The analyses of
numerical results show that absolute values of normal stress and pore pressu-
re are higher than in the previous subcase of load. The other tendencies also
take place, i.e. the symmetry about line y =1/2 and predominance of values

for an impermeable boundary x =a.
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a) b)
Fig. 4. The distribution of normal stress and pore pressure inside the two-layered
rectangle for a distributed external pressure load.

In Fig. 5 and Fig. 6, the mechanical characteristics of the three-layered
rectangular domain are presented. The middle layer has the smaller value of
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Biot’s coefficient than adjoining layers (see Table 1), so the values of the pore
pressure for the subcase of the applied distributed normal mechanical load
(see Fig. 5) are the highest for this layer. The general tendency is similar to
the subcase of the two-layered rectangle.

o(x,y) pla,y)
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Fig. 5. The distribution of normal stress and pore pressure inside the three-layered
rectangle for a distributed normal mechanical load.

As in the previous case, the absolute values of the normal stress and the
pore pressure are analyzed in the subcase of the distributed external pressure
load (Fig. 6). Evidently, the second layer with the smallest Biot’s coefficient
now exhibits a pronounced nonlinear pattern. The behavior of mechanical
characteristics are quite similar to the previous subcase.

o (x,y) p(x,y)
0.5 r\ =1/4,1/2, 3/4
0.5 \__““"—{ 1 AL L)
0
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Fig. 6. The distribution of normal stress and pore pressure inside the three-layered
rectangle regarding the change of poroelastic material for a distributed external
pressure load.

4.2. The numerical results for a semi-strip. Similar numerical studies
of the stress state of a poroelastic layered semi-strip for two types of loads
are carried out for the cases of two- and three-layer structures. A significant
difference in the behavior of mechanical characteristics is the lack of
symmetry in their distribution, as well as lower absolute values of mechanical
characteristics.

For a two-layer semi-strip, similarly to the case of a two-layer rectangu-
lar domain, the distribution of characteristics has a similar tendency. The non-
linear nature of the behavior of stress and pore pressure in the case of a
three-layer semi-strip is revealed in the numerical analysis. Thus, in Fig. 7, it
is noticeable that the pore pressure reaches its peak on the inner middle
layer, after which the decrement in the valuesis observed. As in the case of a
rectangular domain, the maximum pore pressure values are recorded for a
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distributed pressure load (Fig. 8), while the maximum values of normal stress
are observed under a distributed normal mechanical load.
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Fig. 7. The distribution of normal stress and pore pressure inside the three-layered
semi-strip for a distributed normal mechanical load.
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Fig. 8. The distribution of normal stress and pore pressure inside the three-layered
semi-strip for a distributed external pressure load.

Conclusions. The analytical approach presented in the paper made it pos-
sible to derive the exact solutions of poroelastic problems for a multilayered
rectangle and a semi-strip. Numerical calculations are provided for the two-
and three-layered rectangle and semi-strip, and two cases of permeability of
the right lateral boundary are considered for two different types of load.

The analysis of normal stress and pore pressure inside two- and three-la-
yered poroelastic rectangular domains shows that the largest absolute values
of normal stress and pore pressure are observed in the subcase of the distri-
buted external pressure load applied to the left lateral side of the domain. The
permeability of the right lateral boundary free from a load has substantial
impact on the pore pressure and normal stress values inside the domain.
These values are higher when this boundary is impermeable. Different poro-
elastic constants of layers play significant role in the distribution of pore pres-
sure and normal stress, which can be seen in the figures for both two-layered
and three-layered domains. The provided approach can be used for
investigation of nonperfect contact conditions between the layers.
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Appendix A. The forms of matrices and vectors in vector boundary
value problem (9).

The matrices and vectors shown in (9) have the following form:
Lz)’[,g (x) = Iy,('7[3(x) - Ql,gy’c‘g (x) - PC,ByLB(x) )

I is unit matrix,

-1
0 - 2p o, i
u[,ﬁ(x) ) X, +1 X, +1
Y, B(x) = v(,[}(x) , Q[B = B 0 0 ,
' ' x, -1
p(’ﬁ(x) o,
K_c 0 0
s ®, —1
B e, +1 0
_ g2, +1
P(,B = 0 B x, -1 —-ap ;
ap 2 Sp
0 B R
K, K,
-y, 00 0 Pp; 0
Agp = 0 1 0], By = -5 0 0],
0 00 0 0 1
(1-2u))(o, Py — Ly )/2
g[} = Tﬁ ’
PB
e, +1 3—x,
aeC—lG‘ 0 0 0 Baeé—l . 0
S, = 0 G, 0], T, =| -BG, 0 0].
0 0 kK, 0 0 0
The matrices AI,B’ BI,B take the form
000 1 00
Al,Bz 0 0 0], Bl,ﬁz 010
000 0 01
for the permeable boundary condition (4), and
000 1 00
Al,Bz 0 0 0], Bl,ﬁz 010
0 01 0 00

for the impermeable boundary condition (5).

Appendix B. The subcase of the vector boundary value problem (9)
when B=0.

The boundary value problem (9) in the case P =0 takes the following
form:

L,y (x) =0, a,_; <x<a,

Ao,oyi,o(o) + B ,¥,,(0) = g, A1,0y§v,0(a) +B, ) yyo(a)=0,
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Yoo 2=a,-0 =¥r+10 x=a, 40’ (S[,Oy,(,o)LC:a[ 0 = (S(+1,0y,6+1,0)|x:a(’+0 ’
(B.1)
where
Loy, o(x) = Iy} o () = Q¥4 (x) — P, oy, o (),
I is unit matrix,
-1
e 0 o 00
0,0 Xy
x = ’ ) Q = K P = S 4 )
y[,[)( ) (p[’o(x)j 0,0 ﬂ 0 0,0 0 %
K, ¢
x,+1
1-pu, 0 0 0 C -G, 0
Ao = ! ’ B, = ) Seo =2 —1 ‘
0 0 0 1
0 k,
The matrices Ags B take the form
0 0 10
Aro = (0 oj’ Bio= (0 1)
for the permeable boundary conditions (4), and
00 10
Ao = (0 1)’ Bio= (0 0)
for the impermeable boundary conditions (5).
The corresponding matrix equation I:zY(’O(ac): =0, a,,<x<aq,,

£ =1,...,N, is considered. Its solution is found by the following formulae:

Y{,o(x) = 2ng§ eixMZ,o(g) dg,

where leo(g) are inverse matrices to the corresponding matrices

x, -1

2 f—
5 % x[+1E“‘
M, (&) = At (=1,...,N.
_ﬂg g2 - bt
K, K,

The closed contours C':‘/; cover all singularity points of the corresponding mat-

Spe oz, - 1)
K[ K[(a:C +1) ’

rices Mz!lo(&), which are £=0 and & = iJB2 + Using the

residue theorem the system of three fundamental matrix solutions Y, ;(y),

1=1,2,3, (=1,...,N, is constructed.

The solution of the boundary value problem (B.1) which corresponds to
the case when B =0 has the following form:

Yo (x) = (‘?(,1(30) + i{[,z(x)) (g:j + (‘Nlt,l(x) + §5,3(x)) (gjij ’

(=1,...,N, (B2)
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where constants ¢,;, ¢ =1,...,4, should be found from the boundary condi-

tions and coupling conditions in (B.1). To find these constants, analogically to
the general case, the following matrices and vectors are introduced: 2x 4 -

matrices Y,, = (Y, () + Y, 5(x), Y, () + Y, ,(x)), vectors of constants
Y, ()
Sc,oY,[,o(x)
using the form of solution (B.2) the coupling conditions in (B.1) can be written
as H[O(a[)é[0 = H(+1o(a()é[+10’ {=1,...,N—1. According to [7], constants

66,0 = (6[’1,6[’2,6[’3,6(’4)1 and 4x4-matrices H, (x) = { ] Then

corresponding to each layer can be expressed via the constants of the first
layer (~310:

- - » . -
Cro=RyCip=H (e )Ho(a,,)... Hy4(a)H, 4 (a)C,

)

(=2,...,N. (B.3)
The expression (B.3) can be substituted into the boundary conditions in (B.1).

Then the following system is derived
(AgY1,(0)+ Bo,orl,o(o))ém =8

(AL oYy o(a)+ BLOY‘N,O(a))RN’OéLO =0. (B.4)

The system (B.4) is uniquely solvable, and vector 6170 is found. Using it and

relations (B.3) the constants of each layer are calculated.

1. I'auxesuu O. P., Kywnip P. M. Bubpani nmpobsemMy MexXaHikM 3B’A3aHMX IOJIB //
Mart. meTomu Ta pis.-mex. nosda. — 2016. — 59, Ne 1. — C. 7—24.

Engl. translation: Hachkevych O. R., Kushnir R. M. Selected problems of the
mechanics of coupled fields // J. Math. Sci. — 2018. — 229, No. 2. — P. 115—-132.
— https://doiorg/10.1007/s10958-018-3666-17.

2. Kim I'. C., Isacvko H. M. [IBoBMMipHa 3a/iada TePMOIIPYKHOCTI AJIA HiBIPOCTOPY 3
BIJIbHOIO, KOPCTKO, IJIafKO a00 THYYKO 3aKpillJIeHOI0 Me’Kelo 3a TeIlIoi3oJAlii y
napaJjeJsibHiil 1o Hei cTpiukoBiit obJsacti // Mart. meTomu Ta is.-mex. nosdg. — 2018. —
61, Ne 2. — C. 80—-90.

Engl. translation: Kit H. S., Ivas’ko N. M. Two-dimensional problem of thermo-
elasticity for a half space whose boundary is either free or rigidly, smoothly, or
flexibly fastened with heat insulation in a ribbon-like domain parallel to the
boundary // J. Math. Sci. — 2021. — 253, No. 1. — P. 84—-98.

— https://doi.org/10.1007/s10958-021-05215-7.

3. Kosauox O. II., Cao600an B. C., Mapmunsax P. M. Baaemoisa JBOX NPYsKHUX T 3a
HafABHOCTI MK HMMM IepioguyHO pO3TalllOBaHMX B3a30pPiB, 3allOBHEHMX peaJbHUM
razoMm // Mar. meTomu Ta ¢is.-mex. mosa. — 2015. — 58, Ne 1. — C. 103—111.

Engl. translation: Kozachok O. P., Slobodian B. S., Martynyak R. M. Interaction
of two elastic bodies in the presence of periodically located gaps filled with a
real gas // J. Math. Sci. — 2017. — 222, No. 2. — P. 131—-142.

— https://doiorg/10.1007/s10958-017-3287-6.

4. Ky6ix FO., Kaumapux M., Yanas €. IIpo meTonu BM3HAYEHHA XapaKTEPUCTUK II0-
pucTux HacudeHux cepenosuiy // Pis.-xiMm. mexaHika maTepiami. — 2001. — 37, Ne 1.
- C. 81-88.

Engl. translation: Kubik J., Kachmaryk M., Chaplya E. Methods for the deter-
mination of the characteristics of porous saturated media // Mater. Sci. — 2001.
— 37, No. 1. = P. 92—-102. — https://doiorg/10.1023/A:1012342523893.

5. Kywnip P. M., Maxopkin I. M., Maxopxin M. I. AHaJTiTHYHO-4MCIIOBE BU3HAYEHHA
CTaTMUYHOTO TEPMOIIPYKHOTO CTAHY IJIOCKMUX 0araToIlapoBMX TEPMOUYTJIMBUX CTPYK-
Typ // Mar. meTomu Ta ¢is.-Mmex. nosaa. — 2019. — 62, Ne 4. — C. 131—140.

Engl. translation: Kushnir R. M., Makhorkin 1. M., Makhorkin M. I. Numerical-
analytic determination of the static thermoelastic state of plane multilayer

129



thermosensitive structures // J. Math. Sci. — 2022. — 265, No. 3. — P. 498—511.
— https://doiorg/10.1007/s10958-022-06067-5.

6. Muxacwvkig B. M., JKo6aduncokuti I. A., Cmenantox O. I. BukopucTaHusa MOTeHINaJIB

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

130

TesbMroJbia Ui ONMCY XBUJIBLOBOTO IIOJIA BiJf AMHAMIYHOTO PO3KPUTTA MHOYKWHHIX
TpimuH y Oimarepiani // Mar. meTomu Ta dis.-mex. mosa. — 2007. — 50, Ne 3. —
C. 154—159.
ITonoe I'. . TouHble pellleHNs HEKOTOPBIX KPAaeBbIX 3a[ad MEXaHUKU NepOpMUpye -
moro TBépgoro Texa. — Opmecca: Acrponpuar, 2013. — 421 c.
Caspyx M. II. IBymepHBIe 3a7auy yIPYroCcTU IIA TeJd ¢ Tpemmaamu. — Kues: Hayxk.
nyMmia, 1981. — 324 c.
Ai Zh. Y., Gu G. L. Dynamic behaviour of layered transversely isotropic poroelastic
media subjected to rectangular harmonic loads // Int. J. Numer. Anal. Methods
Geomech. — 2022. — 46, No. 10. — P. 1941-1955.

— https://doiorg/10.1002 /nag.3375.
Ai Zh. Y., Gu G. L., Zhao Y. Zh., Yang J. J. An exact solution to layered transver-
sely isotropic poroelastic media under vertical rectangular moving loads // Com-
put. Geotechn. — 2021. — 138. — Article 104314.

— https://doiorg/10.1016 /j.compgeo.2021.104314.
Ai Zh. Y., Hu Y. D., Cheng Y. Ch. Non-axisymmetric consolidation of poroelastic
multilayered materials with anisotropic permeability and compressible constituents
// Appl. Math. Model. — 2014. — 38, No. 2. — P. 576—587.

— https://doiorg/10.1016/j.apm.2013.06.014.
Biot M. A. General theory of three-dimensional consolidation // J. Appl. Phys. —
1941. — 12, No. 2. — P. 155—164. — https://doiorg/10.1063/1.1712886.
Chen Y., Wang W., Ding Sh., Wang X., Chen Q., Li X. A multi-layered poroelastic
slab model under cyclic loading for a single osteon // BioMed. Eng. OnLine. — 2018.
— 17. — Article 97. — https://doiorg/10.1186/s12938-018-0528-y.
Cheng A. H.-D. Poroelasticity. — Ser.: Theory and Applications of Transport in
Porous Media. — Vol. 27. — Cham: Springer, 2016. — xxvi+877 p.

— https://doiorg/10.1007/978-3-319-25202-5.
Gantmacher F. R. The theory of matrices. — New York: Chelsea Publ Co., 1959. —
Vol. 1: x+377 p.; Vol. 2: x+277 p.
Liu K., Zhang Zh., Pan E. Dynamic response of a transversely isotropic and multi-
layered poroelastic medium subjected to a moving load // Soil Dynam. Earthgq.
Eng. — 2022. — 155. — Article 107154.

— https://doiorg/10.1016/j.s0ildyn.2022.107154.
Nahirnyj T., Tchervinka K. Mathematical modeling of the coupled processes in
nanoporous bodies // Acta Mech. Automat. — 2018. — 12, No. 3. — P. 196—203.

— https://doiorg/10.2478 /ama-2018-0030.
Senjuntichai T., Kaewjuea W. Dynamic response of multiple flexible strips on a
multilayered poroelastic half-plane // J. Mech. Mater. Struct. — 2008. — 3, No. 10. —
P. 1885—1901. — https://doi.org/10.2140/jomms.2008.3.1885.
Senjuntichai T., Keawsawasvong S., Rajapakse R. K. N. D. Vertical vibration of
multiple flexible strip foundations on multilayered transversely isotropic poro-
elastic soils // Int. J. Geomech. — 2021. — 21, No. 11.

— https://doiorg/10.1061/(ASCE)GM.1943-5622.0002210.
Senjuntichai T., Phulsawat B., Keawsawasvong S., Kaewjuea W. Dynamic impe-
dances of multiple strips on multi-layered transversely isotropic poroelastic soils //
Forces in Mechanics. — 2024. — 14. — Article 100260.

— https://doiorg/10.1016 /j.finmec.2024.100260.
Singh S. J., Rani S. Plane strain deformation of a multi-layered poroelastic half-
space by surface loads // J. Earth Syst. Sci. — 2006. — 115, No. 6. — P. 685—694.

— https://doiorg/10.1007/s12040-006-0001-3.
Stache J. M. Transient analysis of multilayered poroelastic flexible pavements //
Int. Conf. on Transportation and Development (ICTD 2024, June 15-18, 2024.
Atlanta, Georgia). — 2024. — https://doiorg/10.1061/9780784485538.007.
Tokovyy Y. V. Elastic and thermoelastic response of multilayer inhomogeneous hol-
low cylinders // Mech. Adv. Mater. Struct. — 2024. — 31, No. 17. — P. 3889—-3901.

— https://doiorg/10.1080/15376494.2023.2186548.
Vaysfeld N. D., Zhuravlova Z. Yu. Response of a poroelastic semi-infinite strip to
the compression acting upon its lateral sides // Mat. meTomu Ta pi3.-MeXx. mosda. —
2022. — 65, Ne 1-2. — P. 199—208.



Engl. translation: Vaysfeld N. D., Zhuravlova Z. Yu. Response of a poroelastic
semi-infinite strip to the compression acting upon its lateral sides // J. Math.
Sci. — 2024. — 282, No. 5. — P. 849—-861.

— https://doiorg/10.1007/s10958-024-07220-y.

25. Verruijt A. An introduction to soil dynamics. — Ser.: Theory and applications of
transport in porous media. — Vol 24. — Dordrecht, etc.: Springer, 2010. —
xiv+433 p. — https://doi.org/10.1007/978-90-481-3441-0.

26. Wang F., Ding T., Han X., Lv L. Dynamic Green’s functions for an anisotropic mul-
tilayered poroelastic half-space // Transport in Porous Media. — 2020. — 133, No. 2.
— P. 293-312. — https://doiorg/10.1007/s11242-020-01424-x.

27. Wang R., Kiimpel H.-J. Poroelasticity: Efficient modeling of strongly coupled, slow
deformation processes in multilayered half-space // Geophysics. — 2003. — 68,
No. 2. = P. 705—-717. — https://doi.org/10.1190/1.1567241.

28. Zhuravlova Z. Exact solution of the plane problems for poroelastic rectangle and
semi-strip // Z. Angew. Math. Mech. — 2022. — 102, No. 11. — e202200162.

— https://doiorg/10.1002/zamm.202200162.

TOYHUM PO3B’A30K 3AOAYI NMOPOMPYXXHOCTI ANS LWAPYBATOI MPAMOKYTHOI OBJACTI

Pozzasdaemvcs noponpyicHutl HANPYHceHUd cmar wapyeamol npamoKymuol obaacmi 8
mepminax Kpatoeoi 3adaul Mmeopii NOPONPYHHOCMI. 3ANPONOHOBAHUU AHAATMUUHUU
Mmemo0 Po36’a3aHHA Y 8UNAOKY 10eanbH020 KORMAKMY MiHC wapamu 0ae 3mozy nobdyoy-
eamu mounull po3e’a3ok 3adaui. Ompumani y A8HoMY 8uUAA0T POPMYAU Ol BUSHAYUEH-
HA HANPYHCEHD, NepemiwerHb mMma Mucky pilounu 6I10KPUAU MOHCAUBICTMD NPO8edeHH
8CECMOPOHHIX UUCA08UX 00CALI0KHCeHD, AKTI 0eMOHCMPYIOMb 3AALHCHICMD HANPYHCEHO20
cmany 810 NOPONPYHHUX saacmusocmell mamepiariga. Onucarnuti nidxid 0o pPo3s’a3anHa
Modice OYmu Po3UWUPEHO HA 8UNAOOK, KOAU MIHC WAPAMU 3A40AHO YMOBU «M AKO20» YU
«HCOPCMKO20» KOHMAKMIE.

Katouo06i caoea: noponpyicHa wapysama npamokymhua odbaacms, iHmezpanbHe nepe-
meopPeHHs, mampuure ougepenyiaibHe YUCLeHHI, MOUHUU PO38°A30K.
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